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This thesis is written in English.

A French abstract is provided below for French-speaking readers.

Abstract

Titre : Typage des langages dynamiques par types ensemblistes : le cas d’Elixir

Mots-clés : Systémes de types - Langages de programmation - Typage graduel - Types
ensemblistes - Sous-typage sémantique - Elixir - Inférence de types - Typage dynamique -
Typage statique - Implémentation

L'ajout de types statiques a un langage dynamique nécessite de trouver un équilibre
entre expressivité, siireté du typage et rétrocompatibilité - un arbitrage qui conduit souvent
a des compromis limitant 'adoption pratique des systemes de types. Elixir, langage
dynamique fonctionnel construit sur la VM Erlang et doté d'un puissant mécanisme de
filtrage par motifs, illustre parfaitement ces défis. Cette thése présente un systeme de
types graduel pour Elixir, fondé sur le concept fondamental de types ensemblistes définis
sémantiquement : les types y dénotent des ensembles de valeurs, avec unions, intersections
et négations interprétées de facon naturelle.

Lhypothese centrale de ce travail est que les types ensemblistes sont particulierement
adaptés pour capturer le style de programmation des langages dynamiques. Les types union
refletent le caractere fortement branchant des programmes dynamiques et la diversité des
entrées qu’ils traitent. Les types intersection jouent un réle crucial pour exprimer les flux
de données et gérer la surcharge de fonctions - traits courants des langages dynamiques
—en liant des types d’entrée spécifiques a leurs types de sortie correspondants. Les types
négation permettent une analyse précise du filtrage par motifs « first-match », en excluant
explicitement les valeurs capturées par les branches précédentes. Parce qu’ils sont a la fois
expressifs et faciles a enseigner, les types ensemblistes constituent un levier pragmatique
pour mieux comprendre, utiliser et typer les langages dynamiques.

Un enjeu crucial est d’articuler typage graduel et sous-typage sémantique. Nous
représentons les types graduels comme des intervalles, bornés inférieurement par le type
statique précis des valeurs connues et supérieurement par le type dynamique de toutes les
valeurs possibles, ce qui permet de suivre finement I'information de type aux frontieres
entre code typé et non typé.

La premiere partie dresse une présentation formelle du systeme. Nous définissons une
discipline de typage graduel avec effacement de types s’appuyant sur les vérifications déja
présentes dans la VM Erlang, maximisant la stireté du typage sans altérer la sémantique
des programmes ni affecter leur performance. Nous présentons également une analyse
typée approfondie du filtrage par motifs d’Elixir. Nous étendons le sous-typage sémantique



pour prendre en charge les structures de données du langage — notamment les tuples et
les fonctions a arité multiple — et exposons une méthodologie pour ajouter de nouveaux
constructeurs de types tout en préservant la décidabilité du sous-typage. Pour éviter la
propagation incontrélée des types dynamiques, nous introduisons des types fonctionnels
dits « forts », un aspect crucial pour maintenir la streté du typage dans un systeme
graduellement typé.

La seconde partie traite de I'implémentation dans le compilateur Elixir, en comblant
I'écart entre I’élégance conceptuelle des types ensemblistes et leur réalisation opérationnelle.
Bien que ces concepts soient intuitifs et faciles a expliquer aux développeurs, le travail
technique nécessaire pour opérationnaliser cette approche sémantique est délicat : décider
le sous-typage sémantique (déterminer si un ensemble de valeurs est contenu dans un autre
lorsqu’il est défini par des unions, intersections et négations arbitraires) est complexe d’'un
point de vue algorithmique et exigeant en calcul. Nous présentons des algorithmes et des
structures de données efficaces pour les opérations sur les types, évaluons les performances
de compilation et documentons des choix de conception qui minimisent le surcofit tout en
conservant I'expressivité. Nous détaillons les représentations : types de base, types littéraux,
types graduels, puis types structurels (tuples, maps, fonctions). Les types graduels sont
représentés comme des paires de types statiques, un format simple a implémenter et fidele
aux fondations théoriques. L'ensemble forme un guide pour intégrer des types graduels
ensemblistes dans des langages dynamiques.



Abstract

Title: Typing Dynamic Languages with Set-Theoretic Types: The Case of Elixir

Keywords: Type Systems - Programming Languages - Gradual Typing - Set-Theoretic
Types - Semantic Subtyping - Elixir - Type Inference - Dynamic Typing - Static Typing -
Implementation

Adding static types to dynamic languages requires balancing expressiveness, safety,
and backward compatibility-trade-offs that often force compromises limiting the practical
adoption of type systems. Elixir, a functional dynamic language built on the Erlang VM with
pattern matching, guards, and first-match semantics, exemplifies these challenges. This
thesis presents a gradual type system for Elixir grounded in the foundational concept of
semantically defined set-theoretic types, where types denote sets of values and support
union, intersection, and negation operations with their natural set-theoretic interpretations.

The central hypothesis of this work is that set-theoretic types are particularly well-suited
for capturing the programming patterns of dynamic languages. Union types naturally
reflect the highly branching nature of dynamic programs and the diverse range of inputs
they handle. Intersection types play a crucial role in expressing data flow and handling
function overloading-common traits of dynamic languages—by linking specific input types
to their corresponding output types. Negation types enable precise analysis of pattern
matching with first-match semantics by explicitly excluding values captured by preceding
branches. This combination of expressiveness and conceptual simplicity, along with the ease
of explaining set-theoretic concepts to programmers, highlights the potential of set-theoretic
types to improve how dynamic languages are understood, used, and typed.

A key challenge is articulating gradual typing with semantic subtyping. We represent
gradual types as intervals bounded below by the precise static type of all known values
and above by the dynamic type of all possible values, enabling fine-grained tracking of
type information at the boundaries between typed and untyped code. This representation
integrates naturally with set-theoretic types.

The first part provides a formal presentation of the system. We define a safe-erasure
gradual typing discipline that exploits runtime checks already present in the Erlang VM,
maximizing type safety without altering program semantics or introducing performance
penalties. We also present an extensive typed analysis of the pattern matching construct
present in Elixir. We extend semantic subtyping to handle Elixir’s data structures—including
tuples and multi-arity functions—and expose a methodology for adding new type construc-
tors while preserving decidable subtyping. To prevent the unchecked spread of dynamic
types, we introduce strong function refinements, a crucial aspect for maintaining type safety
in a gradually typed system.

The second part addresses the practical implementation within the Elixir compiler,
bridging the gap between the conceptual elegance of set-theoretic types and their oper-
ational realization. While these concepts are intuitive and easy to explain to developers,



the technical work required to operationalize this semantic approach is delicate: deciding
semantic subtyping-determining whether one set of values is contained in another defined
by arbitrary unions, intersections, and negations—is algorithmically complex and computa-
tionally demanding. We present efficient algorithms and data structures for type operations,
evaluate compilation performance, and document design choices that minimize overhead
while preserving expressiveness. We detail the representations: base types, literal types,
gradual types, then structural types (tuples, maps, functions). Gradual types are represented
as pairs of static types, a format that is simple to implement and faithful to the theoretical
foundations. This part constitutes a comprehensive guide for language implementers
seeking to integrate gradual set-theoretic types into dynamic languages.



RESUME ETENDU

Ce résumé en francais offre une vue d’ensemble de la these aux lecteurs francophones.

The rest of this thesis is written in English.

Présentation de la premiére partie

La premiere partie de cette these pose les fondements théoriques et techniques du systeme de
types d’Elixir. Elle se déploie en six chapitres qui, ensemble, construisent un systéme de typage
graduel a la fois expressif et pratique, capable de s’adapter aux idiomes d'un langage dynamique
tout en offrant des garanties statiques précieuses.

Chapitre 2 : Introduction technique Le voyage commence par une présentation des défis que
pose le typage d’Elixir. Le systeme que nous développons repose sur le cadre du sous-typage
sémantique, enrichi de types ensemblistes (unions, intersections, négations), et doit relever
plusieurs défis techniques absents des systemes existants : le typage des fonctions multi-arité, la
propagation du type dynamique nécessaire a un typage graduel a effacement str, I'introduction
des fonctions fortes qui exploitent les vérifications dynamiques du programmeur, et une analyse
des gardes qui traduit la richesse du pattern matching d’Elixir en informations de types précises.
A travers des exemples concrets, comme la fonction negate qui retourne un entier pour un
argument entier et un booléen pour un argument booléen, nous illustrons comment ces tech-
niques cooperent pour produire des types intersections précis et permettre un typage fin méme
en présence d’incertitude.

Chapitre 3 : Fondements du sous-typage sémantique Ce chapitre présente les assises mathé-
matiques de notre systeme. L'idée centrale du sous-typage sémantique est d’interpréter les types
comme des ensembles de valeurs : un type t; est sous-type de £, si et seulement si’ensemble des
valeurs de t; est inclus dans celui de #,. Cette vision ensembliste permet d’intégrer naturellement
les connecteurs booléens (union v, intersection A, négation ) dans la syntaxe des types, avec
une sémantique qui découle directement des opérations sur les ensembles.



Nous rappelons que décider le sous-typage se ramene a décider la vacuité d'un type, et que
tout type peut étre mis sous forme normale disjonctive, permettant des algorithmes de décision
modulaires pour chaque famille de types (constantes, produits, fleches). Ce chapitre introduit
également les types graduels et leurs relations spécifiques : la précision (qQqui compare le degré
d’'incertitude de deux types) et le sous-typage cohérent (qui autorise les opérations pouvant
réussir pour certaines matérialisations du type dynamique). Un résultat remarquable est le
théoreme de représentation : tout type graduel T est équivalent a 7¥ v (2 A1™), ot1 7¥ et 71 sont des
types statiques obtenus en remplacant les occurrences de ? par O ou 1 selon leur variance. Cette
représentation permet de réutiliser directement toute l'infrastructure du sous-typage statique
pour les types graduels.

Chapitre 4 : Typage statique de Core Elixir Nous définissons ici Core Elixir, un calcul min-
imal capturant les traits essentiels d’Elixir : constantes, variables, abstractions annotées par
des interfaces (ensembles de types fleches dont I'intersection déclare le type de la fonction),
applications, tuples, projections, expressions case, et opérateurs arithmétiques. La sémantique
opérationnelle distingue explicitement les erreurs d’exécution (w) levées par la machine virtuelle
BEAM, ce qui permet d’énoncer des théorémes de stireté précis.

Les regles de typage statique exploitent pleinement les types ensemblistes : les interfaces
permettent de typer les fonctions par des intersections de fleches ; les projections acceptent des
indices de type union (le résultat est alors 'union des types correspondants) ; le typage des case
vérifie I exhaustivité (tout cas est couvert) et signale la redondance (branches inatteignables). Les
théoremes de progress et preservation établissent que les programmes bien typés sans regles w
ne produisent jamais d’erreur d’exécution.

Une contribution technique majeure de ce chapitre est 'extension du sous-typage séman-
tique aux fonctions multi-arité. Contrairement a I’encodage usuel par tuples (o1 (O, int) — int
serait équivalent a O — int), nous introduisons une interprétation native utilisant I’élément
O pour distinguer les domaines vides selon chaque argument. Le théoréeme 4.4.5 caractérise
l'inclusion entre intersections de fleches multi-arité et donne lieu a un algorithme de décision
(fonction ®,,) correct et complet.

Chapitre 5 : Typage graduel Le type dynamique ? entre en scéne. L'enjeu est de permettre
I'interaction fluide entre code typé et code non typé, sans modifier le comportement al'exécution,
une approche dite a effacement siir, contrairement aux systemes graduels qui insérent des proxies.
Le défi est que ? tend a « contaminer » les types : appliquer une fonction int — int a un argument
? ne peut statiquement garantir un résultat entier.

Notre solution repose sur les fonctions fortes (strong arrows), notées (¢ — s)*. Une fonction
est forte si, appliquée a un argument hors de son domaine, elle soit échoue explicitement (sur une
vérification dynamique), soit retourne néanmoins une valeur dans son codomaine, soit diverge.
Cette propriété est vérifiée par un systeme de typage faible auxiliaire qui modélise les vérifications
effectuées par la BEAM et par les gardes du programmeur. Ainsi, si une fonction est annotée



{(1,int) — int} et que son corps commence par un test is_integer(elem(x, 1)), elle est
forte : méme appliquée a un argument dynamique, elle retournera un entier (ou échouera).

Le chapitre établit la soundness graduelle : un programme typé par le systeme graduel soit
diverge, soit retourne une valeur dont la forme correspond au type déduit (par exemple, une
valeur de type int A ? est bien un entier), soit échoue sur une vérification dynamique.

Chapitre 6 : Analyse des gardes Les gardes et le pattern matching sont au cceur d’Elixir. Ce
chapitre développe une analyse qui traduit les gardes, c’est-a-dire les combinaisons de tests
de types (is_integer), d’égalités, de comparaisons et de sélections, en informations de types
exploitables par le systéme.

Pour chaque garde, ’analyse calcule deux types : le type siirement accepté (toute valeur
de ce type satisfait la garde) et le type possiblement accepté (toute valeur satisfaisant la garde
appartient a ce type). Quand ces deux types coincident, I'approximation est exacte ; sinon, un
drapeau booléen indique I'imprécision. Par exemple, la garde is_boolean(elem(x,0)) or
elem(x,0) == elem(x,1) produit {bool, ..} comme type siirement accepté (tout tuple com-
mengant par un booléen satisfait la garde) et {bool, ..} v{1,1, ..} comme type possiblement
accepté.

Ces types alimentent les regles de typage des case : pour chaque branche, le systeme
calcule le type des valeurs qui I’atteignent en soustrayant les types stirement capturés par les
branches précédentes. Cette analyse fine permet de détecter les branches redondantes, de vérifier
I'exhaustivité, et d'inférer automatiquement des types intersections précis pour les fonctions
multi-clauses non annotées. Par exemple, la fonction negate définie par deux clauses avec
gardes is_integer(x) et is_boolean(x) se voit inférer le type (int — int) A (bool — bool)
plutdt que le type moins précis (int v bool) — (int v bool).

Chapitre 7 : Discussion et travaux connexes Ce chapitre situe notre contribution dans le
paysage des systéemes de types pour langages dynamiques. Parmi les travaux les plus proches,
Etylizer (2023) adapte le sous-typage sémantique a Erlang, tandis que nous |’ étendons avec des
fonctionnalités spécifiques a Elixir (notamment le coté graduel) ; eqWAlizer (Meta/WhatsApp)
partage nos fondements graduels mais n’exploite ni la propagation dynamique ni les fonctions
fortes ; Dialyzer garantit 'absence de faux positifs 1a ou nous garantissons la soundness (absence
de faux négatifs).

Nous positionnons également notre approche parmi les trois disciplines de typage graduel
identifiées par Greenman et al. (2023) : erasure (les types n’affectent pas I'exécution), transient
(insertion de vérifications de forme), et natural (proxies complets). Notre systeme appartient a la
discipline erasure, la plus populaire en industrie, mais contrairement a TypeScript, Flow ou Hack,
nous préservons la soundness sans modifier le runtime. Les fonctions fortes jouent le role des
vérifications transientes : au lieu d’insérer des checks, nous détectons statiquement leur présence
dans les gardes du programmeur. Cette stratégie d’ effacement siir permet aux développeurs Elixir



d’adopter les types progressivement, sans sacrifier compatibilité, performance ou sémantique
du langage.

Le chapitre esquisse enfin les directions futures : typage des constructions de concurrence
(receive), interfaces de processus, et a plus long terme, types comportementaux pour le modele
acteur d’Elixir.

Présentation de la seconde partie

La premiére partie de cette these a posé les fondements théoriques du systeme de types d’Elixir :
sous-typage sémantique, typage graduel, analyse des gardes. Cette seconde partie entreprend
le voyage inverse, de la théorie vers le compilateur. Nous y montrons comment transformer
des régles déclaratives en algorithmes concrets, comment représenter efficacement les types
ensemblistes, et comment intégrer le systeme dans un langage de production avec plus d'un
million d’utilisateurs.

Chapitre 8 : Une API pour les types ensemblistes Le chapitre ouvre sur une observation :
les types ensemblistes offrent un paradoxe stimulant. D’un c6té, leur construction repose sur
une machinerie théorique complexe (interprétation sémantique, formes normales disjonctives,
procédures de décision récursives). De I'autre, leur utilisation est d'une simplicité désarmante :
penser en ensembles, composer avec V, A, \, et s'appuyer sur des intuitions familiéres.

Nous défendons I'idée que cette complexité peut étre encapsulée derriere une API stable et
minimaliste. Ce dont un vérificateur de types a besoin est remarquablement restreint : (i) des
constructeurs pour les connecteurs ensemblistes et les types de base, (ii) des opérateurs pour
les types structurels (domaine, application, projection), et (iii) quelques requétes fondamen-
tales telles que sous-typage, équivalence, vacuité qui peuvent se composer, par exemple pour
déterminer que l'intersection de deux types est vide. Avec ces briques, les régles de typage se
réduisent a des appels de constructeurs et destructeurs. Cette vision « theory-first » permet au
programmeur de raisonner avec des mots simples (« and », « or », « not ») tout en bénéficiant de
la puissance d'un systeme complet.

Chapitre 9 : Architecture modulaire de représentation Ce chapitre introduit le Descr, la
structure de données centrale utilisée par les systemes de sous-typage sémantique. L'idée fonda-
trice est de représenter chaque type comme une union de composants disjoints (entiers, atomes,
tuples, fonctions), chacun stocké dans un champ séparé. Cette modularité est la clé : puisque
les composants ne se chevauchent jamais, les opérations ensemblistes (union, intersection,
différence) se calculent champ par champ, puis se combinent. Ajouter un nouveau type de base
revient simplement a ajouter un champ et définir ses opérations locales.

Cette architecture s’étend naturellement aux types graduels. Grace au théoreme de représen-
tation (Partie I), tout type graduel 7 s'écrit 7¥ v (? A 7). Nous représentons donc 7 par une paire



de Descr statiques, 'un pour la borne inférieure, 'autre pour la supérieure. Linvariant 7¢ < 71
garantit que les opérations composante par composante préservent la validité, permettant de
réutiliser directement I'infrastructure statique.

Chapitre 10 : Représentation des types de base et graduels Nous détaillons ici les représen-
tations concrétes. Les six types de base indivisibles (entiers, flottants, binaires, pids, ports,
références) sont encodés par un simple masque de 6 bits : 'union devient un OR bit-a-bit,
I'intersection un AND, la différence un AND avec complément, le tout en temps constant.

Pour les domaines infinis comme les atomes, o1 'on souhaite exprimer « tous les atomes
sauf :foo et :bar », nous adoptons une représentation finie/cofinie : une paire (mode, S) ou S est
un ensemble fini et mode indique si S représente les éléments inclus ou exclus. Les opérations
ensemblistes se traduisent alors en manipulations d’ensembles finis, avec des formules closes
pour chaque combinaison de modes.

Le chapitre formalise également la représentation par paires pour les types graduels, prouve
que les opérations préservent I'invariant de validité, et discute une représentation alternative
(paires disjointes) que nous n’avons finalement pas retenue en raison de son cotit de normalisa-
tion.

Chapitre 11 : Types structurels et arbres de décision Les types structurels (fonctions, tuples,
listes, maps) sont le cceur de I'expressivité d’Elixir. Leur représentation repose sur les diagrammes
de décision binaires (BDD), une structure classique pour les formules propositionnelles dont
I'usage pour les types ensemblistes a été proposé par Frisch (2004). Chaque type structurel est une
formule booléenne sur des littéraux atomiques (des fleches (3, ..., t;) — t pour les fonctions, des
tuples { 11,..., t, } pour les tuples, etc.). Les BDD offrent des opérations polynomiales pour union,
intersection, différence et négation, un avantage décisif sur les formes normales disjonctives.

Cependant, les BDD peuvent exploser en taille lors d'unions consécutives. (2004) introduit
les diagrammes de décision ternaires (TDD) qui ajoutent une branche médiane pour encoder les
unions de maniere paresseuse. L'union devient alors linéaire : au lieu de distribuer, on attache
simplement le second opérande a la branche médiane. Lintersection et la différence peuvent
nécessiter I'expansion de ces unions différées, mais le gain global est substantiel dans les cas
typiques.

Le chapitre détaille ensuite les spécialisations pour Elixir : fonctions multi-arité représen-
tées par des TDD cofinies (partitionnées par arité), tuples ouverts et fermés, listes propres et
impropres avec leurs algorithmes de vacuité, et maps hybrides combinant champs nommés et
domaines typés.

Chapitre 12 : Analyse comparative des représentations Ce chapitre documente les alternatives
que nous avons explorées avant de converger vers les TDD. Les formes normales disjonctives
(DNF) sont efficaces pour union et intersection (temps polynomial), mais la différence est
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exponentielle, un probleme rédhibitoire lorsque I'analyse de pattern matching multiplie les
soustractions de types.

Les DNF compressées pré-calculent I'intersection des littéraux positifs, éliminant les clauses
vides et réduisant la redondance. Cette approche fonctionne pour les maps et tuples (dont
I'intersection est calculable directement), mais pas pour les fonctions.

Les formes union pour les tuples éliminent entierement les négations grace au théoreme
de décomposition, mais souffrent elles aussi d'une croissance quadratique lors d’'intersections
répétées.

Lanalyse conclut que les TDD représentent le meilleur compromis : polynomiales pour
toutes les opérations, avec une union particuliéerement efficace grace a la paresse. Les tables
comparatives (PT1, PT2) documentent I’évolution des performances entre v1.18 (DNF) et v1.19
(TDD), montrant notamment comment la correction des formules d’intersection dans les TDD
est importante pour sécuriser les gains de perfomance obtenus grace a la paresse.

Chapitre 13 : Du calcul formel au compilateur Ce chapitre fait le pont entre Core Elixir (notre
calcul idéalisé) et Featherweight Elixir (un sous-ensemble strict du langage réel). FW-Elixir étend
Core Elixir avec la négation dans les gardes, une fonctionnalité absente du calcul formel mais
courante en pratique. Nous montrons comment compiler les gardes FW-Elixir vers Core Elixir en
poussant les négations vers les feuilles via les lois de De Morgan, et en réencodant les relations
absentes (>= devient < v ==).

Le chapitre détaille ensuite I'implémentation des regles d’application de fonctions, tant
statiques que graduelles. Dans le cas graduel, la notion de compatibilité remplace le sous-typage
strict : une application est compatible si elle peut réussir pour une certaine matérialisation du
type dynamique. Cette vérification exploite le domaine graduel et les bornes extrémales pour
éviter les faux positifs tout en préservant la flexibilité.

Chapitre 14 : Evaluation et déploiement Le systeme de types est intégré dans Elixir depuis
la version 1.17 (juin 2024). La v1.17 couvrait atomes et maps ; la v1.18 ajoutait I'inférence de
types pour les patterns et les retours de fonctions ; la v1.19 actuelle couvre tous les constructs
du langage, incluant tuples, listes, fonctions multi-arité et protocols (I'équivalent Elixir des type
classes).

Nous évaluons le systeme sur cinq bases de code majeures : Remote (plus d'un million de
lignes), Livebook, Credo, Phoenix et Hex. Sur v1.18, le type-checking représentait 1,6 % a 9,3 %
du temps de compilation total. Sur v1.19, malgré I'ajout des types fonctions et de I'inférence,
qui rajoute énormément de vérifications de types supplémentaires, les performances se sont
maintenues grace aux optimisations des TDD.

Le retour des développeurs est encourageant : le systeme détecte du code mort et des erreurs
de type sans requérir d’annotations syntaxiques. Des bugs ont été découverts dans des projets
majeurs comme Phoenix (utilisé par plus de 14 600 sites), Postgrex et Flame, des erreurs qui
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avaient survécu aux tests et a la production pendant des années. Comme le résume José Valim :
« Elixir is, officially, a gradually typed language. »

Cette seconde partie illustre qu'un systéme de types fondé sur une théorie robuste peut étre im-
plémenté efficacement et déployé avec parcimonie dans un langage (dynamique) de production,
sans perturber les pratiques établies. Les types ensemblistes deviennent progressivement un

outil quotidien pour les développeurs Elixir, malgré leur complexité théorique et grace a leur
simplicité d'usage.
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NOTATION

Notation conventions

x Sequence notation: xi,..., X, (overbar denotes finite sequences).
[i..]] Integer interval {i,i+1,..., j} (inclusive).

Chapter 3

T static Set of regular static types.

O Bottom type, denoting no values.

1 Top type, containing all well-typed values.

b Base type such as integer(), boolean(), atom(), ....
int, bool, atom Common base types: all integers, booleans, atoms.
tuple Type of all tuples.

pair Type of all pairs (2-tuples).

base Union of all base types.

arrow Type of all arrow types (= O — 1).

t Static (non-gradual) types; elements of Fgatic.

hvb Union type (or): values in at least one of #; or f,.

HhADL Intersection type (and): values in both #; and #,.

-t Negation type (not): values that are not of type .

9 Semantic domain of all values.

d Arbitrary element of 2.

O Distinguished undefined input for function domain semantics.
Q Runtime error or stuck computation.

Da Auxiliary domain for membership induction (= 2 U {Q}).
D5 Extended domain with undefined input (= 2 U {O}).

) Arbitrary element of 2q,.

l Arbitrary element of 2.

a:t Predicate: d interprets a value of type t.

[t]

Set-theoretic interpretation of t: {d € 2 | d : t}.
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CHAPTER

INTRODUCTION

Elisir di si perfetta,
di si rara qualita,

ne sapessi la ricetta,
conoscessi chi ti fa!

Donizetti - Lelisir d’amore

1.1 Typing Elixir: the case for set-theoretic types

Elixir (2012) is a dynamic, functional language designed for building scalable and maintainable
applications. It runs on the Erlang Virtual Machine called BEAM (2024), a platform renowned for
low-latency, distributed, and fault-tolerant computing. Elixir combines Ruby-inspired syntax
with Erlang’s battle-tested concurrency model, offering a productive development experience
while inheriting the robust actor-based architecture where lightweight processes communicate
via message passing.

Elixir has gained significant adoption across web applications, embedded systems, data
processing, and distributed systems, with notable users including Discord and PepsiCo. This
success stems from the underlying BEAM platform, developed by Ericsson in the 1980s as
a remarkable achievement in concurrent, distributed, and fault-tolerant computing. Elixir
extends this foundation with higher-level constructs—such as protocols for polymorphism, a
powerful macro system for metaprogramming and creating domain-specific languages, an
enhanced standard library and set of frameworks, while maintaining the efficient, resilient
runtime characteristics of BEAM.

21
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The Erlang VM (BEAM)

The BEAM is documented in Erlang’s original design and rationale (2003) and is also practically
explained in later Erlang/OTP literature (2009). It provides four key capabilities that make it
exceptional for building robust, concurrent systems:

* Actor-based Concurrency: The BEAM employs an actor model where lightweight pro-
cesses have isolated memory and communicate via asynchronous message passing. This
enables highly concurrent applications. Each process has its own garbage-collected heap,
minimizing pause times and ensuring fault isolation.

* Fault Tolerance: Embracing a “let it crash” philosophy, BEAM applications are structured
as supervised process hierarchies. If a process encounters an error, it terminates cleanly
and its supervisor automatically restarts it. This prevents cascading failures and contributes
to system resilience.

* Transparent Distribution: BEAM has built-in support for distribution, allowing processes
on different nodes to communicate seamlessly. This facilitates horizontal scaling and
distributed computing without additional complexity for the developer.

* Hot Code Swapping: The platform supports updating code in a running system with-
out downtime, which is crucial for high-availability applications that require on-the-fly
upgrades.

These features make BEAM an ideal platform for domains like web services, telecommunica-

tions, and embedded systems that require both reliability and concurrency.

Note |

These same features also pose challenges for static typing. For example, hot code swapping allows any
module to be replaced at runtime, bypassing compile-time type safety guarantees. While this specific
scenario is beyond the scope of our work (hot code swapping is rarely used in practice), there remains
substantial value in performing static type checks during development.

Elixir’s Design and Features

Building on Erlang and BEAM, Elixir adds its own syntax, tools, and conventions focused on
developer productivity:

* Approachable Syntax & Metaprogramming: Elixir’s syntax is inspired by Ruby, making it
familiar and approachable. It includes a powerful macro system that operates on the Ab-
stract Syntax Tree (AST) at compile time, enabling developers to manipulate the language’s
syntax to implement their own language constructs.

e Functional Programming Paradigm: Elixir emphasizes immutability and pure functions,
simplifying concurrent programming by eliminating many common sources of race condi-
tions.

* Pattern Matching: Pattern matching is pervasive in Elixir (in function definitions, case
expressions, etc.), allowing concise and declarative handling of different data shapes. It
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not only leads to expressive code but also provides valuable structural information that a
type system can leverage for exhaustiveness checking and type inference.

* Protocols (ad-hoc polymorphism). Elixir protocols are the analogue of interfaces (Java,
C#, Go), traits (Rust, Scala), protocols (Swift/Obj-C), and type classes (Haskell): they declare
arequired API that unrelated types may implement, with method selection by the dynamic
type of the argument (single-dispatch). For example, String.Chars requires to_string/1
(cf. Go’s fmt.Stringer, Rust’s Display); Enumerable abstracts iteration (cf. Java Iterable, Rust
IntoIterator, Swift Sequence). The type system checks conformance and rejects calls on
non-implementers.

* Ecosystem and Tooling: Elixir boasts a vibrant ecosystem and strong tooling. The Mix
build tool manages project compilation, testing, and dependencies; Hex provides package
management. The community has produced many libraries and frameworks (notably
the Phoenix web framework). Any type system must be introduced in a way that works
harmoniously with these existing tools and practices.

The interested reader will find a more detailed overview of these different aspects in Appendix A.

Elixir Importance

Elixir today has an active community of approximately 60,000 professional developers, and a
large body of open-source Elixir code is available on platforms like GitHub. Its growing adoption
and the scale of code in production underscore the importance of reliability and maintainability.
As projects grow, developers increasingly desire stronger guarantees from the language. This
context makes the case for adding a robust static type system to Elixir both significant and urgent.

The Challenge of Typing Elixir

Like Erlang, Elixir is dynamically typed: types of values are checked only at runtime. This offers
flexibility and rapid prototyping but can lead to runtime errors that a static type system might
catch at compile time. As Elixir applications grow in size and complexity, the lack of compile-time
type checking becomes a more pressing concern for reliability, maintainability, and refactoring
safety.

Developing a static type system for Erlang (and by extension Elixir) has been an open research
problem for nearly two decades. Early efforts, such as Marlow and Wadler’s work (1997) on typing
a subset of Erlang, explored subtyping constraints but suffered from slow type inference and
overly complex inferred types, preventing adoption. Lindahl and Sagonas (2006) introduced Dia-
lyzer, a static analysis tool for Erlang based on success typings. Dialyzer (and its Elixir integration
via Typespec annotations) can detect certain discrepancies between code and spec annotations,
and importantly, it guarantees no false positives. However, this no-false-positive approach comes
at the cost of weak guarantees: Dialyzer may miss many bugs (reporting possible issues only
when it’s certain a mistake exists). Additionally, Dialyzer can be slow on large codebases and
often produces cryptic warnings, limiting its usefulness and adoption in the Elixir community.
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Several subsequent attempts have tried to bring static typing to the BEAM ecosystem. For
example, Valliappan and Hughes (2018) developed an experimental Hindley-Milner style type
system for Erlang, but it struggled to naturally express the union and intersection types that
frequently arise from Erlang’s idioms (like pattern matching with multiple clauses). More recent
projects include alternative languages or compilers targeting BEAM, such as Gleam (2019) (a
statically typed language for BEAM), and compilers like Hamler (2021) and Caramel (2022) which
bring Haskell/OCaml-like typing to BEAM. While these show there is strong interest in static
analysis for Erlang/Elixir, they typically do not preserve Elixir’s advanced features (like macros
and protocols) nor its established ecosystem.

Pattern matching is another central feature of Erlang/Elixir that poses both a challenge and
an opportunity for typing. A static type system could provide exhaustiveness checking for pattern
matches (warning if some cases are not handled) and unreachable code detection, improving
code robustness and design. The Elixir team has expressed the goal of eventually making type
information a first-class part of the language-beyond mere annotations for documentation—
enabling new idioms and more expressive, safe code for those who opt in.

Since Elixir’'s semantics are largely a superset of Erlang’s (Elixir adds features like protocols and
macros on top of Erlang), any successful type system for Elixir would likely apply to Erlang and
other dynamically typed BEAM languages as well. The challenge, therefore, lies in introducing
static typing without sacrificing the flexibility and productivity that dynamic Elixir developers
enjoy. Our approach to this challenge involves two key ideas:

Set-Theoretic Types: Types that are defined by the set of values they contain, supporting
rich type constructions like unions, intersections, and negations. These allow precise
modeling of complex data domains and function behaviors typical in dynamic languages.

Gradual Typing: A gradual type system allows mixing static and dynamic typing, so
developers can add types incrementally. Untyped parts of the program can interoperate
with typed parts safely, and over time more code can be shifted into the typed regime. This
is critical for adoption, as it enables a smooth transition from untyped to fully typed code.

From a theoretical perspective, our work builds on the concept of semantic (set-theoretic)
types. In this approach, each type is defined as the set of values that belong to that type. Conse-
quently, type operators correspond to set operations: a union type #; or #; denotes the union of
the sets of values of t; and f», an intersection type t; and f, denotes the set of values common to
both #; and #,, and a negation type not ¢ denotes the set of all values not in ¢. This interpretation
aligns well with the patterns in dynamic languages (2023). For instance, union types naturally
describe values that may come from multiple alternative types (a very common scenario in
dynamically-typed code where functions handle a variety of inputs). Negation types allow a
precise description of values excluded by certain conditions (e.g., in a series of pattern-matching
clauses with a default case, a negation type can represent “all values not handled by previous
clauses”). Intersection types can capture function overloading and flow-sensitive behaviors by
tying specific input types to specific output types. An appealing aspect of this approach is that
these set-theoretic type constructs can often be explained to programmers in intuitive terms
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(sets of values), which may ease the learning curve. We believe that combining set-theoretic
types with gradual typing offers a promising path to bringing static guarantees to Elixir while
preserving its dynamic spirit.

A Gradual Set-Theoretic Type System for Elixir

We present a gradual type system for Elixir based on the framework, introduced in Castagna
and Frisch (2005) and Frisch et al. (2008), of semantic subtyping (also known as set-theoretic
types). This framework, originally developed for the CDuce (2003) programming language,
introduced in Benzaken et al. (2003), supports types defined by set operations — including
unions, intersections, and negations — which obey the familiar commutativity, associativity, and
distributivity laws of set theory. Our type system also features parametric polymorphism with
local type inference: functions can be explicitly annotated with type variables, but when they are
called, the compiler infers how to instantiate those variables, eliminating the need for verbose
type applications at call sites.

Moreover, the system includes a precise treatment of Elixir’s patterns and guards, by using a
type narrowing mechanism. As a program branches on a condition (for example, a pattern match
oran is_integer guard), the type of the tested expression (and related variables) is refined in
each branch based on the outcome of the test. This lets us precisely type pattern-matching code
and guards (the boolean conditions in clauses) by understanding how they filter down the set of
possible values.

Compared to the earlier semantic subtyping work for CDuce, our Elixir type system con-
tributes several new elements and adaptations to address Elixir-specific challenges:

e Multi-arity function types: We extend the semantic subtyping framework to account for
Elixir/Erlang’s notion of function arity. Unlike CDuce (where every function is unary, taking
a single argument that could be a tuple), Elixir functions have a fixed number of parameters.
We introduce a special function type syntax that explicitly reflects arity, e.g. (t1,...,t;) — t,
and adapt the subtyping rules accordingly.

* Guard analysis: We develop a typing technique to analyze guards (the boolean expressions
in pattern matches and after the when keyword in function definitions). Our system
interprets guard conditions as type constraints, refining static types within each branch
of a conditional. This enables exhaustiveness and redundancy checks for pattern-match
clauses.

* Records and dictionaries (maps): We provide a unified type discipline for Elixir’s maps,
covering both their use as fixed-shape records (with a predetermined set of keys) and as
open dictionaries (with arbitrary keys of a certain type). This includes tracking which keys
are required to exist in a map and the types of their values, versus keys that may or may not
be present.

* Dynamic type integration: We incorporate a dynamic type noted dynamic() to represent
parts of the code that remain untyped. This is in line with gradual typing principles: the
dynamic type allows untyped Elixir code to interoperate with typed code with runtime
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checks, and we ensure that gradually adding types does not break program behaviour
(often called the gradual guarantee).

* Strongly-typed function arrows: We introduce a concept we call strong arrows, a gradual
typing technique that accounts for runtime type checks (for example, guards or pattern
matches inside function bodies) in the static function type. Strong arrows allow the type
system to be sound (no false assurances about the absence of type errors) while also
being precise, without needing to alter the compiled code. In the terminology of Garcia et
al. (2021), this achieves safe erasure in gradual typing: we do not change program semantics
to accommodate types, yet we retain strong type guarantees.

In summary, our system is a combination of several existing ideas (set-theoretic types, poly-
morphism with local inference, type narrowing, gradual typing) and novel techniques (guard
analysis, strong arrows, and an enhanced map type system). We believe that no single “silver
bullet” technique is sufficient for typing a language as feature-rich and dynamic as Elixir. Instead,
it is the combination of these techniques that allows our type system to model Elixir idioms
precisely. By addressing the various facets of the language, we aim to deliver a type system that
is expressive enough to be useful and palatable to Elixir developers, increasing the chances of
community acceptance and adoption. (Notably, because Elixir’s semantics are a superset of
Erlang’s, our system effectively types Erlang as well, covering all Erlang idioms in addition to
Elixir’s extensions.!)

1.1.1 An Overview of our Type System

Static typing appears to be the biggest unmet need voiced by the Elixir community in recent
years. Today, Elixir provides Typespecs (2023) for optional type annotations — developers can
write specifications (using a syntax in comments or @spec attributes) indicating the expected
types of function arguments and return values, and define named types (type aliases). However,
these specifications are not enforced by the Elixir compiler. Instead, developers rely on Dialyzer
to perform a separate analysis pass to check for certain inconsistencies between code and specs.
While Typespecs and Dialyzer are valuable (especially as documentation), they fall short
of the full guarantees and developer experience offered by a true static type system integrated
into the language. Dialyzer’s success typing approach, which avoids false positives, means that
many true type errors (situations where one function passes a value to another that will cause a
runtime error) might go undetected. Based on community feedback and our own experience,
many developers would prefer a stricter system—even if it occasionally produces false positives—as
long as it catches more actual bugs and offers clearer feedback.
In essence, Elixir developers are asking for types to serve two main purposes:

* Documentation and Readability: Type annotations can greatly aid in documenting code
behaviour. A function’s type signature succinctly conveys what kinds of inputs it expects

1Semantically, Elixir is a superset of Erlang with the addition of protocols and macros. Indeed, the Elixir compiler
works by producing Erlang Abstract Format (AST). Thus, by typing all Elixir idioms, we also cover all Erlang idioms.
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and what it returns, which helps both the original author and others who read the code
later. (Elixir already benefits here from Typespecs; a built-in type system would make these
guarantees stronger and always up-to-date with the code, since types would be checked as
part of compilation.)

* Interface Contracts and Refactoring Safety: Perhaps the most compelling benefit of static
types is to enforce contracts between different parts of a codebase. If function caller(arg)
calls another function callee(arg), a static type checker can guarantee that as the code
evolves, caller will only ever pass arguments of the right type to callee, and that caller
correctly handles the return type that callee produces. This is especially valuable in large
projects or frameworks, where many functions interact; it helps catch integration errors
early and makes large-scale refactoring much safer.

To illustrate the second point, consider a simple example in Elixir:

$ 0 -> @)

def negate(x) when is_integer(x), do: -x

The negate function receives an integer() and returns an integer( )2, Type specifications
are prefixed by $ and each specification applies to the definition it precedes. With our custom
negation in hand, we can implement a custom subtraction:

$ ( O, 0) -> O

def subtract(x, y) when is_integer(x) and is_integer(y) do
x + negate(y)

end

This would all work and typecheck as expected, as we are only working with integers.
Now, imagine in the future someone decides to make negate polymorphic (here, ad hoc
polymorphic), by including an additional clause so it also negates booleans:

$ ( () or 0) > ( () or @)
def negate(x) when is_integer(x), do: -x
def negate(x) when is_boolean(x), do: not x

The specification at issue uses integer() or boolean() stating that both the argument and
the result are either an integer or a boolean. This is a union type which has become common
place in many programming languages.

However, the type specified for negate is not precise enough for the type system to deduce
that when negate is applied to an integer the result is also an integer.

Type warning:
| def subtract(x, y) when is_integer(x) and is_integer(y) do
| x + negate(y)

2We follow Erlang convention that basic types are suffixed by “()”, for instance, Q).
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N

the operator + expects O, () as arguments,
but the second argument can be () or O)

A type system with union types only would not be enough to capture many of Elixir idioms, and
it would probably lead to too many false positives. Therefore, in order to evolve contracts over
time, we need more expressive types. In particular, to solve this issue we need an intersection
type, which specifies that negate has both type
integer()->integer()

(i.e., it is a function that maps integers to integers) and type boolean()->boolean() (i.e., itisa
function that maps booleans to booleans). This type is more precise than the previous one and is
written as:

$ ( 0 -> ()) and ( 0 -> 0)

With this type, the type checker can infer that applying negate to an integer will return an integer.
Therefore, in the definition of subtract, the application negate(b) has type integer( ), and the
function subtract is well-typed.

1.1.2 Set-Theoretic Types and Subtyping Relation

Unions, intersections, and (see later on) negations are called set-theoretic types, insofar as they
can be thought of in terms of sets: if we think of a type as the set of all values of that type
(e.g., integers() as the set of all integer constants, boolean() as the set containing just true
and false, ...), then the union of two types is the set that contains the union of their values
(e.g., avalue of type integer() or boolean() is either an integer value or a boolean value), the
intersection of two types is the set that contains the values that are in both types (e.g., a value
in the intersection (integer()->integer()) and (boolean()->integer()) is a function that
both maps integers to integers and maps booleans to booleans), and, finally, the negation of a
type is its complement, that is, it contains all the (well-typed) values that are not in the type (e.g.,
avalueinnot integer() is any value that is not an integer).

Notice that an intersection of arrows does not necessarily correspond to multiple definitions
of a function. For instance, the following definition is well-typed:

$ ( 0 -> ()) and ( 0 -> )

def negate_alt(x), do: (if is_integer(x), do: -x, else: not x)

We have seen that we can specify two different types for negate, thatis:
(1) (integer() or boolean()) -> (integer() or boolean())
(2) (integer() -> integer()) and (boolean() -> boolean())
and we said that the latter type is “more precise” than the former. Formally, we state that

the latter is a subtype of the former, meaning that every value of the latter is also a value of
the former. In the case of the two types above, the subtyping relation is also strict: every
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function that maps integers to integers and booleans to booleans, is also a function that
maps an integer or a boolean to an integer or a boolean, but not vice versa. For example, the
constant function fn x -> 42 end maps both integers and booleans to integers and thus to
integer() or boolean(); as such itis a function of the type in (1). However, it does not map
booleans to booleans. Therefore, it is not in the intersection type in (2). When two types are one
subtype of each other they are said to be equivalent, since they denote the same set of values
(e.g., (integer()->integer()) and (boolean()->integer()) is equivalent to
(integer or boolean())->integer() .
The type of negate or negate_alt can also be expressed without intersections, by using
parametric bounded quantification®, but this is seldom the case. For instance, Elixir provides
anegation operator named !, which is defined for all values. The values nil and false return
true, while all other values return false. With set-theoretic types, we can give to this operator
the following intersection type:

18]$ (false or nil -> true) and (not (false or nil) -> false)

19
20
21
22

This type introduces two further ingredients of our type syntax: singleton types and negation
types. Namely, the atoms true, false, and nil?, are also types, called singleton types, because
they contain only the constant/atom of the same name. The connective not denotes the negation
of a type, that is, the type that contains all the well-typed values that are not in the negated type,
whence the interpretation of the functional type above.’

The advantage of interpreting types as the set of their values is that types satisfy the distribu-
tivity and commutativity laws of their set-theoretic counterparts.

For instance, a well-known property of products is that unions of products with a same
projection factorize, thatis,{s1,t} or {s2,t} isequivalentto{s1 or s2, t} (Elixir uses curly
brackets for products). This is reflected by the behaviour of our type-checker that accepts the
following definitions:

$t() = { () or ), O}

$s() = { 0, (O} or { 0, O}
$ ((t() -> t()), sO)) -> sO)

def apply(f,x) do: f.(x)

The first two lines define the types t() and s() while lines 21-22 define a function whose typing
demonstrates that the type-checker considers t() and s() to be equivalent. This is because it
allows an expression of type t() to be used where an expression of type s() is expected (i.e.,
f which expects an argument of type t() is given an argument x, which is of type s()) and an
expression of type s() where an expression of type t() is expected (i.e., the type specification

3Preciselyas$ a -> a when a: () or () see Section 1.1.3.

4In Elixir, atoms are user-defined constants obtained by prefixing an identifier by colon, as in : ok, : error, and so
on. The atomstrue false, andnilare supported without colon for convenience.

5The precedence ofandand oris higher than type constructors (arrows, tuples, records, lists), and the negationnot
has the highest precedence of them all.
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declares that apply returns a result of type s( ), but the body returns f(x) which is of type t()).
In contrast, languages that use a syntactic definition of subtyping, such as Typed Racket, Flow, or
TypeScript, accept the application f(x) but reject the typing of apply: they cannot deduce that
t() is a subtype of s ().

Finally, we adopt the Typespec conventions wherein term( ) represents the top type (i.e., the
type of all values) and none() denotes the empty type, that is, the type that has no value and
which is equivalent to not term() (likewise, term() is equivalent to not none()).

1.1.3 Applying Set-Theoretic Types to Elixir

The existing set-theoretic types literature enables our type system to represent several Elixir
idioms. We outline some examples in this section.

Nullability Elixir supports null values via the nil atom. Thanks to union and singleton types, an
integer() argument of a function may become nullable by specifying it as integer() or nil.

Parametric Polymorphism with Local Type Inference Set-theoretic type-systems feature
parametric polymorphism with local type inference: expressions (in particular functions) can
be given types containing type variables, but to use them it is not necessary to specify how to
instantiate these variables, since the system deduces it-see Castagna et al. (2014) and Castagna
etal. (2015).

In our implementation, type variables are identifiers that are quantified by using a postfix
when in which variables come with their upper bound.® Type variables are distinguishable from
basic types, since they are not suffixed by “( ) ”. We feature only first order polymorphism (in the
terminology of Pierce/ TAPL and Harper/PFPL: rank-1, prenex “let-polymorphism”), so when can
only occur outside a type (never inside it).

The map and reduce operations over lists are good examples of need for polymorphic types,
since most of the functions working with collections (known as “enumerables” in Elixir) cannot
be sensibly typed without them. For instance, we have

$ ([al, Ca -> b)) -> [b] when a: O), b: O
def map([h | tl, fun), do: [fun.(h) | map(t, fun)]
def map([], _fun), do: []

$ ([al, b, (a, b -> b)) -> b when a: ), b: O
def reduce([h | t], acc, fun), do: reduce(t, fun.(h, acc), fun)
def reduce([], acc, _fun), do: acc

6we did not specify lower bounds since they are not frequently used and they can be encoded by union types,
eg, V(s<a)a— a¥V(@.(sva— sva); upper bounds can be encoded, too, this time by intersections (e.g.,
Vissa<t.a—aZV(@).(sva)At)— (sva)A 1), but their frequency justifies the introduction of specific syntax.
The use of postfix when for variable quantification is borrowed from Typespec.




1.1. TYPING ELIXIR: THE CASE FOR SET-THEORETIC TYPES 31

meaning that for all types a and b (i.e., for all a and b subtypes of term()):

* map is a binary function that takes a list of elements of type a (notation [a]), a function
from a to b and returns a list of elements of type b;

* reduce is a ternary function that takes a list of a elements, an initial value of type b, a binary
function that maps a’s and b’s into b’s, and returns a b result.

Local type inference infers that for map([1, 4], fn x -> negate(x) end) both type variables
must be instantiated by integer( ), deducing the type [integer()] for it.

Intersection can also be used to define the type specification of reduce for the case of empty
lists (in which case the third argument can be of any type):

291$ (([al and not [1, b, (a, b -> b)) -> b) and
30| (C[1, b, ()) -> b) when a: O, b: O

Polymorphic types make inference more precise for other functions. For instance, if we add a
default case to the negate example (lines 8-9) we obtain the code

31 | def negate(x) when is_integer(x), do: -x
32 | def negate(x) when is_boolean(x), do: not x
33 | def negate(x), do: x

for which we can deduce, or at least check, the type (notice the use of bounded quantification in
line 36)

3a|$ ( O - ()) and
35 (true -> false) and (false -> true) and
36 (a -> a) when a: not( () or @)

and thus deduce for some function such as

37 |def foo(x) when is_atom(x), do: negate(x)

the type atom() -> atom(), since an atom is neither an integer nor a Boolean.
It is possible to define polymorphic types with type parameters. For instance, we can define
the type tree(a), the type of nested lists whose elements are of type a, as

38| $ type tree(a) = (a and not ()) or [tree(a)]

and then use it to type the polymorphic function flatten that flattens a tree(a) returning a list
of a elements:

39|$ tree(a) -> [a] when a: O)

40 | def flatten([]), do: []

a1 | def flatten([x | xsl), do: flatten(x) ++ flatten(xs)
42 | def flatten(x), do: [x]
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The function above is well-typed. The three clauses of its definition are exhaustive (the last one
captures all the arguments not captured by the first two). The first clause returns an empty list
(thus a value of type [a]). The second clause captures any argument that is a non-empty list
of tree(a) elements (since these are the only lists the function can be applied to), therefore
our system deduces that x is of type tree(a) and xs is of type [tree(a)]; since [tree(a)]isa
subtype of tree(a) (the latter being defined as the union of the former with another type), then
both subsequent applications of flatten are well typed; therefore, both return results of type
[a] whose concatenation (noted ++) yields against a result of type [a]. Finally, the inputs of type
tree(a) that are not captured by the first two clauses, and are thus processed by the last clause,
are just the arguments of type a that are not lists (from all inputs of type tree(a), the first clause
removes the empty lists, while the second clause removes all the non-empty lists of tree(a)
elements); therefore the result of this clause is of type [a and not list()] and, by subtyping,
of type [a], too.

When flatten is applied, then the local type inference analyzes the argument, in order to
determine the instantiation of the type of the function. If the argument is not a list, then a is
instantiated to the type of the argument. If it is a list, then a is instantiated to the union of the
types of all the non-list elements of this nested list. For instance, the type statically deduced for
the application

43| flatten [3, "r", [4, [true, 5]], ["quo", [[false], "stop"]]]

is [integer() or boolean() or binary()] (where binary() is the type for strings).

Protocols Elixir supports a kind of polymorphism akin to Haskell’s typeclasses, via protocols.
A protocol defines a set of operations that can be implemented for any type. For example, the
String.Chars protocol requires the implementation of the to_string function. This function
can convert any data type to a human representation as long as an implementation of the
String.Chars protocol (viz., of to_string) has been defined for that data type. The union of all
types that implement String.Chars is automatically filled in by the Elixir compiler and denoted
by String.Chars.t(). In the absence of set-theoretic types this union would be approximated
by term().

Protocols can combine with parametric polymorphism to define more expressive types, such
as collections. In Elixir, lists, sets, and ranges are all said to implement the Enumerable protocol
which can be represented by the type Enumerable.t(a), thatis, the enumerables whose elements
are of type a (i.e., a-lists, a-sets, and a-ranges). So, for instance, the type of a generic map function
that processes the elements of an enumerable will be:

44 |$ Enumerable.t(a), (a -> b) -> Enumerable.t(b) when a: , b:

while the function that sums all elements of an enumerable of integer elements will have type
Enumerable.t(integer()) -> integer().
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The power behind Elixir protocols is that they allow library authors to express requirements in
their APIs that are decoupled from the implementation of those requirements. For example, one
strength of Elixir is in developing web applications. Web applications often have to encode Elixir
data structures into different formats, such as JSON, CSV, XML, etc. To decouple the data types
from the encoding logic, the author of a web framework defines a protocol, such as JSON. Encoder,
and states it can encode any data structure, as long as it implements the JSON. Encoder protocol.

With set-theoretic types, library authors can now combine protocols to build additional
requirements. One business may require that all of their public data must be available in several
different data formats. They can encapsulate this requirement by defining an intersection of
existing protocols:

45 | $ type export() = JSON.Encoder.t() and CSV.Encoder.t() and XML.Encoder.t()

A system with looser requirements may use a union instead of intersection: the data type must
implement at least one of the formats in the union, in order to be accepted by the system.

1.1.4 Extending Semantic Subtyping for Elixir

All features presented so far adapt to Elixir what is already possible in the type system of CDuce,
defined via the set-theoretic interpretation of types of semantic subtyping—see Frisch et al. (2008).
There are however several key specific characteristics of Elixir that require the semantic subtyping
framework to be modified, improved, and/or extended.

1.1.4a) Tuple Types

Elixir has fixed-length tuples written with braces, e.g., {: 0k, 42}. We mirror this at the type
level with the product type syntax {z#, ..., t,} which denotes the set of n-tuples whose k-th
component has type ;. This is the standard Cartesian product: a tuple belongs to {#;, ..., f}
iff each component belongs to the corresponding t;. In particular, if any #; is none(), then
{t1,...,tn}isitself none() (a product with the empty set is empty), while {term(), ..., term()}
is the type of all n-tuples. We keep braces {. . . } for tuple types (to align with Elixir values) and
reserve parentheses (. .. ) for the function-argument notation introduced next.

1.1.4b) Function Arity

The arity of functions plays an important role in Elixir. While it is possible to test the arity of
a function using the expression is_function (e.g., is_function(foo, 2) tests whether foo is
a binary function), it is not possible in semantic subtyping to express the type of exactly all
functions with a specific arity.7 This is because, in CDuce, all functions are unary, with a function
that takes two arguments being considered a unary function that expects a pair. Although it

7In our system, to be able to express arity tests in terms of types is crucial for the precise typing of guards and,
thus, of functions and pattern matching: cf. Section 1.1.4 c¢).
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is possible to define a type for all functions as none() -> term( ),8 it is not possible to give a
type specifically for, say, binary functions using {none(),none()} -> term(), for the simple
reason that a product of the empty set is equivalent to the empty set, and thus the latter type
is equivalent to the former. To address this issue, we introduce a special syntax for function
types, written as (t;,---,t,) -> twhich outlines the arity of the functions and that we already
used in the previous examples. This allows the type of all binary functions to be written as
(none(),none()) -> term().

However, this requires a non-trivial modification in the set-theoretic interpretation of func-
tion spaces: after defining the interpretation of multi-arity functions, subtyping is reframed
as a set-containment problem. Solving this problem then produces the decision algorithm for
subtyping (see Section 4.4.1 for further details).

1.1.4¢) Guards and Pattern Matching

Another characteristic of Elixir that is not captured by the current research on semantic subtyping
is the extensive use of guards both in function definitions and pattern matching.

In the previous examples, we have explicitly declared the type signature of all functions we
defined, such as:

$ 0 -> O

def negate(x) when is_integer(x), do: -x

However, our type system is capable to infer the types of functions as the above even in the
absence of their type declaration, by considering guards as explicit type annotations for the
respective parameters. This not only applies to simple type tests of the parameters as it is the
case of negate/1 in which the guard tests whether the parameter x is an integer, but also to more
complex tests. For example, for

18 | def get_age(person) when is_integer(person.age), do: person.age

our system deduces from the guard that person must be a record with at least the field
age defined, and containing a value of type integer(), that is, an expression of type
%{..., age: integer()} This is a record type: records in Elixir are prefixed by % to dis-
tinguish them from tuples; the three dots indicate that the record type is open, that is,
it types records where other fields may be defined (cf. Section 1.1.5). Since the dot in
person.age denotes field selection, then our system deduces for the function get_age the
type %{..., age: integer()} -> integer(). One novelty of our system is that it can pre-
cisely express (most) guards in terms of types, in the sense that the set of values that satisfy a
guard is the set of values that belong to a given type: for instance, the set of all values that

8The top type of functions of arity one is not O-> (). In our system, every function of this type can be
safely applied to any argument of type (), that is, every well-typed argument. But of course not every function
satisfies this property: only the total ones.
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satisfy the guard is_integer(person.age)) coincides with the set of values that have type
%{..., age: integer()}. Previous systems with semantic subtyping and set-theoretic types did
not account for guards, which is the reason why we had to develop a specific analysis technique
for them (see Chapter 6 for more details).

Note that, in the absence of such guards, it is the task of the programmer to explicitly provide
the type of the whole function by preceding its definition by a type specification. It is also possible

to elide parts of the return type of non-recursive functions by using the underscore symbol “_",
asin

$ 0 ->_

def negate(x) when is_integer(x), do: -x

or

$ ( 0 > _
def negate(x) when is_integer(x), do: -x
def negate(x) when is_boolean(x), do: not x

) and ( O -> )

leaving to the type system the task of deducing the best possible types to replace for each
occurrence of the underscore.

Exhaustivity Checking Type analysis makes it possible to check whether clauses of a function
definition, or patterns in a case expression, are exhaustive, that is, if they match every possible
input value. For instance, consider the following code:

$ type result() =
%{output: :o0k, socket: socket()} or

%{output: :error, message: :timeout or {:delay, O}
$ result() -> O
def handle(r) when r.output == :0k, do: "Msg received"
def handle(r) when r.message == :timeout, do: "Timeout"

We define the type result() as the union of two record types: the first maps the atom :output
to the (atom) singleton type : ok and the atom :socket to the type socket(); the second maps
:output to :error and maps :message to a union type formed by an atom and a tuple. Next
consider the definition of handle: values of type

%{output: error, message: {:delay, integer()}}
are going to escape every pattern used by handle, triggering a type warning:

Type warning:
| def handle(r) do
ANAANANNNAN
this definition is not exhaustive.
there is no implementation for values of type:
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GGL %{output: :error, message: {:delay, O} J
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Note that the type checker is able to compute the exact type whose implementation is missing,
which enables fast refactoring since, as the type of result() or the implementation of handle
are modified, the type checker will issue precise new warnings to point out the places where code
changes are required.

Redundancy Checking Similarly, it is possible to find useless branches—branches that cannot
ever match. For instance, if we add a clause to the previous example:

$ result() -> O
def handle(r) when r.output == :0k, do: "Msg received"
def handle(r) when r.message == :timeout, do: "Timeout"

def handle({:ok, msg}), do: msg

then since the specified input type is result() (which is a subtype of maps), the third branch
will never match (its pattern matches only pairs) and can be deleted.

This will remove useless code, detect unused function definitions, or reveal more complex
problems as these hints can indicate areas where the programmer’s expectations and the actual
logic of the program do not match.

Narrowing Narrowing is the typing technique that consists in taking into account the result
of a (type-related) test to refine (i.e., to narrow) the type of variables in the different branches
of the test. In Section 1.1.2 we have already presented a simple example in which narrowing
is used, namely, in the function negate_alt (code in line 17) the type-checker uses the test to
narrow the type of x, which is (integer() or boolean()), to integer() in the “do” branch and
to boolean() in the “else” branch. This is a simple application of narrowing, where the narrowing
is performed on the type of a variable whose type is directly tested. However, our system is also
able to narrow the type of the variables that occur in the expression tested by a “case” or a “if”,
even if this expression is not a single variable (some exceptions apply though: see future works).
Here is a more complete example where we test the field selection on a variable

$ result() -> _

def handle(r) when r.output == :0k, do: {:accepted, r.socket}
def handle(r) when is_atom(r.message), do: r.message

def handle(r), do: {:retry, elem(r.message, 1)}

In the example, the type of r initially is result(). This type is narrowed in the first branch to
%{output: :0k, socket: socket()},in the second branch to
%{output: :error, message: :timeout}
and in the last branch to the remaining
%{output: :error, message: :delay, integer()} .
This precision is shown by the fact that handle type-checks the following type specification too:
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$ (%{output: :ok, socket: socket()} -> {:accept, socket()}) and
(%{output: :error, message: :timeout} -> :timeout) and
(%{output: :error, message: {:delay, 1} -> {:retry, b

As a matter of fact, deducing the type of the parameters of a function by examining its guards
is just yet another application of narrowing where the function parameters are initially given the
type term() and narrowed by the types deduced for the guards.

Conservative Approximations When analyzing patterns with guards, it may not always be
possible to determine the precise type of the captured values. In such cases, we use both lower
and upper approximations to ensure that narrowing and exhaustivity/redundancy checking still
work. As an example, consider the following simplistic function:

78 | def foo(x) when map_size(x) == 2, do: Map.to_list(x)

79
80

We are unable to express by a type the exact domain of this function, which is the set of “all maps
of size 2”. However, when the guard succeeds, it is clear that x is a map, and this assumption is
enough to deduce by narrowing that the body of the function is well-typed. Using the type of all
maps to approximate the set of all maps of size 2 is an over-approximation. We call such a type
the potentially accepted type of the pattern/guard since it contains all the values that may match
it. Conversely, consider the following example:

def bar(x) when (is_map(x) and map_size(x)==2) or is_list(x), do: to_string(x)
def bar(x) when length(x) == 2, do: x

The first clause matches both the maps of size 2 (but no other map) and any lists. Although
we cannot characterize by a type all the values matched by the first clause, we do know that
all lists are captured by it and, therefore, the second clause is redundant (Length being defined
only for lists). The type of all lists is an under-approximation (i.e., a subset) of the set of all
values that satisfy the guard in the first clause. We refer to this under-approximation as the surely
accepted type of the pattern/guard since it contains only values that do match it. Our system
makes a distinction between guards that require approximation and those that do not, as further
described in Chapter 6.

Complex Guards The analysis of guards is more sophisticated than it appears. First of all,
guards are examined left to right by incrementally generating environments during their analysis.
An example is the guard in line 79: if we compare it with line 78 we see that we added an
is_map(x) test. Without it the guard in line 79 would be equivalent to the one in line 78, since
when x is a list, then map_size(x) == 2 fails (rather than return false), and so does the whole
guard: the is_1list(x) would never be evaluated. To account for this, our analysis examines
is_list(x) only if the preceding clause may not fail, which is always the case here—though, it
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can return false— and map_size(x) is examined only in the environments in which is_map(x)
succeeds.

Another stumbling block is that the analysis may need to generate for a single guard different
type environments under which the continuation of the program is checked, as the following
definition shows:

$ ( OF 0) > 1 O, O} or { O, ()} or nil
def baz(x, y) when is_boolean(x) or is_integer(y), do: {y,x}

def baz(_, _), do: nil

The definition above type-checks, but this is possible only because the analysis of the guard
is_boolean(x) or is_integer(y) in line 82 generates two distinct environments (i.e., one
where y has type integer() and x type term( ), and a second one where their types are inverted)
which are both used to deduce two types for {y, x} which are then united in the result. By the
same technique, in the absence of a type specification our system deduces for the first clause of
baz in line 82 the type

> 1 OF O
> 1 O, Ob

(( O, ) - and
(( O, 0) -

and the analysis of the code defined in line 83 adds to this intersection the following arrow:
(not(boolean()),not(integer())) -> nil.

Finally, our type system can analyze arbitrarily nested Boolean combinations of guards which
are type tests of complex selection primitives, as the following definition of a parametric guard
is_data(d) shows:

defguard is_data(d) when is_tuple(d) and tuple_size(d) == 2 and
(elem(d, @) == :is_an_int and is_integer(elem(d, 1)) or
elem(d, o) == :is_a_bool and is_boolean(elem(d, 1)))

Our system deduces that the guard is_data(d) succeeds if and only if d is of type data()
defined as follows:

$ type data() = {:is_an_int, ()} or {:is_a_bool, O}

It is possible to systematize this approach so that whenever we define a type t() without
using function types and other complex constructs (for instance, dictionary keys of maps, as we
see next), we can automatically generate the guard is_t() whose accepted type is exactly t ().

1.1.5 Records and Dictionaries

In Elixir, maps are a key-value data structure that serves as the primary means of storing data.
There are two distinct use cases for maps: as records, where a fixed set of keys is defined, and as
dictionaries, where keys are not known in advance and can be dynamically generated. A map
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type should unify both, allowing the type-checker to sensibly choose when it needs to ensure
that some expected keys are present while enforcing type specifications for queried values.

Maps as Records When map are used as records, Elixir provides the map. key syntax, where :key
is an atom(). If the map returned by the expression map does not contain that key at runtime, an
error is raised. In Section 1.1.4 c), we saw the following definition:

$ %{..., age: O} > @)

def get_age(person) when is_integer(person.age), do: person.age

In more precise terms, the above type is equivalent to:

$ %{required(:age)=> (), optional( ) => O} -> O

Each “key type” in a map type is either required or optional. Singleton keys are assumed to be
required, unless otherwise noted”. The triple dot notation means the type also types record values
that define more keys than those specified in the type and corresponds tooptional(tern()) => O
We refer to those as open maps.

A program similar to the above but with optional keys

$ %{optional(:age) => O > _
def get_age(person), do: person.age

raises a type error pointing out the possibly undefined keys:

Type warning:
| def get_age(person), do: person.age

ANANANAANANNNANAN

key :age may be undefined in type: %{optional(:age) => O}

Hence, typing gets rid of all KeyError exceptions for every use of map. key, by restricting the use
of dot-selection to maps that are known to have the required keys.

Maps as Dictionaries When working with maps as dictionaries, we use the m[ e] syntax to
access fields, where m and e are expressions returning a map and a key, respectively. In this
notation, the field may not exist, in which case nil is returned. For the given function

$ %{optional(:age) => O -> _
def get_age(person), do: person[:age]

9The compiler will rejectrequired( ()), as that would require a map with an infinite amount of keys. However,
because a finite type such as () can be either required or optional, we require all non-singleton types to be
accordingly tagged to avoid ambiguity.
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the system infers integer() or nil as return type. If the type-checker can infer that the keys
are present, then it will omit the nil in the return type. For instance, the following function is
well typed since both fields are required and, thus, cannot return nil:

$ %{foo: (), bar: O -> O)
def add(m), do: m[:foo] + m[:bar]

The type-checker distinguishes when a key is present, may be present, or is not present. To
summarize, for the following function (where %{ } is the empty map),

$ %{foo: ()}, %{optional(:foo) => O, %{} > _
def f(m1, m2, m3), do: {ma[:fool, m2[:fool, m3[:fool}

the return type{integer(), integer() or nil, nil} isinferred.

The fetch! Operation We look at the Map. fetch!(map, key) function'?, which expects an
arbitrary key to exist in the map, raising a KeyError otherwise. A developer may use fetch!

to denote that a given key was explicitly added in the past and it must exist at this given point.
While map. key is ill-typed if the key may be undefined, fetch! is ill-typed only if the key is always
undefined. So the following program is rejected

$ %{not_age: O > _
def get_age(m), do: fetch!(m, :age)

because the field : age cannot appear in m, but the following one is accepted

$ 0 -> O
def get_age(m), do: fetch!(m, :age)

because key :age may be present in m, since map( ) represents any possible map.

Dictionary Keys We have shown how to interact with maps as records and dictionaries where
the keys were restricted to singleton types. But e[e’'] (and other map operations) allows for
generic use of maps as dictionaries, where the key is the result of an arbitrary expression ¢’. To
model this behaviour, map types can specify the type of values expected by querying over certain
fixed key domains, e.g.,

$ () -> %{optional( M) => O}

def square_map(i), do: %{i => 1 *=* 2}

1011 Elixir, ending a function name with ! is a convention that implies the function may raise an exception for valid
domains. For example, File.read!("log.txt")will raise if the file does not exist, compared toFile.read("log.txt")
which would instead return :error.
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The map %{optional(integer()) => integer()} associates integers to integers, but since
integer() represents an infinite set of values, all fields cannot be required. Hence, it must be
annotated as optional.

Key domains cannot overlap. To ensure this property in our system it is possible to use as
key domains only a specific set of basic types of Elixir Typespec: integer(), float(), atom(),
tuple(), map(), List(), function(), pid(), port(), and reference(). However, our type sys-
tem allows the programmer to define map types that mix dictionary and record fields, that is,
types where fields are declared both for singleton keys and for key domains. In that case it is
possible to specify in the same type both some singleton keys and the domain keys of these
singleton keys, the former taking precedence over the latter. This means that the type

$type t() = %{ foo: OR
optional(:bar) => 0,
optional( ) => O}

represents maps with a mandatory field : foo and an optional one :bar both set to atoms, and
where any other key is an atom associated to an integer.

If e is an expression of the type t() above, then the type of the selection e[ ¢’] will be com-
puted according to the type of the expression ¢’: if ¢’ has type : foo, then the selection has type
atom(); if ¢’ has type : foo or :bar, then the selection will be typed by atom() or nil, since
:bar may be absent; if the type of ¢’ intersects atom( ) but it is not a subtype of : foo or :bar,
then the selection will be typed by

atom() or integer() or nil .
If ¢’ has type not atom() then the selection will have type nil and will issue a warning. If
the fetch! operation is used in the examples above instead, then the system will deduce the
same types minus nil, except for the case for e’ of type not atom( ), which will be considered
ill-typed. To summarize, if m is of type t(), then: m. foo has type atom(); m.bar is not well-typed;
m[ :bar] has type atom() or nil; m[:other] has type integer() or nil; m[m.foo] has type
atom() or integer() or nil;m[42+1] hastype nil and will raise a warning.

Finally, t() is a type that mixes the characteristics of records (i.e., the first two field decla-
rations) and dictionaries (i.e., the last field declaration). This kind of mix is not uncommon in
languages such as Luau or TypeScript, where dictionaries sometimes include a mandatory field of
some type (e.g., an integer field size). This is less common in Elixir and rather confined to Elixir’s
“structures” which are maps with a mandatory field : __struct__ of type atom() and any other
atom field optional, as in struct %{__struct__: atom(), optional(atom()) => term()}. A
detailed comparison of our record types and those of Flow, TypeScript, or Luau can be found
in Castagna (2023b, Section 5).

Deletions and Updates It is possible to specify missing keys in a map type by adding an optional
field that points to none() (i.e., the key must be absent since if it were present, then it should be
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associated to a value of the empty type none( ), which does not exist). This makes it possible to
type a delete operation as follows:!'!

$ () -> %{..., optional(:foo) => O}
def delete_foo( ), do: Map.delete( , :foo)

Similarly to map access, there are different ways to replace a field in a map. The syntax
%{map | key => value} requires that the key is present and otherwise raises a KeyError ex-
ception. The presence of such a key can be statically ensured by our system.

1.1.6 Gradual Typing and Strong Arrows

There is an important base of existing code for Elixir. If we want to migrate this code to a typed
setting, the ability to blend statically typed and dynamically typed code is crucial. Some code that
is working fine may not pass type-checking, therefore a gradual migration approach is preferred
to converting the entire codebase to comply with static typing at once. This is the goal of gradual
typing as introduced by Siek and Taha (2006). For that, we introduce the type dynamic(), which
essentially puts the type-checker in dynamic typing mode. In practice, the programmer can
think of dynamic() as a type that can become at run-time (technically, that materializes into:
see Castagna et al. (2019)) any other type: an expression of type dynamic() can be used wherever
any other type is expected, and an expression of any type can be used where a dynamic() type is
expected since, in both cases, dynamic() may become at run-time that type.12 The simplest use
case is to declare that a parameter of a function has type dynamic():

$ O > _
def foo1(x), do:

meaning that in the body of foo1 the parameter x can be given any type—possibly a different
type for each occurrence of x—and that foo1 can be applied to arguments of any type. The type
dynamic() is a new basic type, that can occur in other type expressions. This can be used to
constrain the types arguments can have. For instance

$ ( O - 0) > _
def foo2(f), do: --

HThe type ofdelete_foois not very useful in practice. It will be useful when combined with “row polymorphism”
which permits to check the following type: %{ a } -> %{optional(:foo) => (), a} when a: fields()seefuture
work.

12 Oversimplifying, one can considerdynamic()to be both a supertype and subtype of every other type (whileterm(),
which is often confused with dynamic()is only the former) with a caveat, subsumption does not apply todynamic()
since we cannot consider an expression of a type different fromdynamic()to be of typedynamic(): the application of
dynamic()->dynamic()to an integer is well-typed because the arrow type materializes ininteger()->dynamic()and
not because integer( ) materializes intodynamic().
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requires the argument of foo2 to have a function type. This means that in the body of foo2 the
parameter f can be applied to arguments of any type and its result can be used in any possible
context, but a use of f other than as a function—e.g., f + s2—will be rejected. Likewise, an
application of foo2 to an argument not having a functional type—e.g., foo2({7,42})—will be
statically rejected, as well.

Gradual Typing Guarantees Using dynamic() does not mean that type-checking becomes
useless. Even in the presence of dynamic() type annotations, our type system guarantees that
if an expression is given type, say, integer(), then it will either diverge, or return an integer
value, or fail on a run-time type-check verification. This safety guarantee characterizes the
approach known as sound gradual typing (Siek and Taha (2006)). This approach was developed
for set-theoretic types in Lanvin’s PhD thesis (2021) whose results we use here to define subtyping
and precision relations using the subtyping relation on non-gradual types (i.e., types in which
dynamic() does not occur).

There is however a fundamental difference between our approach and the one of sound
gradual typing: the latter uses the gradual type annotations present in the source code to insert
into the compiled code the run-time type-checks necessary to ensure the above type safety
guarantee. Instead, one of our requirements (cf. Chapter 14) is that the addition of types must
not modify the compilation of Elixir. Therefore, we have to design our gradual type system so
that it ensures the type safety guarantee by taking into account both the dynamic type-checks
performed by the Erlang VM and those inserted by the programmer. The goal, of course, is to
deduce for every well-typed expression a type which is gradual as little as possible, the best
deduction being that of a non-gradual type (the less gradual the type, the more the errors
captured at compile time). To that end we introduce the notion of strong function types.

Strong Function Types We have seen that our system can deduce the type of a function
also in the absence of an explicit annotation when there are guards on the parameters. This
means that we can differentiate, on a type level, those two definitions of the identity of type
integer() -> integer():

$ 0 -> O

def id_weak(x), do: x

$ 0 -> O

def id_strong(x) when is_integer(x), do: x

120
121

This makes sense since, from a runtime perspective, the two definitions above differ as the
latter checks that its argument is of type integer( ), while the former does not. Therefore, if
these functions are applied to an argument that may not be an integer (e.g., of type dynamic()),
then we can only be certain that the resulting output is an integer for the function id_strong.
This allows us to type the following function:

$ O > { O, O}
def foo3(x), do: {id_weak(x), id_strong(x)}
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which is accepted by our system since it deduces that when id_weak is applied to an argument of
an unknown dynamic( ) type, then it cannot give to the result a type more precise than dynamic(),
while for the same application with id_strong it deduces that whenever the application returns
aresult, this result will be of type integer.

We refer to the function id_strong as having a “strong” function type, since it guarantees that
when applied to an argument that is not within its domain, it will either (i) return a result within
its codomain, or (ii) fail on a dynamic type check—performed by the Erlang VM or inserted by
the programmer—, or (iii) diverge.'® Likewise, the function id_weak has a “weak” function type,
since it may return (and actually, does return) a result not of type integer() when applied to an
argument that is not of type integer().

Propagation of dynamic() dynamic() is propagated by the type system through calls of func-
tions such as id_weak, but it is stopped when it goes through a function with a strong arrow
type, such as id_strong: the type dynamic() does not appear in the type of the application of
id_strong. Now, the goal of using dynamic() in a program is to instruct the type system to be
lenient. In order to maximize this leniency, we propose (probably, as a type-checking option)
to use an intersection to propagate dynamic() also for functions with a strong arrow type, in a
way that increases the permissiveness of the type system without hindering its safety properties.
However, this permissiveness comes at the expense of the static detection of some type errors.

In practice, this comes down to deduce for foo3 a type smaller than the one given in
line 122. If we omit the type annotation and, like for foo3, there is no explicit guard, then
our system assumes that the parameter x has type dynamic() and deduces for foo3 the type
dynamic() -> {dynamic(), (integer() and dynamic())} which is a subtype of the type in
line 122 (a classic sound gradual typing approach such as those by Siek and Taha (2006)
or Castagna et al. (2019) and Lanvin (2021) would have deduced for this function the return type
{integer(), integer()}, but also modified its standard compilation by inserting two run-time
integer type-checks, one for each occurrence of x in the body of foo3).

The reason why the intersection occurring in second projection of the result improves the
typability of existing code can be generally understood by considering, for some arbitrary type

t(), the type () and dynamic(). An expression of type () and dynamic() can be used not
only in all contexts where an expression of type ¢() is expected, but also in all contexts where a
strict subtype of ¢() is expected (in which case the use of dynamic() will be further propagated).
This is useful especially for (strong) functions whose codomain is a union type. For instance,
consider again the function negate as defined in lines 8-9. This is a strong function whose
codomain is integer() or boolean(). If this code is coming from some existing base—i.e.,
without any annotation—then the system deduces that this function takes a dynamic() input
and returns a result of type
(integer() or boolean()) and dynamic():

thanks to the intersection with dynamic() in the result type, it is then possible to use the result

131f the argument is in the domain, then only (i) and (iii) are possible.
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of negate not only where an expression of type integer() or boolean() is expected, but also
where just an integer() or just a boolean() is expected, then propagating the dynamic type.
Concretely, in this dynamic setting, the function subtract as defined in lines 4-6 would still be
well typed since the type of negate(b) in line 5 could materialize into integer() and, in the
absence of an explicit annotation, by the propagation of dynamic() the type deduced for the
result of subtract would be integer() and dynamic() which thus in turn could be passed to
a function expecting a subtype of integer (e.g., a division function expecting an input of type
integer() and not e, which denotes all integers but 0). Of course, this comes at the expenses
of an earlier error detection, since a gradually typed version of subtract in which negate could
be applied to a boolean() would fail: this is an error that would be instead statically detected in
the absence of the propagation of dynamic(). Finally, notice that if we had explicitly defined the
type of negate to be dynamic() -> integer() or boolean() (as we did above in line 122 for
fo03), then the result of negate(b) inline 5 would have been typed as integer() or boolean()
thus precluding the materialization and the consequent typing of subtract.

We extended the semantic subtyping framework with strong function types, which are inhabited
by functions satisfying the property described above (see 5.3). Strong function types are the key
feature that allows the type-system to take into account the run-time typechecks, either per-
formed by the BEAM or inserted by the programmer. Built-in operations, such as field selection,
tuple projections, etc, are, by implementation, strong: the virtual machine dynamically checks
that, say, if the field a of a value is selected, then the value is a record and the field a is defined in
it. Our theory extends this kind of checks to user-defined operations—i.e., functions definitions—
by analyzing their bodies to check that all the necessary dynamic checks are performed. The
functions for which this holds have a strong type, and the system can safely deduce that when
they are applied to an argument that may be not in their domain (e.g., an argument of type
dynamic()), then the application will return a value in their codomain (rather than a result of
type dynamic()), and as explained above, to maximize typability of existing code this codomain
is intersected with dynamic().

All this is currently transparent to the programmer since strong types are only used internally
by the type checker to deduce the type of functions such as foo3. A possible extension of our
system would be to allow the programmer to specify whether higher-order parameters require a
strong type or not.
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1.2 OQOutline

The type system we envision for Elixir, as introduced in this chapter, combines multiple ad-
vanced typing features to address the language’s dynamic idioms. The remainder of this thesis is
organized in two parts, covering theory and practice, to show how we realize this vision.

To guide readers with different interests, each chapter is labeled as [R] (primarily research/the-
ory oriented), [I] (primarily implementation/practical oriented), or [R/I] (mixed content bridging
theory and practice).

Part I - Theoretical Foundations

Chapter 2 — Technical Overview [R/I] A guided tour of the system’s key ideas (multi-arity func-
tions, dynamic propagation, strong functions, guard analysis, and inference) with motivat-
ing Elixir examples that preview the formal developments.

Chapter 3 - Semantic Subtyping Background [R] Foundations for static and gradual set-
theoretic types: set interpretation, disjunctive normal forms, deciding subtyping by check-
ing emptiness, and the decision procedures for products and functions. Introduces core
operators (projection, domain, application) and shows how gradual relations and operators
lift from the static setting.

Chapter 4 - Static Typing for Core Elixir [R] Defines the calculus, its operational semantics and
failure behaviour, and the static typing rules with a type safety theorem. Extends the
semantic subtyping framework to tuples and multi-arity functions.

Chapter 5 — Gradual Typing without Changing Runtime [R] Explains the integration of the dy-
namic type ’'?’ within the type system, and details our erasure gradual typing strategy;
introduces strong function types, the auxiliary judgment used to infer them, and dynamic
propagation. Shows how gradual rules interleave with the static ones, and extends the
semantic subtyping framework to handle strong functions.

Chapter 6 — Typing Guards and Pattern Matching [R] Formalizes patterns and guards and their
operational behaviour; presents guard analysis with “sure” and “possible” accepted types
and an exactness marker. Improves case typing and supports inferring multi-clause inter-
faces.

Chapter 7 — Discussion [R] Positions our approach among Erlang/Elixir tools and industry sys-
tems (TypeScript, Flow, Hack, Sorbet, Luau), contrasts gradual disciplines, and outlines
future directions (e.g., message passing, module system).

Part II - Pragmatic Implementation

Chapter 8 — Gradual Set-Theoretic Types as an API [R/I] Specifies a small and stable type-
engine interface: constructors for base and structural types, set operations (union, in-
tersection, difference), a normalization strategy, and core queries (subtyping, equivalence,
emptiness, disjointness).

Chapter 9 — Bootstrapping Gradual Set-Theoretic Types [R/I] Devises how to implement the
type system in practice: introduces a modular descriptor design (one field per component
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type), and outlines how to compute set operations field-by-field and adopt the approach
incrementally in a compiler.

Chapter 10 - Type Representation Details [I] Implements base and literal domains (as finite
sets or their complements), and gradual types as two bound types with a simple invariant;
provides a concrete Elixir encoding for gradual types.

Chapter 11 - Implementing Structural Types [I] Realizes Elixir types: functions, tuples, lists,
and maps, using boolean decision trees and a lazy variant; treats multi-arity functions and
open/closed structures within the descriptor design.

Chapter 12 - Structural Type Alternatives: A Comparative Analysis [I] Reviews and contrasts
alternative representations of structural types: disjunctive normal forms, and union-based
forms; explains performance and precision trade-offs and why decision trees were adopted.

Chapter 13 - Typing Elixir [R/I] Bridges the formal calculus and a simplified concrete subset of
the language; compiles guards; implements static and gradual application.

Chapter 14 - Evaluation [I] Reports integration status in Elixir (v1.17-v1.19), end-to-end perfor-
mance on large codebases, and bugs uncovered in major projects; discusses rollout and
tooling impact.

Reading guidance

* Readers primarily interested in the theoretical foundations should focus on the [R] chapters
in PartI (Chapters 3-6) and the theory discussion in Chapter 7. Chapter 2 offers a high-level
tour bridging to practice.

* Readers more interested in practical implementation and usage may jump to Part II.
Chapters 8-14 cover the API, implementation details, and evaluation; refer back to [R]
chapters as needed.

1.3 Related publications

Portions of the work reported in this thesis have appeared in prior publications:

Design of the Type System: The core design principles for adding a type system to Elixir were
first published in Castagna, G., Duboc, G., and Valim, J. (2023) — “The Design Principles of
the Elixir Type System”, in The Art, Science, and Engineering of Programming, 8 (2). This
paper provides an overview of the motivations and initial design choices for our approach.

Technical Development: The detailed theory of our type system, including the guard
analysis and gradual typing strategy, is presented in Castagna, G., and Duboc, G. (2024) -
“Guard Analysis and Safe Erasure Gradual Typing: A Type System for Elixir”, arXiv preprint
arXiv:2408.14345. This preprint corresponds to the latter half of Part I of this thesis, focusing
on the novel theoretical contributions.
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(Earlier work by the author, not reproduced in this thesis, includes the following:)

Castagna, G., Duboc, G., Lanvin, V., and Siek, J. G. (2019). “A Space-Efficient Call-by-Value
Virtual Machine for Gradual Set-Theoretic Types.” In Proceedings of the 31st Symposium on
Implementation and Application of Functional Languages (IFL 2019), pp. 1-12.

— This work was an exploration of runtime support for a gradually typed language with set-
theoretic types, not directly tied to Elixir but providing some groundwork for understanding
performance considerations.

Eisenberg, R. A., Duboc, G., Weirich, S., and Lee, D. (2021). “An Existential Crisis Resolved:
Type Inference for First-Class Existential Types.” Proceedings of the ACM on Programming
Languages, 5(ICFP), Article 64, 29 pages. DOI: 10.1145/3473569.

— This work deals with type inference in Haskell for first-class existentials. While not related
to Elixir, it contributed to the author’s background in type system research. Both works
resolve their issues by strength: Eisenberg et al. introduce "strong existentials" that support
lazy projection of encapsulated data, while our approach employs "strong functions" that
act as type-level proxies.

1.4 Project Context and Industrial Collaboration

CIFRE industrial PhD: This thesis work was conducted as a CIFRE industrial doctorate, a
French program that enables conducting PhD research in collaboration with an industry partner.
The arrangement provided a unique opportunity to develop the type system not just in theory
but also in the context of real-world Elixir development. The scientific objectives were twofold: (i)
to establish a formal, set-theoretic foundation for a gradual type system for Elixir (the academic
research component), and (ii) to implement and integrate that type system into the official Elixir
compiler' (the industrial/application component).

Industrial partners and funding: The project received financial and logistical support from
several companies that rely on Elixir in production and are invested in its long-term evolution. In
particular, Fresha, Remote, Supabase, and Starfish Alliance sponsored this research, recognizing
that a static type system could greatly benefit the robustness of their Elixir codebases. The
funding from these companies, combined with the CIFRE grant, supported the entirety of the
PhD work.

Supervision: The work was co-advised by José Valim, the creator and lead maintainer of Elixir.
His guidance ensured that the research remained aligned with the goals and idioms of the Elixir
language and its community. By working closely with José and other core team members, we

l41mplementation repository: https://github.com/elixir-lang/elixir; Documentation for the emerg-
ing type system: https://hexdocs.pm/elixir/main/gradual-set-theoretic-types.html.


https://github.com/elixir-lang/elixir
https://hexdocs.pm/elixir/main/gradual-set-theoretic-types.html
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aimed to design the type system in a way that feels “native” to Elixir and addresses real developer
needs. Regular updates and discussions were held with the Elixir team throughout the project,
which helped in steering the design and prioritizing features.

Community Engagement:

* “Bringing Types to Elixir.” ElixirConf EU 2023 — Talk by Guillaume Duboc. YouTube video.
This talk introduced for the first time the vision of a set-theoretic type system for Elixir, ex-
plaining to a general audience why and how types could be added to the language gradually.

* “Gradualise your language with set-theoretic types.” Lambda Days 2024 — Talk by Guil-
laume Duboc. YouTube video. This presentation was more theory-focused, given at a
functional programming conference, covering the underlying theory of set-theoretic types
and gradual typing, and how they apply to Elixir.

» “Set-theoretic types: the theory, the practice.” ElixirConf US 2024. Talk by Guillaume
Duboc. YouTube video. This talk (planned after much of the implementation was in place)
bridges the gap between theory and practice, showing examples of typed Elixir code and
discussing the developer experience.

Through these engagements, we received valuable feedback from both academia and industry
practitioners, which has influenced the work presented in this thesis.


https://www.youtube.com/watch?v=gJJH7a2J9O8
https://www.youtube.com/watch?v=B4NJz71Ah-k
https://www.youtube.com/watch?v=Bf7dp0Yj8Po
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CHAPTER

TECHNICAL OVERVIEW

“I present the advantages and, I dare
say, the beauty of programming in a
language with set-theoretic types,
that is, types that include union,
intersection, and negation type
connectives.”

Giuseppe Castagna, Programming
with Union, Intersection, and
Negation Types (2023)

The Elixir type system described by Castagna et al. (2024a) is a gradual polymorphic type
system based on the polymorphic type system of CDuce (Castagna et al., 2014; Castagna et al.,
2015). In this part of the thesis, we describe the technical additions that are missing in the CDuce
type system to type Elixir programs, presenting them one by one. These are the techniques of:

* typing (and subtyping) for multi-arity functions (§ 4.4);

* propagation of the dynamic() type necessary for safe-erasure gradual typing (§ 5.1);

e typing (and subtyping) for strong functions (§ 5.3);

* guard analysis (§ 6.3);

* type inference for anonymous functions (§ 6.5);
In this introductory chapter, we present them one after the other by giving some small exam-
ples that should help the reader understand the technical developments described in the next
sections.

53
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Soundness

The type system we present satisfies the following soundness property:

If an expression is of type t, then it either diverges, or produces a value of type t, or
fails on a dynamic check either of the virtual machine or inserted by the programmer.

whose formal statement is given in Theorem 5.2.15. The system is gradual since the type syntax
includes a dynamic() type used to type expressions whose type is unknown at compile time.!
The soundness guarantee above is typical of the so-called sound gradual typing approaches.
These approaches ensure soundness by using typing derivations to insert some suitable dynamic
checks at compile time. Our system, instead, does not modify Elixir standard compilation: types
are not used for compilation and are erased after type-checking. Our system is, thus, a type-sound
(i.e., safe) erasure gradual typing system, the first we are aware of. In particular, the compiler does
not insert any dynamic check in the code apart from those explicitly written by the programmer.
Therefore, our system must ensure soundness by considering only the checks written by the
programmer or performed by the Beam machine.

Writing a sound gradual type system for Elixir is easy: since every Elixir computation that
does not diverge or error returns a value (no stuck terms, thanks to the BEAM), then a system
that types every expression by dynamic() is trivially sound. .. but hardly useful. Therefore, we
need a system that must fulfill two opposite requirements:

1. it must use dynamic() as little as possible so as to be useful, and

2. it must use dynamic() enough so as not to hinder the versatility of gradual typing
The first requirement is satisfied by the typing of strong functions, and the second requirement
is fulfilled by the propagation of dynamic(). We demonstrate both of these aspects through the
design choices and challenges we address in our type system. We begin by examining how our
static typing foundation handles Elixir’s distinctive features, before exploring how gradual typing
builds upon it.

Chapter 4 : Static Typing for Elixir

To achieve precise typing (fulfilling our first requirement of minimizing dynamic()), our system
must handle Elixir's unique language features that distinguish it from languages with existing
semantic subtyping systems. We illustrate this with the challenge of multi-arity functions.

Multi-arity Functions (Section 4.4.1) Elixir, as Erlang, defines functions with a fixed arity,
which is part of the name of every function. For example, recall function subtract/2 (1.4 in the
general introduction):

124 | $ ( OF 0) -> @)

125 | def subtract(x, y) when is_integer(x) and is_integer(y) do

IWe recall that in Elixir, type identifiers end by (), e.g., integer(),boolean(),none(),dynamic(), etc.
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x + negate(y)

127 | end
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This arity is reflected in its type, where its domain consists of two comma-separated types. The
CDuce type system can handle unary functions and simulates rn-ary functions as unary functions
on n-tuples. But this is not sufficient in Elixir: first, applying a function to two arguments or to a
pair involves different syntaxes, e.g., subtract(42,42) and test({42,4}) 2.

Second, a programmer can explicitly test whether a function f has arity n using
is_function(f,n). Consequently, we need a type system in which it is possible to express
the type of all functions of a given arity. For instance, we may want to give a type to:

def curry(f) when is_function(f, 2) do
fn a -> (fn b -> f.(a, b) end) end
end

def curry(f) when is_function(f, 3) do
fna->(fn b -> (fn ¢ -> f.(a, b, ¢) end) end) end
end

but in current systems with semantic subtyping, we can only express the type of all functions, that
is, none() -> term().3 Simulating, say, binary functions with functions on pairs does not work
since{none(), none()} -> term() is not the type of all binary functions: since the product
with the empty set gives the empty set, this type is equivalent to none() -> term(), the type of
all functions: since the product with the empty set gives the empty set, this type is equivalent to
none() -> term(), the type of all functions. This is the reason why we introduced the syntax
(t1,...,tn) -> t which outlines the importance of the functions. Now the type of all binary
functions can be written as (none(), none()) -> term(), and we can declare for the function
curry the following type (though the type variables or even a gradual type would be more useful
than this type).

$ ) -> 0) -> 0 -> 0 -> ()) and
OF 0) -> () ->

0 -> 0 -> 0 -> )

((( OF
((( O,

All this requires nontrivial modifications both in the interpretation of types and in the algorithm
that decides subtyping. These modifications are described in Section 4.4.1.

2When the callee is a value (an anonymous function stored in a variable), Elixir uses dot-application: if f has
arity n, then f.(xy, ..., x,) appliesfto n arguments (whereas f.({x,y})is a single-argument call passing the 2-tuple
{x,y}). In contrast, named functions are called g(a, b) and module-qualified functions M.g(a, b).

3Avalueis of type s -> ¢ iffit is a function that when applied to an argument of type s, it returns only results of
type t; thus, every function vacuously satisfies the constraint o -> (), which only requires its values to be
functions, as there is no value of type ).
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Remark

In Elixir, it is possible to add default arguments to a function head, such as
def add(a, b \\ 42), do: a + b. This allows calling add(1) to obtain 43, or calling
add(1,3) to obtain 4. However, this does not mean that the function has both arities 1 and 2. Rather,
this syntax actually defines two separate functions: add/1 and add/2, each with their own arity. The
disambiguation is made at the call site, which always specifies the number of arguments. Thus, there
are no functions with overloaded arities, and we do not need to type them.

Chapter 5 : Gradual Typing

Strong Functions (Section 5.3) Consider the definition in Elixir of a function second that
selects the second projection of its argument (elem(e, n) selects the (n+1)-th projection of the
tuple e):

def second(x), do: elem(x,1)

If the argument of the function is not a tuple with at least two elements, then the BEAM raises a
runtime exception. Let us write a signature for second:

$ 0 -> @)

def second(x), do: elem(x,1)

This is one of the simplest types we can declare for second, since it essentially states that second
is a function, and nothing more: it expects an argument of an unknown type and returns a result
of an unknown type. We can give second a type slightly more precise than (i.e., a subtype of) the
type above, that is:

$1{ OF O, ..} - O

which states that the argument of a function of this type must be a tuple with at least two
elements of unknown type (the trailing “. .” indicates that the tuple may have further elements).
With this declaration, the application of second to an argument not of this type will be statically
rejected, thus statically avoiding the runtime raise by the BEAM. We can also give the function a
nongradual type—i.e., a type in which dynamic() does not occur: we call them static types—, as:

$1{ OF O} -> @)

This type declaration states that second is a function that takes a pair whose second element is
an integer and returns an integer. If this is the type declared for second, then the type deduced
for the application second({true,42}) is, as expected, integer(). If dyn is an expression of
type dynamic(), then the type deduced for second(dyn) will be dynamic(): if dyn evaluates into
a tuple with at least two elements, then the application will return a value that can be of any
type, thus we cannot deduce for it a type more precise than dynamic( ). This differs from current
sound gradual typing approaches, which would deduce integer() for this application, but also
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insert a runtime check that verifies that the result is indeed an integer. However, this is not the
way an Elixir programmer would have written this function. If the intention of the programmer
is that second had the type{term(), integer()} -> integer(), then the programmer would
rather write it as follows:*

$1{ OF 0O -> @)

def second_strong(x) when is_integer(elem(x,1)), do: elem(x,1)

This is defensive programming. The programmer inserts a guard (introduced by the keyword
when) that checks that the argument is a tuple whose second element is an integer (the analysis of
this kind of complex guards is the subject of Section 6). Thanks to this check (which compensates
for the one inserted at compile time by other sound gradual typing approaches), we can safely de-
duce that second_strong(dyn) has type integer(). The above is called strong function, because
the programmer inserted a dynamic check that ensures that even if the function is applied to an
argument not in its domain, it will always return a result in its co-domain, i.e., integer()—or
fail. This allows the system to deduce for second_strong(dyn) the type integer() instead of
dynamic(), thus fulfilling our first requirement.

A function can be strong not only because it was defensively programmed, but also thanks to
the checks performed at runtime by the BEAM, as for:

$ 1 OF Or -> O

def inc_second(x), do: elem(x,1) + 1

which is also strong because the BEAM dynamically checks that both arguments of an addition
are of type integer( ). Therefore, also in this case, we know that if the function returns a value,
then this is an integer. Thus, we can safely deduce the type integer() for inc_second(dyn) and,
thus, for instance, that the addition inc_second(dyn) + second_strong(dyn) is well-typed.

To determine whether a function is strong, we define in Section 5.1 an auxiliary type system
that checks whether the function, when applied to arguments not in its domain, returns results
in its codomain or fails. This will allow us to infer explicit strong function types, that is, types of
functions that are strong for all arguments.

Propagation of dynamic() (Section 5.1) In fact, for both the above applications,
inc_second(dyn) and second_strong(dyn), our system deduces a type better than (i.e., a
subtype of) integer(): it deduces integer() and dynamic(). This is an intersection type,
meaning that its expressions have both type integer() and type dynamic(). What the system
does is to propagate the type dynamic() of the argument dyn of the applications into the result.
This is meant to preserve the versatility of the gradual typing that originated the application,
thus fulfilling our second requirement: expressions of this type can be used wherever an integer

4Elixir’s type system inherits parametric polymorphism from CDuce. So, a more precise type forsecond would use
a type variable awhich in Elixir is quantified postfixedly by a when clause:{ (), a} -> a when a: (). Wedo
not consider polymorphism in the technical development as it is orthogonal to the features we study.
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is expected, but also wherever any strict subtype of integer() (e.g., natural numbers) is. To see
the advantages of this propagation, consider the following example that figured in the general
introduction:

def negate(x) when is_integer(x), do: -x
def negate(x) when is_boolean(x), do: not x

The definition of negate is given by multiple clauses tested in the order in which they appear.
When negate is applied, the runtime first checks whether the argument is an integer, and if
so, it executes the body of the first clause, returning the opposite of x; otherwise, it checks
whether it is a Boolean, and if so returns its negation; in any other case the application fails.
Multi-clause definitions, thus, are equivalent to (type-)case expressions (and indeed, in Elixir
they are compiled as such). The same static checks of redundancy and exhaustiveness that
are standard for case expressions apply here, too. For instance, if we declare negate to be of
type integer() -> integer(), then the type system warns that the second clause of negate is
redundant; if we declare the type term() -> term() instead, then the function is not well-typed
since the clauses are not exhaustive. To type the function above without any warning, we can use
a union type, denoted by or:

$ () or BN () or O \

which states that negate can be applied to either an integer or a Boolean argument and returns
either an integer or a Boolean result. Next, we consider subtract

$ 0, O -> 9 l
def subtract(a, b), do: a + negate(b)

and see whether it type-checks. The type declaration states that subtract is a function that,
when applied to two arguments of unknown type, returns an integer (or it diverges, or fails). Since
the parameter b is declared of type dynamic( ), then the system deduces that negate(b) is of type
(integer() or boolean) and dynamic() (the dynamic() in the type of b is propagated into
the type of the result). To fulfill local requirements, the static type system can assume dynamic()
to become any type at run-time: following the terminology by Castagna et al. (2019), we say that
dynamic( ) can materialize into any other type. In the case at issue, addition expects integer argu-
ments. Therefore, the function body is well typed only if we can deduce integer() for negate(b).
This is possible since the type of this expression is (integer() or boolean()) and dynamic()
and the system can materialize the dynamic() in there to integer() thus deriving (a type equiv-
alent to) integer().

Notice the key role played in this deduction by the propagation of dynamic(): had
the system deduced for negate(b) just the type integer() or boolean(), then the body
would have been rejected by the type system since additions expect integer(), and not
integer() or boolean().

A similar problem would happen had we declared subtract to be of type
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152 | $ O, 0 -> @)

In that case, the type integer() or boolean() -> integer() or boolean() is not good
enough for negate: since we assume b to be of type integer(), then the type deduced for
negate(b) is again (integer() or boolean()) which is not accepted for additions. The solu-
tion is to give negate a better type by using the intersection type

153 | $ ( 0 -> ()) and ( 0 -> )

which is a subtype of the previous type in line 149, and states that negation is a function that
returns an integer when applied to an integer and a Boolean when applied to a Boolean. This
type allows the type system to deduce the type integer() for negate(b) whenever b is an
integer. This example shows why it is important to specify (or infer) precise intersection types for
functions. The inference system we present in 6.5 will infer for an untyped definition of negate
the intersection of arrows in line 153 rather than the less precise arrow with unions of line 149.

Finally, we want to signal that the new typing of negate in line 153 does not
modify the propagation of dynamic(): the type deduced for negate(dyn) is still
(integer() or boolean) and dynamic().

Chapter 6 : Guard Analysis

Until now, the guards employed in our examples primarily involve straightforward type checks on
function parameters (e.g., is_integer(y), is_boolean(x)). The system we investigate for safe-
erasure gradual typing in Section 5.1 exclusively focuses on these kinds of tests. There is a single
exception in our examples with a more intricate guard, specifically is_integer(elem(x,1))
used in line 144. In Elixir, guards can encompass complex conditions, utilizing equality and
order relations, selection operations, and Boolean operators. To illustrate, consider the following
(albeit artificial) definition:

\
154 | def test(x) when is_integer(elem(x,1)) or elem(x,0) == :int, do: elem(x,1)

155

def test(x) when is_boolean(elem(x,0)) or elem(x,0) == elem(x,1), do: elem(x,0)

The first clause of the test definition executes when the argument is a tuple where either the
second element is an integer or the first element is the atom : int. The second clause requires its
argument to be a tuple in which the first element is either equal to the second element or is a
Boolean.

To type this kind of definitions, the system needs to conduct an analysis characterizing the
set of values for which a guard succeeds. Section 6 presents an analysis that characterizes this
set in terms of types. In some cases, it is possible to precisely represent this set with just one
type. For example, the set of values satisfying the guard is_integer(elem(x,1)) in line 144
corresponds exactly to the values of type{term(), integer(), ..}.Likewise, the arguments
that satisfy the guard of the first clause of test in line 154 are precisely those of the union type
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{term(), integer(), ..} or {:int, term(), ..}, where :int denotes the singleton type
for the value : int.° However, such a precision is not always achievable, as demonstrated by the
guard in the second clause of test (line 155). Since it is impossible to characterize by a type all
and only the tuples where the first two elements are equal, we have to approximate this set. To
represent the set of values that satisfy such guards, we use two types—an underapproximation
and an overapproximation—referred to as

* the surely accepted type (since it contains only values for which the guard succeeds)

* the possibly accepted type (since it contains all the values that have a chance to satisfy the

gualrd)6
For the guard in line 155, the surely accepted type is {boolean(), ..} since all tuples
whose first element is a Boolean satisfy the guard; the possibly accepted type, instead, is
{term(), term(), ..} or {boolean()} since the only values that may satisfy the guard are
those with at least two elements or those with just one element of type boolean( ). When the pos-
sibly accepted type and the surely accepted type coincide, they provide a precise characterization
of the guard, as demonstrated in the two previous examples of guards (lines 144 and 154).

The type system uses these types to type case-expressions and multi-clause function def-
initions. In particular, to type a clause, the system computes all the values that are possi-
bly accepted by its guard, minus all those that are surely accepted by a previous clause, and
use this set of values to type the clause’s body. For example, when declaring test to be of
type{term(), term(), ..} -> term(), the system deduces that the argument of the first
clause has type{term(), integer(), ..} or {:int, term(), ..}. For the second clause,
the system subtracts the type above from the possibly accepted type of the second clause’s
guard (intersected with the input type, i.e., {term(), term(), ..}), yielding for x the type
{not(:int), not(integer()), ..}, thatis, all the tuples with at least two elements where the
firstisnot : int (not ¢ denotes a negation type, which types all the values that are not of type 1)
and the second is not an integer.

If the difference computed for some clause is empty, then the clause is redundant and a
warning is issued. This happens, for instance, for the second clause of test, if we declare for the
function test the type {:int, term(), ..} -> term(): all arguments will be captured by the
first clause.

If the domain of the function (or, for case expressions, the type of the matched ex-
pression) is contained in the union of the surely accepted types of all the clauses, then
the definition is exhaustive. For instance, this is the case if we declare for test the type
{term(), boolean()} -> term(). If, instead, it is contained only in the union of the possi-
bly accepted types, then the definition may not be exhaustive, and a warning is emitted as
for declaring {term(), term(), ..} or {boolean()} -> term(). In all the other cases, the

5We use {:int, (), ..} rather than {:int, ..}, since the absence of a second element would make the
guard fail.

6Formally, the surely accepted type is the largest type contained in all types containing only values that satisfy the
guard, and the possibly accepted type is the smallest type containing all types that contain only values that satisfy the
guard.
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definition is considered ill-typed, as for a declared type tuple() -> term() (where tuple() is
the type of all tuples), since a tuple with a single element that is not a Boolean is an argument in
the domain that cannot be handled by any clause.

Finally, the guard analysis of 6 produces for each guard a result that is more refined than just
the possibly and surely accepted types for the guards. For each guard, the analysis partitions
these types into smaller types that will then be used by the inference of 6.5 to produce a typing
for non-annotated functions. For instance, for the untyped version of test given in lines 154-155
the analysis will produce four different input types that the inference of 6.5 will use to deduce the
following intersection type for test:

$ ({ 0, 0, ..} - ()) and
({:int, O, ..} > ()) and
({ ()} or { (), not( M), ..} > ()) and
({not( () or :int), not( ), ..} ->not( () or :int)

Splitting the domain of test as in the code above is not so difficult since its guards use
the connective or and, as we show, to compute the split, the system in Section 6 nor-
malizes guards into Boolean disjunctions. Notice, however, that the analysis must take
into account the order in which the guards are written. If in line 155 we use the guard
elem(x,0) == elem(x,1) or is_boolean(elem(x,0)), that is, we swap the order of the
operands of the guard, then the arrow type in line 158 is no longer correct, since the application
test({true}) would fail and, therefore, the type {boolean()} must not be included in the
domain of the arrow in line 158.

Inference (Section 6.5) In a couple of examples we highlighted our system’s ability to deduce
the function type even in the absence of explicit type declarations. For instance, we said that our
type system can infer for negate (lines 147-148) the intersection type in line 153, and for test
(lines 154-155) the type in lines 156-159. This kind of inference is different from that performed
for parametric polymorphism by languages of the ML family. Instead, it leverages the guard
analysis of Section 6 to derive the type of guarded functions: it simply considers the guards of the
different clauses of a function definition as implicit type declarations for the function parameters,
and use them for type inference.

This kind of inference is used when explicit type declarations are omitted. This is particularly
valuable for anonymous functions of which we saw a couple of examples in the definition of
curry (lines 128-134) where the body of the two clauses consists of anonymous functions. We
aim to avoid imposing an obligation on programmers to explicitly annotate anonymous functions
asin:

$ ( M) -»> ( )
def bump(lst), do: List. (fn x when is_integer(x) -> x + 1 end, 1lst)

Here, the guard already provides the necessary information, making explicit annotations superflu-
ous. Additionally, we view the use of an untyped or anonymous function as an implicit application
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of gradual typing. We have seen in §2, that whenever gradual typing was explicitly introduced by
an annotation, the system propagated dynamic() in all intermediate results so as to preserve the
versatility of the initial gradual typing. We do the same here and propagate the (implicit use of)
dynamic() in the results of the anonymous/untyped functions by intersecting their inferred type
with an extra arrow of the form ¢ -> dynamic(), where ¢ is the domain inferred for the function.
For example, the type inferred for negate will be the type in line 153 intersected with the type
integer() or boolean() -> dynamic(), while the intersection in lines 156-159 inferred for
test will have an extra arrow {term(), term(), ..} or {boolean()} -> dynamic().
Likewise, the type (integer() -> integer()) and (integer() -> dynamic()) will be given
to the anonymous function in the body of bump (line 161); this type is equivalent to the simpler
type integer() -> integer() and dynamic(). All these concepts are formalized in 6.5.



CHAPTER

FOUNDATIONS OF SET-THEORETIC TYPES

“The simplest way to avoid [the
circularity between types, typing,
and subtyping] is to break it, and
the development we did so far
clearly suggests where to break it.”

Alain Frisch, A Gentle Introduction
to Semantic Subtyping (2005).

Our work in typing Elixir builds upon decades of development of a proper foundation for
set-theoretic types that would be expressive enough to capture the essence of a language like
Elixir: that is, the semantic subtyping framework. Our starting point is effectively the calculus
presented in Lanvin (2021): a lambda calculus with gradual set-theoretic types descending from
the initial design of CDuce (Frisch, 2004) and extended with gradual types in Castagna et al.
(2019).

A brief history of CDuce

CDuce, as a language, was designed to support the manipulation of XML documents, and semantic
subtyping was developed as a theory to enhance the usual type syntax and constructors (functions,
pairs, records) with set connectives (union, intersection, difference), and to make it possible to
consider types as sets of values, and typing as denoting the “set of values produced by a program”.

The initial design of CDuce-already with recursive types-was monomorphic. The addition of poly-
morphism (Castagna and Xu, 2011; Castagna et al., 2014; Castagna et al., 2015) to the framework came
later, allowing types to be parameterized by type variables, with a technique of local type inference
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that automatically instantiates the type variables whenever a polymorphic function is applied.
Another important extension to the framework was the addition of gradual types by Castagna et al.
(2019), which brought the “dynamic” type into the set-theoretic framework and thus opened the door
to the development of a gradual set-theoretic system suitable for typing dynamic languages.

This framework is rich in expressiveness and allows powerful reasoning on types. Its development over
the years makes it suitable for industry adoption: a notable use case so far is in game development,
where it is used to type the Roblox Luau (2022) scripting language.

Ongoing work. CDuce, both a formal and a programming language has been continuously developed.
Its first denotational semantics was given by Lanvin (Lanvin, 2021), and is currently being extended
with new features; for example, the polymorphic record types (Castagna and Peyrot, 2025a) are being
implemented actively.

Chapter Roadmap

¢ Section 3.1 (Static): Type algebra, interpretation, and subtyping-as-emptiness.
¢ Section 3.2 (Gradual): Gradual semantics, precision, and consistent subtyping.

¢ Section 3.3 (Implementation): We give some details on the implementation of a set-theoretic
type system; we defer the representation of types to Part I and discuss algorithmic typing
rules via type operators.

In this chapter, we recall the basic concepts and foundations of semantic subtyping, which
will be used and extended throughout the thesis to fit the needs of Elixir. We first present (§3.1)
the type algebra of static set-theoretic types, their interpretation, and the decidable type relations
(subtyping, equivalence) that it induces. We then present (§3.2) gradual set-theoretic types and
their own interpretation and relations (with the addition of precision and consistent subtyping).

Scope and limitations In this background, we present a monomorphic gradual version of set-
theoretic types. The polymorphic version of semantic subtyping can be found in Castagna et al.
(2014), Castagna et al. (2015), and Lanvin (2021), and consists of an extension of the interpretation
of types to account for type variables. This limitation is orthogonal to our work and does not
affect the applicability of our framework to Elixir typing. Polymorphism would require tracking
type variables and environments in the interpretation and adapting decomposition rules to
quantified structure, but does not alter the core algebra we exploit for Elixir’s first-class features
(unions, intersections, negation, tuples, and arrows).

3.1 Static Set-Theoretic Types

Throughout this chapter, we are not interested in the implementation of a type system for a given
language; instead, we are concerned with the definition of an expressive type algebra that could
then be fitted to a given language (in our case, Elixir).
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3.1.1 Type algebra
We define a monomorphic nongradual (thus, static) type language, inspired by Lanvin (2021):

Definition 3.1.1 (Types). Let b range over a (finite) set of base types I pqse and c range over a
(infinite) set of constants € (e.g. atoms a and integers i). The set of static types J saric is defined
coinductively (allowing infinite unfoldings) by the following grammar:
Static Types tu=c|bltxt|t—t|tvi|-t|O

but constrain them to ensure finite representability:

* (Regularity) Any type term must have a finite number of distinct sub-terms.

* (Contractivity) Every infinite branch in the term structure must contain infinitely many

occurrences of the x or — type cOnstructors.

Regularity ensures that the types, despite being defined in a coinductive way;, are finitely repre-
sentable. Contractivity prevents ill-formed types such as ¢ = ¢ v ¢ (which lacks information) or
t = =t (which cannot denote set).

The bottom type—or empty type—is denoted O, and is a type that contains no values. It
can be used to represent expressions that do not evaluate to any value (such as exceptions), or
diverging functions. The top type is the type that contains all values, denoted 1. It is defined
as 1 = =0, and can be thought of as the union of all the base types, and all the structural types
(tuples and functions). This top type is not a placeholder: giving type 1 to an expression is quite
restrictive, as it tells the type checker that any function applied to it must be a total function
(valid on all inputs). It is the type of all values and, similar to Python’s object, it is some sort of
universal type that contains all other types and must usually be refined before use.

Remark (On the meaning of ’top type’)

It can denote, for example, in TypeScript, a type used as a placeholder for any type; informally, an
expression of the top type can be used anywhere. In practice, TypeScript has two such top-like notions:
unknown, a safe supertype of all values (you must refine it before use), and any, an unsafe escape
hatch that is both supertype and subtype of everything and bypasses checking. The 1 in our system is
just the former.

Our set-theoretic types include constants ¢ (such as atoms and integers) which are singleton
types representing exactly one value- for example, the atom : ok is a type that contains only the
value :ok. The atom : ok can be given infinitely many types: : ok, atom, but also 1.

We also conveniently define intersection, as t; A def —(0f; vV —11p) and the type difference,

fi~t; €' 1 Ay, This technique keeps the type algebra short and concise, but it does not mean
that the union Vv is more important than the others. It would be possible to set A as a primitive,

and define v as =(0f) A T8).

Design choice. In semantic subtyping, there is no specific constraint on the degree to which
constants are exposed as singletons (also called literal types). Thus, it is a design choice to
decide which constants are exposed as singletons. In TypeScript, for example, string, number,
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and boolean are all exposed as literal types (TypeScript Team, 2025). In the Elixir compiler, we
arbitrarily chose to initially expose to the programmer only a singleton atoms (not integers but
including booleans). The goal is to avoid value-check antipatterns (e.g., sprinkling guards like
x>=0 everywhere to satisfy functions which expect positive integers) while still reaping the
benefits of symbolic tags in pattern matching.

3.1.2 Semantics of static set-theoretic types

The static (nongradual) set-theoretic types are interpreted as sets of elements of a domain 2.
Elements of the domain represent values of the language. We have constants and pairs; functions
are represented as finite relations.

Definition 3.1.2 (Set-theoretic domain). The interpretation domain & for the static types of
Definition 3.1.1 is the set of semantic values d produced inductively by the grammar:

d:=c|(d,ad)1{t09),...,t06)}
1:=d| 0O
0:=d|Q
where c ranges over the set € of constants, O is a distinguished element representing undefined

function inputs, and Q represents runtime errors or stuck computations. We require that
0,0¢9,Q#0 and definePq = 2 U {Q} and D = 2 U{U}.

Pairs (d, d) are used in the interpretation of product types, while the sets of pairs {(t,6),..., (t,0)}
are used for the interpretation of functions. The special element Q in the codomain of functions
represents a possible type error or a stuck term. The special element U, introduced in Lanvin
(2021), is a distinguished “undefined” input that plays a purely semantic role in distinguishing
function types with empty domain. It is a subtle but but necessary technical addition that we
now explain in detail.

Q is necessary to represent partial functions. In semantic subtyping as defined by Frisch
(2004), the interpretation of a function type t; — f, is defined as the set of all finite graphs from 2
to 9q (that is, elements of 2¢ (2 x Zq)) that map elements of [#1] to elements of [#,]. Formally,

[t — 2] = {R€ P (D *xDq) IV(x,y) €R,if xe [t1] then y € [5]}. (I-D

The purpose of the presence of 2 in the codomain is to allow representing the graph of functions
that are not well-defined on all inputs (using pairs of the form (d, Q) for some d € 9).

The empty domain problem. Notice that, in ([—]), if [#] = @, this condition is vacuously
satisfied, creating a situation where [O — t] becomes identical for all codomains .
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Solution via O. To break this approximation, we introduce a distinguished element U ¢ V,
which serves to float the defined codomain of the function, even when there exists no domain
elements. We extend the interpretation domain to [ ;] U{U}, and modify the interpretation clause
as follows:
Relti — ] iff V(x,y)€R, ifxe[fn]u{0}then ye [f].
This forces each function to specify the behaviour at U, even when its real domain is empty.
Consequently,
[0 — t] =2 (2 x2q) U{(©,y) | ye [t]})

which is clearly covariant in ¢ (so, for example, [O — int] C [O — 1]).

Summary. The element U acts as a universal probe that ensures arrow types remain semantically
distinguishable even when their ordinary domain is empty. Its presence will be essential deciding
subtyping for multi-arity functions (Theorem 4.4.5) and when integrating gradual functions
(Chapter 5).

Definition 3.1.3 (Set-theoretic interpretation of static types). We introduce a binary predicate
0 : t that captures when an element § € Dq belongs to the interpretation of type t € T siaric. Let
function 6 (-) : Tpase — P (€) be the function that (expectedly, e.g. € (int) = Z) maps each base
type to the set of constants that belong to it. This predicate is defined by induction on the pair
(0, t) ordered lexicographically:
c:b = ce€(
(d1,do):t1xtp, = (di:t1) and (dy: 1)

{0 0iell:ty—t = Viel.(;=Cori;:t1)) = d;: bt
d:tyvt = (d:t1) or(d: 1)
d:-t = not(d:1)
6:t = false otherwise

This allows us to define the set-theoretic interpretation of types [.] : Tstaric — P (D) by setting
11 ¥ideoid: .

Remark 3.1.4. The point of set-theoretic types is to allow us to compose types using set in-
tuitions, with type connectives such as v, A, —1 as set operations ("the type t; V t, contains
values that are in t; or t,"). All the set-theoretic properties expected from our types happen as a
corollary to the interpretation defined above:
1. Since O matches no predicate (but the last false one), we immediately have [O] = &.
Since not (d : O) is always true, we have [1] = 2.
2. From the predicate for union, it is immediate that [t; V ;] = [t1] U [£2]. Also, for t, t; €
I static, We have (through De Morgan’s laws):

[FEavaR)l=2\@\[alu2\(L]) =[alnl]

3. Forany type t, we have [~t] =D\ [t].
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Assumption 3.1.5. We add the assumption that base types are all two-by-two disjoint T puse,
that is, for every by, by € Tpgse, we have € (by) N6 (by) = @. This poses no problem: base types
are arbitrary labels on sets of constants, and if int € Tpase and float € Tpuge, then we can
define, say, number (the type of numerical values in Elixir), as int v float.

3.1.2a) Interpretation of product types

The interpretation of pairs is the Cartesian product: it is the set of pairs whose components are

in each component type. Formally, [#; x ] = [£1] x [£2]. Since [O] = &, the interpretation of

O x intis @ x [int] = &, making O x t equivalent to O for any type ¢ (and similarly for ¢ x O).
The type of all pairsis pair=1 x 1.

3.1.2b) Interpretation of arrow types

The semantics of an arrow type #; — f, is the set of finite relations R that satisfy: for every
input-output pair (t,0) € R, ift€ [£1] U {U} then § € [].

This definition allows functions to have arbitrary behaviour outside their declared domain.
For example, consider the Elixir function:

1 | def negate(x) when is_integer(x), do: -x
2| def negate(x) when is_boolean(x), do: not x

can be assigned type (int — int) because, on integer inputs, it returns an integer.
The interpretation [int — int] contains all the relations that:
* Map integers to integers: {(n,m) | n,me Z}
* Have arbitrary behaviour on non-integers: {(x,0) | x ¢ Z or x =0, € 9}

Observation 3.1.6. This permissive interpretation enables nonempty arrow intersections. For
example, (int — int) A (bool — bool) is nonempty because it contains relations that behave
correctly on both integers and booleans, such as: {(3,—3), (true,false)}.

This design choice may seem counterintuitive, as it allows giving to functions a function type
whose domain is partial. But it is essential for semantic subtyping since it allows intersection
types to be meaningful and enables precise type reasoning while maintaining decidability.

Remark (The meaning of function negations)

The function negations appear in the theory in the form of (; — s;)~(t; — s}). They are not useful to
programmers, but their existence is required to decide emptiness for function types. However, their
meaning (which is derived from the set interpretation) can be explained.

Consider the example of (int v float) — (int v float) and not int — int.

If a function has this type, then it returns (int v float) onall (int v float) values, BUT it does not
return an integer for every integer value.

So there should be at least one integer on which it returns both (int v float) but not int, that s, it
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I returns a float. This property is too specific to be used for typing in our system.

The type of all functions is arrow = O — 1. This is a better candidate than 1 — 1, which
represents all fotal functions (i.e. they are all defined on all inputs). With the interpretation of
Definition 3.1.3, we can see that since [O] = &, every relation R € P (Di x Dq) is in [O— 1],
thus [O — 1] = P (D5 x Dq) which confirms it to be the type of all functions (as every function
interpretation will be included in it) L

3.1.3 Subtyping as set inclusion

Having defined the interpretation of types, we define the subtyping relation and show how to
decide it. The role of subtyping is to dictate whether it is statically sound to pass a value to a
context, knowing the type of the value and the type expected by the context. Since we interpret
types as sets of values, we define subtyping by set containment: If a context can accept values
from a set S, then it can accept values from any smaller set S’ < S.

Definition 3.1.7 (Subtyping). For all t1, ty € Tgasic, We define (11 < ) < ([H1] <€ [£]) and
(=)o (=L)AL =1h).

Proposition 3.1.8 (Subtyping < emptiness). For all t1, t2 € Tgazic,

H<tlh < HAL=0 < [HABL]=aC.

Proof. Immediate from Definition 3.1.7 and [H A~ K] = [HIN @\ [B]) =T < [H] <
[z]. O

The proposition tells us we can reduce ANY subtyping question to an emptiness question.
Instead of asking "is every value in #; also in #,?", we ask "are there any values in #; that are NOT
in £,?" This reduction is computationally powerful because it allows us to use the decidability of
emptiness to decide subtyping.

3.1.4 Types as disjunctive normal forms (DNFs)

A major property of set-theoretic types is that they can always be decomposed (that is, they are
equivalent) to a disjunctive normal form (DNF), where the atoms of the DNF are constants, base
types, products, and arrows.

Definition 3.1.9 (DNF).
* Aliteral is either an atom a (where a ranges over ¢, b, (t x t'), (t — t)) or its negation —a.
e Aclause is a finite conjunction of literals

IThe interested reader can find more computations of interpretations in Remark 13.2.1.
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* ADNEF is a finite disjunction of clauses, of the form:
V(A an A\ -d)
iel aeP; a'eN;
where a, a’ range over all atomic types, which are types of the form ¢, b, (t x t'), (t — t'),
and P;, N; are finite sets of literals.

We adopt the standard convention: O =\/4— (empty disjunction). We also know 1 to be a union
ofliterals, as 1 = \/peg;, bV (L x 1) v (O — 1).

Observation 3.1.10. The DNF representation is crucial for the theory and for the implementa-
tion of set-theoretic types, because every algorithm dealing with types is defined on their DNF
form. A first example of that is the algorithm for deciding emptiness of types, and we later show
that type operators (such as computing the domain of a function, or its application to values of
a given type) are also defined on their DNF form.

If the syntactic form of a type is given by Definition 3.1.3, then the DNF form can be consid-
ered to be its semantic form. There is no issue in keeping types in their syntactic form, because
the DNF form both always exists and can be directly computed, as seen in the following theorem.

Theorem 3.1.11. There exists a function %™ that maps types t to their DNF form, such that
for all t € T graric,

t=at=\( \ ar \ ~d)

iel acP; a'eN;

where a, a' range over all atomic types of the formc, b, (t x t'), and (t — t').

Proof. Lanvin (2021) gives a straightforward proof, defining functions %/ and %~ by induc-
tion on the structure of the type .
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Definitions (structural).

Ut 0)=0
Ut b)=b
Ut (c)=c

UT(h—B)=t—1
U (txt) =1 X1t
YT (~1) =AU (1)
UtV B)=UT (1) VU (1)
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" (0)=1
9~ (b)="b
U (c)=-c

U (1 — 1) ="(51 — I2)
U (t1x 1) ="(f1 x 12)
U (=AU (D)

wmvey= NV ( N\ arn A -d)

iel,je] a€P;UP; a'€N;UN;

where~ (1) =\/( \ an A\ —d)

iel aceP; a’'eN;

and % ()=\/( N\ an \ —d)

j€J acP; a’eN;

The proof proceeds by mutual induction on the structure of ¢, showing that 7" (1) = r and
%~ (t) = —t and that ™ (t) and %~ (t) are in DNE O

Decomposing types into components This decomposition goes further: let base = \/peg: _ b.
Since 1 = base Vv pairVvarrow, we can write t =1 At = (base A £) V (pair A t) V (arrow A t) where
every disjunct is disjoint by disjointness of base types and pair/arrow (which is obvious from the
domain definition). When applying the formula above to filter the atoms a in the expression of
the DNF above, this means we can write each part of any type ¢ into three DNFs: one for base
types, one for products, and one for arrows.

If we especially consider the three disjoint sub-types (base A £), £ Apair and ¢ A arrow, we
can write each of them in a disjunctive normal form (DNF):

Theorem 3.1.12 (Type decomposition). For all t € Ty, the type t can be decomposed into
three disjoint components, each expressible in disjunctive normal form:

(Base types) tnbase=\/ N\ ¢n )\ ¢ A base
i€l lep; ('eN;
(Products) tapair=\/ N\ txt'A AN (sxs) A pair
iel, (t,t")eP; (s,s")EN;
(Arrows) tnarrow=\/ N Gt—-9A N @' =) A arrow
i€l (t,5)eP; (t',s"heN;

where, in the base type component, ¢, ¢’ range only over constants c and base types b).
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Note

The above decomposition is really important and establishes the basis of any implementation of
semantic set-theoretic types. Each element of the union can be implemented as its own disjoint
component type, which will allow us to decide emptiness of each component type independently, but
also to compute type operators intersection, union, difference independently for each component
type. Consider indeed the fact that given #, t € Jgatic, and given an operator © € {A, v,~}, we have:

Hob= V (bAaf)o(bA )
b€Tbase \/(pairAn) o (pairat)
\/(@rrowA ;) ® (@arrowA t,)

which shows that an implementation of set-theoretic types can be made modular on each component
type that is chosen (which in practice, will not only consist of products and arrows-see for instance
the addition in Chapter 4 of multi-arity functions).

Theorem 3.1.20 shows that subtyping is decidable if and only if emptiness is decidable. With the
above decomposition, what is left is to show that emptiness of DNFs of base types, products and
arrows is decidable.

3.1.5 Deciding emptiness on DNFs

Our approach has the originality of operating on the DNF representation rather than syntactic
forms, enabling a unified decision procedure that handles all type components without ad-hoc
case analysis.

3.1.5a) Emptiness of base types

For this simple case, consider a DNF whose atoms ¢, ¢’ are only constants ¢ and base types b.

VAen N\ 7

i€l leP; l'eN;

For a fixed clause i € I, examine the positive part P;:
* If P; contains two distinct constants ¢ # ¢/, the intersection is empty.
* If P; contains two distinct base types b # b/, the intersection is empty (Assumption 3.1.5).
 If P; contains a constant ¢ and a base type b with c ¢ b, the intersection is empty.
 If P; contains a base type b and a constant c € b, the intersection collapses to the constant
c.
Hence /\¢ep, ¢ normalizes to a single atomic type ¢;, which is either a constant c; or a base type
b; (otherwise the clause is empty).
Now examine the negative part N;:
* Any negated atom disjoint from ¢; is redundant and can be removed.
 If N; contains a base type that is larger than ¢;, the clause is empty.
e If /; is a constant and that constant also occurs in N;, the clause is empty.
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Therefore, the only non-empty clauses are of the form c or b A /\;?:1 —1cj where each c; € b;

equivalently, b A ﬂ(V;?ZI cj)-

3.1.5b) Emptiness of products

The core insight underlying this decision procedure is the systematic elimination of top-level
differences to isolate positive product literals, whose emptiness can then be checked component-
wise. To illustrate this idea, consider the type (1 x 1)\ (int x int), representing all pairs except
integer pairs. This type is non-empty, since it is equivalent to the union of (trivially) non-empty
product types (int x wint) U (mint x 1).

Formally, the central problem is to decide the emptiness of the product component:

V A txid/A A Gsxs)Aapair=0 (x1)

iel (t,t")eP; (s,s")EN;

where P; and N; denote the positive and negative literals of the DNF representation.
Through our set-theoretic interpretation, which preserves structure under U, N, and x (inter-
preted as Cartesian product), this reduces to the equivalent set-theoretic decision problem:

U( N x[d]n N [[s]]x[[s’]][[palr]])=® (x2)

iel (t,t")eP; (s,s")EN;

Note that this DNF lives in the space of pair (which was present in (x) as an intersection), which
justifies why products are complemented in the universe [pair].

Observation 3.1.13. Fundamental insight. The transformation from (x1) to (x,) consists
in translating a type-theoretic emptiness problem into a set-theoretic containment problem.
The decidability of the latter, which we prove now, provides definitive answers to the former.
This principle extends to all structural types in semantic subtyping. This makes the choice
of interpretation for each type a critical design decision that determines the tractability of
subtyping.

We solve this problem by formulating a general solution to the underlying set-theoretic
containment problem. Given index sets i € I and corresponding pairs P;, N; of domain subsets,
we must decide:

Ul N &xxnn N @x2\X'xv))=0 (x3)
i€l (X, Y)eP; (X', YeN;
where we have replaced type expressions with their corresponding domain subsets.

This formulation admits significant simplification through fundamental properties of Carte-
sian products and set operations. The intersection distributivity property N x,y)ep, (X x Y) =
(Nex, e, X) x (N, vyep; Y) allows us to factor positive constraints. Similarly, we can rewrite nega-
tive constraints by rewriting intersections of complements as differences against unions. Finally,



74 CHAPTER 3. FOUNDATIONS OF SET-THEORETIC TYPES

since a union is empty if and only if all its elements are empty, this yields the simplified problem:
Viel Xi><Y,~\( U X’XY')=® (x4)
(X', YNeN;

The emptiness of such unions reduces to component-wise emptiness checking, since X x Y =
@ ifand only if X = & or Y = &. Following our earlier example, we decompose these differences
using the following lemma:

Lemma 3.1.14. Forall X,Y subsets of 2, and N a set of pairs of subsets of 2, we have

xx\( U x'xyh=U (X\( U XH|x[v\( Y’))
(X", Y"eN N'cN (X", YeN' (X", YNeEN\N'
Proof. Let
L=xx\( U X'xv) and R= U (x\ U X)x(vA U Y|
(X,YeN N'eN (X", YNeN' (X", YNeN\N'

We prove L = R by mutual inclusion.

(L € R). Pick (x,y) € L. Then x € X, y € Y, and for all (X',Y') € N we have
X, eX' xY << x¢X oryeY'.

Define Ny ={X,Y)eN|xe¢ X}

By construction, x ¢ Ux’,y/en, X', hence x € X \U(x' y/en, X'. Moreover, if (X', Y') € N\ Ny
then x € X', so the disjunction above forces y ¢ Y'. Hence y ¢ Ux/,yhenn, Y/, ie. y €
Y\Uwx, yhenn, Y'. Therefore (x, y) belongs to the term of R indexed by N’ = Ny, so (x, y) € R.

(R < L). Conversely, take (x, y) € R. Then there exists N’ < N such that

xex\ | X and yev\ YU Y.
(X', Y)eN' (X', Y)EN\N’

Hence (x,y) € X x Y. Let (X', Y') € N be arbitrary. If (X', Y’) € N’ then x ¢ X';if (X', Y') ¢ N
then y ¢ Y'. In either case, (x,y) ¢ X' x Y/, and thus (x,y) ¢ U, yhen X' x Y'. Therefore
(x,y) € L. O

Interpreting this lemma in our type-theoretic context with X = [¢], Y = [s], and N as a
collection of type interpretation pairs (¢', s'), the decomposition establishes that emptiness holds
precisely when every subset N’ = N of negative constraints forces either the left component  or
the right component s to be subsumed by the corresponding union of negative constraints. This
characterization provides the foundation for our emptiness decision algorithm.

The lemma immediately suggests an algorithmic approach: it reduces the emptiness problem
for product differences to emptiness checking of their constituent components. This reduction
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enables us to transform the original product emptiness problem into a union emptiness problem,
yielding our main theorem:

Theorem 3.1.15 (Emptiness of products).
\/( N txtn A -|(s><8’))s(D
i€l (t,t")eP; (s,8")EN;

evieLYNeN.[ A t= V. sv A /=< \ )
(t,t"eP; (s,s"eN’ (t,t"eP; (s,8")eN;\N'

Proof. The result follows directly from Lemma 3.1.14 and the preceding reduction of the
problem to its (x,4) form. O

Under the regularity axiom, the set of distinct product atoms reachable from the input is
finite; hence the set of obligations generated by Theorem 3.1.15 is finite. The emptiness proce-
dure is a saturation algorithm over this finite set, adding consequences until a fixpoint. Using
memoization ensures each obligation is processed at most once, so the algorithm terminates.

3.1.5¢) Emptiness of arrows

With product emptiness decided, we turn to arrow types, which are slightly more complex.
Unfortunately, the product decomposition lemma (Lemma 3.1.14) does not directly extend to
arrows, because intersections of arrow types cannot be simplified as easily as intersections of
products. Intuitively, this reflects the fact that arrow types must preserve the precise dependency
between inputs and outputs, preventing naive merging of function types.

Nevertheless, we follow the same high-level strategy: reduce the type-theoretic emptiness
question to a set-containment problem on the interpretation domain, then solve it using special-
ized lemmas. The development closely follows Frisch (2004).

The central problem is to decide the emptiness of:

V(A t=91 A =0'=5)=0 (—1)

iel (t,5)€P; (¢',s")EN;

which is equivalent to:

[arrow] )

V(A tr=s9a A =53]

i€l (t,5)€P; (¢',8")EN;

=g (—2)

Now, if product was defined as the Cartesian product, and made it easy to write [t x s] =
[£] x [s], what kind of set is the interpretation of an arrow? It is composed of all finite relations of
pairs of elements (x, y) for x € [t] U{O} and y € [s], or elements (d,Q) for d € 2\ [1].

Remark 3.1.16. The element U in the domain of arrow interpretations was not present in
the original proofs of Frisch (2004), as it was introduced later in Lanvin (2021) to support
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gradual typing. While O does not affect the decidability results for simple arrows presented in
this chapter, it becomes essential in Chapters 4 and 5 when we extend to multi-arity functions
and strong arrow types. For completeness, we already include U in all arrow interpretations
throughout this chapter.

We can express this set as:

Proposition 3.1.17. For all t, s types, we have:

D5xDa

[t — sl =2 | (11 uio) x TsT " )

Proof. Unfold the definition of [¢# — s]: a value of arrow type is a finite relation R = {(t;, w;) |
iel}suchthatViel.(1; =0 or (; € [t]) = w; € [s]. This is equivalent to saying that every
pair in R is either

¢ of the form (x, y) with x € [¢] U {O} and y € [s]; or

e of the form (x, Q) with x € 2\ ([£]).
Hence R is an arbitrary finite subset of

(([e1u{op) x [s1) U (@ \ [1]) x Dq). (%)
We use the following general identity, which holds for all sets A;, Az, By, Bo:
(A1 x A2) \ (B x B2) = [(A1 N By) x (A2~B2)] U [(A1~B)) x A2]
to expand the complement of the right-hand side of (1), which gives:

(Do x 20) \ ([t] U{O}) x (D \ [sD) = [([£] U{O} x (Do \ (Da \ s U [(Do \ (1] U{T}) x Dl
= ([T V{0 x [sITU [(2 \ [2]) x Dq]

which is exactly the set in (x). O

Let us define then, for all sets X, Y, writing X© for X U{U}, the set X — Y as:
E— L
X—Y d:ef@f(XUxY ° )
We can then rewrite the problem (—») into a pure set form:
U(( N X—»Y)\( U xX'-Y))=0 (—3)
iel \(X,Y)eP; (X', YNeN;

where we note that, unfortunately, unlike for products, there is no simple way to simplify the
intersection of positive arrows. This is intuitive, as we know that if a pair is both a pair of floats
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and a pair of numbers, we know it’s a pair of integers. But if a function is both a function from
floats to floats and a function from numbers to numbers, we do not want to merge those into a
single function type, because we require the precise dependency between the arguments and the
result to be preserved.

Expanding the definition of X — Y, we get:

o0, A

iel \(X,Y)eP; (X', YeN;

@(5 X@Q
=0 (—4)

Now, since a union is empty if and only if all its elements are empty, and for all sets A, B, we have
A~B =@ < AC B, this problem is equivalent to:

@Ux@g) D5 xDq

viel. .@f(xvx?@“ (—s)

< U g’f(X’Ux?%
(X,Y)eP; (X", Y"eN;

Note here that the problem above is about the inclusion of an intersection of parts of sets in a
union of parts of sets. This problem can be further decomposed by this general lemma on sets:

Lemma 3.1.18 (Powerset-intersection criterion). Let (A;);c; and (B;) jes be abstract sets.

ﬁyf(Ai) c Ugwf(B]-) — 3JjeJ. ﬂAi < B,.
i€l jeJ iel

Proof. Two basic facts:

M) [(2rA)=Pf

iel

(A

iel

and (i) @f(S)gLJ]@f(B]-) < 3Jje].ScB;
JE

For (i): X € (; @5 (A)) iff (Vi) X € A; iff X S A; iff X € 27 (N Ap.

For (ii'): "=" since S € 2¢ (5), inclusion gives S € U; 2 (B;), hence S < B; for some j. "<" if
S < Bj,, monotonicity yields 2, (S) = 2 (B},) < U; 2y (B;).

Now combine (i) and (ii'):

m@f (A;) < U@f (Bj) — @f
1 J J

N4
l

cU2r(B;) = 3j.()AicB; O
1

Using Lemma 3.1.18, we can rewrite the problem (—s5) as:

—5.20%%a —o, 70" %
VieLAX,YNeN;. () XOxYy ° cXUxy " (—6)
(X,Y)eP;
By applying complementation (which reverses inclusions), and De Morgan’s law to rewrite the
intersection of complemented sets as a union of these sets, we transform the problem (—) into:

— —9
Vie L3(X,YheN;. |J XOxYZeoxOxy" (3.1.1)
(X,Y)eP;
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or, written otherwise:

—9, —
Vie3(X,Y)eN;. (XPxY ™)\ ( U x°x Y'%) =g (—7)
(X,Y)eP;
in which we recognize a problem that we solved for products in Section 3.1.5, equation (x4).
Indeed, following the decomposition of Lemma 3.1.14, we can decompose the problem (—7)
into:
Vi V%o
Y™\ UJ v
(X,Y)EP;\P'

Vie.3(X,YheN;.vP' cP;. | XO\ | Xx°

(X,Y)eP!

X =g (—s)

The final step before concluding, is to notice that, for the special case P’ = P;, equation (—g)
produces the constraint:

—9 —
xXP\ | x9x@"\ Y Y=g
(X,Y)eP; (X,Y)eo

which, since by definition the union on an empty set is &, means that the right component

(Y"™%) =9 \ Y' is never empty (Y’ does not contain €, as [¢] € 2). Thus, the left component is
necessarily empty, which corresponds to the constraint X’ = Ux,y)ep, X (noting that U plays no
essential role in this final step, as said in Remark 3.1.16). This constraint states that the domain
of arrow X’ — Y’ is included in the union of the domains of the intersection of the arrows in
P;. We have thus obtained our result to compute the emptiness of arrow types which, similar to
products, decides the problem if used with memoization (under the regularity axiom):

Theorem 3.1.19 (Emptiness of arrows).

V(A t=9r A -(/=5)=<0

iel  (t,5)eP; (t',s")eN;

oViel.3(t,sheN;. (t's \/ oavP' CPi (s \ t)v( \V ss¢)
(t,8)€eP; (t,s)eP’ (t,s)eP;\P’

I Theorem 3.1.20 (Decidability of subtyping). The relation < on Jgyyi. is decidable.

Proof sketch. By Prop. 3.1.8, subtyping reduces to emptiness. We have shown emptiness
is decidable in §3.1.5 by decomposing types into disjunctive normal forms and deciding
emptiness for each atomic form, in Theorems 3.1.15 and 3.1.19. O

3.2 Gradual Types

3.2.1 Motivation

As established in Chapter 1, we need both set-theoretic types and gradual typing to type Elixir
effectively. Set-theoretic types provide the expressive foundation needed to capture Elixir’s
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rich type system (unions, intersections, precise pattern matching), while gradual typing allows
seamless integration with Elixir’s dynamic nature (untyped code, runtime introspection).

Definition 3.2.1 (Gradual Types). Bringing back the same sets of types as in Definition 3.1.1,
gradual types are defined by allowing the presence of the dynamic type ? in types.

Gradual Types 1 == ?|c|bltxt|t—7|TVT|T|O

Lanvin (2021) establishes the foundations for integrating the dynamic type ‘?’ into set-
theoretic types. We now present their construction, and its main results.

3.2.2 Semantics of gradual types

In gradual set-theoretic types, the dynamic type ‘?’ acts like a type variable that can be instanti-
ated to any type at runtime. A value always belongs to a gradual type if it belongs to every possible
instantiation of ‘?’ in that type. Conversely, a value may belong to a gradual type if it belongs to
at least one instantiation. Lanvin (2021) addresses this through a novel interpretation that uses
tags to mark whether an element of the interpretation domain 2 plays a static or dynamic role.
Concretely, their gradual domain is cut into two: elements with a dynamic role d* and elements
with a static role d'. For example, type ? A int contains all integer elements 3 since it represents
the type of values that may be integers. Meanwhile, type int contains both static (which can
surely appear) integers 3' and dynamic (which may possibly appear) integers 3°. Using this
idea, Lanvin (2021) defines a gradual domain &, and a set-theoretic interpretation for gradual
types [l g : Tgradual — D¢ (found in Appendix B.1).

This interpretation allows them to explain some interesting properties of gradual types: for
instance, that The interpretations of ? and — ? are equal (thus, ? = =?), and consist in all values
tagged with 2. While this may seem surprising, this behaviour is expected: if the dynamic type ?
is seen as the absence of type information, then —? provides no information either. Another way
to see this is by thinking of ? as a type that stands for any type: if ? stands for any type 7, then it
also stands for =7, and thus —? stands for ——7, which is equivalent to 7.

Subtyping and precision It also allows Lanvin (2021) to define two relations on gradual types:
subtyping and precision.

Definition 3.2.2 (Subtyping on 9, Lanvin 2021). We define the subtyping relation < and the
subtyping equivalence relation ~ on 9g as

def def
1112 ¢ [T1lg S lT2lg and T1=2T2 (T1<7T2)and (T2 =17)

Subtyping is not enough to type-check gradual programs: it does not allow statically unsound
operations to take place, which is crucial for gradual typing. So precision is defined: 1, is more
precisethant,noted 71 < 7, if 71 is “more dynamic” than 7,. We can also say that 7, materializes
into 7, whenever 71 < 7o, and refer to 7, as a materialization of 7.
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Definition 3.2.3 (Precision, Lanvin 2021). The precision relation < in 9y is defined as

d d'e d'e
TIT2 @erdEQg; | lrelg = | (ril
delnly = delrlg

These two relations are the core way to relate gradual types with each other. For instance,
to distinguish ? from 1, we can say that 1 contains all values, both static and dynamic. In the
subtyping lattice, it is the top element: for all types 7, we have 7 < 1. An expression of type 1 is
fully typed but too general-it can be any value, and must be refined before use in specific contexts.
By constrast, ? represents all unknown values. Unlike 1, it is not the top of the subtyping lattice:
in general, 7 £ ? (for 7 # O) and ? £ 7 (for 7 # 1). Instead, ? relates to other types through the
precision relation: T < ? holds for all static types 7, meaning ? is maximally imprecise.

3.2.3 Representation theorem

The direct interpretation of gradual types provides a satisfying way to define subtyping and preci-
sion relations on gradual types. However, Lanvin (2021) presents another point of view, which is
that gradual types can be represented simply by using a pair of static types. For the interpretation
we just described, this corresponds to splitting a gradual type 7 between two types: one whose
interpretation is {d € [7] | tag(d) = !} (the static values in 7) and one whose interpretation is
{d € [7] | tag(d) = %} (the dynamic values in 7). Those are the extremal materializations of gradual
types, defined as:

Definition 3.2.4 (Gradual extrema, Lanvin 2021). For every gradual type T € I graqual, We
define the minimal (resp. maximal) materialization of T, noted AR resp. 1), as the static type
obtained by replacing every covariant (resp. contravariant) occurrence of ? in Tt by O and every
contravariant (resp. covariant) occurrence of ? int by 1.

These extrema are related to 7 by subtyping.
Property 3.2.5 (Extrema bounds). For every gradual typet, t1Y%<7t<7!

A remarkable and elegant theorem from Lanvin (2021) is then that gradual types can be defined
directly in terms of these (static) extrema, as a pair:

Theorem 3.2.6 (Representation of gradual types, Lanvin 2021). For every gradual type T, we
have
t=tlv(2ath

This result shows that these two types are bounds of the gradual type 7. For example, the type
integer() or dynamic(number())?, which may appear esoteric to a programmer, denotes a

2Formally, int v (? Anumber): in Elixir, we can write the intersection with dynamic both as if it was a constructor,
and alsoadynamic() and number()
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program that outputs values in an unknown set comprised between all integers and all numerical
values (integers and floats). A type-checker (and a programmer) can reason on this uncertainty:
for the type-checker, it may:

* not allow a list operation to be applied to an expression of this type;

e allow an integer operation to be applied to it, with a warning;

e allow a number operation to be applied to it;

Meanwhile, a programmer reading this type will know that its dynamic part from a program
fragment that contains uncertainty: perhaps nonannotated modules, or untrusted code (note
that we do not promise the reverse: that is, that if a program is typed with a strictly static type,
then its execution does not involve any dynamic programs—we will discuss how to possibly
recover this property in Chapter 5, Section 5.4.1).

This theorem means that we can always convert a gradual type to this pair, by computing
the extrema of the type. For example, ? x ? (the type of pairs whose two elements can be
anything at run-time) is equivalent to ? A (1 x 1) (the type of values that can be of any subtype
of pairs). Likewise, ? — ? (the type of functions whose domain and codomain can be anything)
is equivalent to 1 — O v (? A O — 1), that is, any function type, since O — 1 and 1 — O are,
respectively, the largest and smallest function types.

3.2.4 Lifting gradual relations from static types

Furthermore, Lanvin (2021) shows that we can also define subtyping and precision using this
representation, and that the definition obtained is equivalent to that obtained from the direct
interpretation (Defs. 3.2.2, 3.2.3).

Subtyping. Gradual subtyping requires that one type be contained in another for all possible
materializations. This is equivalent to requiring that both minimal and maximal materializations
be ordered (by the static subtyping relation of Definition 3.1.7):

Definition 3.2.7 (Lifted gradual subtyping). We define the semantic gradual subtyping relation
< between gradual types as follows:
def 7Y =7t
TI<T2 <
M < 7,0
and the semantic gradual equivalence relation = ast; =1, © (11 < 72) and (12 < 11).

Note |

This definition subsumes the definition of subtyping on static types: consider that, for a static type ¢,
tY = rand " = ¢. Thus, from now on and in the rest of the thesis (unless in the rare occasions where
we are comparing integers) we will use symbol < to denote the unique gradual subtyping relation.
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Precision. Precision captures when one type is "more dynamic" than another. Intuitively,
T1 < T2 means that 7, is obtained by refining some occurrences of ? in 7;. In terms of extrema,
this means that the minimal materialization becomes more restrictive, while the maximal mate-
rialization becomes more permissive:

Definition 3.2.8 (Gradual Precision). Forallty,72 € graqual

T1 <X Ty <— (T1UST2U) and (TzﬂSTlﬂ)

Consistent subtyping. Finally, we define a new relation, consistent subtyping, which asks
whether there exists some common materialization where subtyping is maintained. This is
precisely what is needed for gradual type checking: we allow a function call if there is some way
to refine the types that makes it safe:

Definition 3.2.9 (Consistent subtyping). For allt1,72 € Tgraqual,

T1S Ty <— TIU STzﬂ

For example, (? v bool) — int is a consistent subtype of int — ? since by materializing both ?’s
to int we obtain for the former type a type that is a subtype of the type obtained for the latter.

One can take the three equivalences above as the definition of the three relations, and refer
to Lanvin (2021) for the proof of their properties (e.g., that 7; = 7, if and only if there exist 7] and
7, such that 71 < 7}, 72 < 7, and 7} < 73).

Remark (Implementation message)

From an implementation point of view, these results convey a strong message: if you have a static
type system implemented, it is easy to lift it to a representation of gradual types and to define the
gradual type relations.

3.3 Principles of Implementation

There are two distinct aspects to the implementation of a set-theoretic type system:

* The data structure representing types and supporting their set operations. We call it the
type engine that powers the type system.
* The implementation of the typing rules, via the use of well-typed operators (projection,
domain, application, etc.).
The type engine implemented in Elixir (located in the descr. ex file of the Elixir types mod-
ule contributors (2025)) draws inspiration from many sources; first and foremost from the CDuce
thesis Frisch (2004) and subsequent work Castagna (2016) and Kent (2019). Part II (Chapter 9)
provides an in-depth study and implementation guide for such a type engine, covering in detail
data structures, algorithms, and optimization techniques.
As for the typing rules, they are implemented using well-typed operators (projection, domain,
application, etc.) which appear originally in Frisch (2004). We will detail how to derive these
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operators, and prove their soundness. Our proofs are extracted from the formalism of Frisch
(2004). This exposition serves as a template for us later, when we introduce new operators (for
multi-arity functions, for tuples), and when we prove their soundness.

3.3.1 Type operators: extracting information from types

Type operators bridge the gap between the declarative typing rules and their algorithmic im-

plementation. Consider the simple declarative typing rule for projection, and its algorithmic

counterpart, which uses the operator m; () to compute the first component of a product type ¢:
I'te:t1xt Algorithmic I'e:t

—_— 3 —_—
I'Hfste: f; I'fstegmi(t)

The declarative rule assumes that, for expression e, we can find a product supertype #; x t (via
subtyping) and type its projection with the left component of the product. In practice, though,
finding the (smallest, if we want precision) supertype of the product is done by an operator
that acts on an arbitrary type ¢, and, just like emptiness checking, it is defined on the DNF
representation of types.

3.3.1a) Pair projection operator

Given a static type ¢ € Jgaiic that is a product (f < pair), the DNF form V;e; Ay, p)ep, (11 X ©2) A
A, pen; (8 x t) computed by 2" (2) is not its only possible form. In the case of products, we
can also obtain another standard form by doing more computation; here, by intersecting the
positive products, and eliminating the negative ones.

Theorem 3.3.1 (Union form for products). There exists 7t : Tsatic — Py (f/‘ z

smtic) such that, for
any t € Jggaric Such that t < pair,

t= \/ (s1xs)

(s1,82)€7(1)

Proof. With the DNF form of ¢ given by * (t) = Viel(/\(tl’tz)epl(tl X 1) /\/\(ti,té)(—:Ni_'(ti x té)),
we can start by effectively computing, for each i € I, the intersection of the positive products
in P;, thatis (A, s,)ep, 11) X (A(s,5,)ep, £2). Then, consider the elimination

( x B)~(1] x ) = [(1 A 1) x (2~ ] V [(1~1]) x 1]

which produces disjoint products®, that we can prune for emptiness by checking if either ele-
ment is empty. We successively eliminate the negative products in N; = {(sil) x sél)), e (sgn) x
s;"))} by unfolding the difference via De Morgan’s laws
hxtn N\ s xs)= (((ﬁ x )~ (s0 x s0)) (s x 52).. .)\(Sgn) « 5)
(s1,52)€N;
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O

“Compared to the formula (1] x tz)\(t{ X té) = ((tl\ti) X )V (f] x (l’z\té)) which is also correct, but where
both types contain (£; ~ ti) x (fp~ té).

The elements in 7(¢) are disjoint nonempty products, and can directly be used to compute
what the type of the first or second elements of a product is.

Definition 3.3.2 (Projection operator). Let t be a type such that t < pair. Leti €{1,2}. The
projection of t on the i-th component is defined as:
mi() % AVARRKY

(s1,82)€7(1)

Remark (Tuple projection in Elixir) ’

In Elixir, tuple projection is performed using the elem/2 function, where elem(tuple, index)
extracts the element at the given index. This corresponds directly to our projection operator x; (f).
Note that, in Elixir, the argument index could be any expression, which complicates things.

Using this operator to type a projection is sound because it computes a minimal component
of a product type, such that:

Theorem 3.3.3 (Soundness of pair projection). For all t € Ty such that t < pair, for all
1, t2 € Tseatics
t<sthixth =>m{t)<th and n ()<t

and in particular, t < 1y (t) x 72 (t) (for use by the declarative typing rule for projection).

Proof. Letm(t) ={ (sik), sék))}k€ k so that, by the Union Form Theorem,t = \/j K(sgk) X sék))

where each sik) X sgk) is non-empty (by construction we prune empty products).

Remember thatifr; xm <ty xtandry xrp 20, thenr; <t and 1, < .
First part. Assume t < t; x tp. Then for every k € K we have sﬁk) x sék) < t; x t, hence sik) <t

and sék) < t,. Taking the union over K yields

k k
Vsﬁ)stl and \/sé)stz,
keK keK

ie, m () <t and my (f) < B.
"In particular” inequality. For each k, by monotonicity of x we have sgk) x sék) <(V j si] )) X

\Vr s9) = 71 (£) x 75 (£). Joining over k and using ¢ = Vk(s(k) X s(k)) ields ¢t <y (8) x 7o (1).
j®2 g g 1 2 )Y
This proves both claims. O
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3.3.1b) Function operators: domain and application

Typing function application in a declarative system with subtyping and in an algorithmic setting
follows a similar pattern:

lte:ty—f The:n  aigorithmic The:t THe: ' ;<0-1
=
THe(e):t THe(e):tor t' < dom (1)

The declarative rule assumes that e can be found to have a given single arrow type, and for ¢’ to
have a type that is a subtype of the domain of the arrow. In the algorithmic rule, we assume two
operators, dom (f) and o, that compute the domain and application result of applying a function
type t to an argument type ¢'.

Domain operator. Empty disjuncts. To compute function operators, we must prune empty
clauses of the function DNE

/\(l’l'—>si)/\/\ﬁ(tj—>8j)¢® < djo €N, /\(ti_’si)s(tjo_’sjo)
ieP JEN ieP
This is important because the domain and result operators are defined directly in terms of the
positive function literals, ignoring negative ones, as long as they don't make the disjunct empty.
The domain operator then extracts the set of argument types that a function can accept.

Definition 3.3.4 (Domain operator). For a function type t < O — 1, we define its domain
dom (¢) by collecting only the positive arrow antecedents from each nonempty clause (indexed
by I'Y) of the DNF form of t:

dom(r) @ N\ si where t=\ N Gi—t)n N\ s — 1)

ielt si—tEP; i€l (s;,1;)€EP; (s;,tl()ENi

For each clause, it takes the union of all domain types from positive arrow literals, then
intersects these unions across all clauses. This means that, for example, the domain of function
type (atom — atom) A (bool — bool) is atomV bool (it can be applied to atoms or booleans),
while the domain of function type (atom — atom) v (bool — bool) is atom A bool = O: since
the function could be defined either on atoms or on booleans (or both, but it is not statically
known), there is no known value that it surely accepts, so the domain is empty. Unless they
can cancel out a whole function type (e.g., (atom — atom) A = (atom — 1) = O), negated arrows
constrain specific input/output pairs but don't affect the overall domain. For instance, the type
(atom — atom) A 7(atom — :0k) specifies a function from atoms to atoms that cannot return :ok
on all atoms, but its domain is still atom.

Note |

The domain operator exhibits interesting variance properties: the domain of an intersection of
arrows is the union of their domains, while the domain of a union is the intersection of the domains.
For instance, (int — int) A (bool — bool) admits both integers and booleans, whereas (float —
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float) v (number — number) safely accepts only float A number = float.

This illustrates why removing empty clauses in the domain operator is important: if we consider
the domain of (int — int) A =(int — int) = O, its domain is obviously not int: it is Any, which
is neutral for intersection, validating the behaviour that the domain of a union of functions is the
intersection of their domains.

Application result operator. The application result operator computes the type that results
from applying a function type to an argument type.

Definition 3.3.5 (Result operator). Given a function type t < O — 1 and an argument type
s <dom(?), the result of applying t to s is defined over the nonempty positive clauses of the DNF
form of t, indexed by I'*:
ros €\ Y AN
iel*  QCP;  sj—t€P\Q
Sf VSj—vtjEQ Sj

where t = VieI*(/\(si,t,-)ePi (si = 1) M5, ryen; (S; — fg))-
The result operator computes all possible outcomes of applying the function type ¢ to the

argument type s. The key insight is that we must consider all possible intersections between the
argument type and subsets of the function domains.

Quote (Definition 2.20 (Lanvin, 2021))

To understand this calculation, consider a simple intersection of arrows t = N\pep Sp — tp. If the
argument type s intersects the domain of several arrows (i.e., SA Sy, A...ASp, # P for p1,...,pn € P),
then the application may return a result in the intersection of all these arrows’ codomains, namely t,, A

...Atp,, provided the argument resolves to a value that is indeed in the intersection of the aforementioned
domains. However, the argument may also resolve to a value that is outside this intersection. Thus,
we must consider all possible intersections between s and subsets of {s, | p € P}, and take the union of
all possible results. The operator achieves this by excluding subsets Q that entirely contain s, thereby
obtaining all subsets P; \ Q of P; that have non-empty intersection with s.

Example: Function application. Consider applying the function type (number — number) v
(int — int) to argument type s = int. The uniform disjunctive normal form has two disjuncts:
P; = {number — number} and P, = {int — int} of size 1 each. Thus, for disjunct 1, only the empty
subset Q = @ satisfies the condition, yielding result number. For disjunct 2, we again get Q = @,
yielding result int. The final result is number v int = number.

Remark (Typing function application.) ’

These operators implement the static application principle: given s < dom(#), we compute to s
to obtain the application’s type. This principle forms the foundation for implementing function
application in type systems based on semantic subtyping.
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Soundness of domain and application operators. In order to use these operators, we need the
soundness properties:

Theorem 3.3.6 (Soundness of domain). For all t € Taric with t < O — 1 and all sarg, tres €
‘%t[lﬁc;
Ifun < Sarg — fres =  Sarg < dom (ffyn)

Sketch. For tp, = O, we have dom (0O) = 1, which concludes the proof. Otherwise, write
the (non-empty) DNF of tt, as (Ve Ci) with C; = A, mep, (U — V) A Awr,vnen, 7 — v).
From 7 < $arg — fres We get C; < Sarg — fres for each i. By the arrow emptiness characteriza-
tion Thm. 3.1.19 (applied to the positive part A, »)ep, (4 — v)-we can ignore the negatives
because by assumption the clause is nonempty), the LHS condition forces sarg < V (4, v)ep, U-
Intersecting these inclusions over all i yields Sarg < Ajer+ V (u,v)ep; 4 = dom (£). O

Theorem 3.3.7 (Soundness and optimality of application). Let t € Tgsic with t < O — 1 and
S € Tstatic With s < dom (t). Then:

1. Soundness. t<s— (tos).

2. Optimality. For every tres € Tgiatic, If t < S — tres then to § < fres.

Sketch. If tyyn = O, we have fy, o s = O (as a union over an empty set), which concludes.
Otherwise, let t = ¢+ C; be the (nonempty) DNF as above and let U; def V(w,vep, U. By
s<dom(t) we have s < U; forall i.

(1) Soundness. Fix a clause i and abbreviate P; as a finite set of arrows {u; — v} jep,. Define

Ris) € \/ A v
QCPi  jeP\Q
SE Vjequj

Applying the arrow containment characterization (from Thm. 3.1.19) to A jep; (uj— vj) with
argument s and result R;(s): i) we do have s <V jep, u; ii) for any Q C P;, it is true that either
s<Vjequj, orelses ﬁ Vjeq uj and by construction Ajep,\q Vj < R;(s). Hence A jep, (uj —
vj) < s — R;(s). Since adding A\ N; only refines the left-hand side, C; < s — R;(s). Taking the
union over i and using the definition fos 4t \/ser+ Ri(S) yields ¢ < s — (fos), concluding.

(2) Optimality. Assume t < s — tg, hence C; < s — tes for each i. Apply Th.(3.1.19) to
C; < 5 — tres gives: for every Q C P; with s ﬁ Vjeo uj we must have A jep,\q Vj < tres. Taking
the union over all such Q gives R;(s) < tres, and finally Ve j+ Ri(S) = £ 0 § < tres. O

In particular, this proves that the application operator o computes the best (smallest) possible
type that can be deduced by the application typing rule.
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3.3.2 Gradual Type Operators

Lanvin (2021) claim that any gradual type operator may be lifted from the static ones. In general,
the principle is that if F is a monotone operator on static types, then the gradual version of F is
given by

Proposition 3.3.8 (Gradual Extension).

Fa)y=FaYHAFah) v eaFEah v FEh))

with a simplification for when F is increasing with respect to < (this is the case for the projection
operator):
E@=FaYv@aFah)

and if F is decreasing with respect to < (this is the case for the domain operator):

Fao)=FaMv@AFaY)

The idea behind this principle is to compute a range: a largest and a smallest type obtainable
by this operator. The type F(zY) A F(z1) is the smaller of F(z¥) and F(z™), while the union is the
larger of the two.

We will discuss this extension in more detail (and in the concrete case of defining the result
operator for gradual types) in Chapter 13, Section 13.2.

Example (Motivating example: lifting projection and domain)

Consider the gradual pair type
T =?A(nt xbool)

Since products are covariant, the extrema are
Y ~0OA(int xbool) =0 and M~ 1 A(int xbool) = int x bool

Let F be the projection on the first component, F(¢) = m; (¢) (monotone increasing). By Proposi-
tion 3.3.8,
Fr) = FeY v ?AF@™) = O v (? Aint) = ? Adint.

Now consider the gradual function type
7' = (2 = int) A (bool — ?).
Arrows are contravariant in the domain and covariant in the codomain, hence
=@ =~ int)A(bool = 0), /M= (0 - int)A(bool —1).
Let G be the domain operator G(f) = dom (f) (monotone decreasing). By Proposition 3.3.8,
G = GaM v 2AGE'") = bool v (2 A1) = bool v ?.

Reading: the function accepts booleans with certainty, and possibly any other input.
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Conclusion We have assembled the static and gradual foundations of semantic subtyping,
connected them through DNFs and emptiness, and extracted the key operators that power
algorithmic typing. These tools will serve as our compass in the remainder of the thesis.

As a bridge to what follows, the next chapter introduces Core Elixir: a small calculus and
its static fragment, with operational semantics, declarative and algorithmic typing rules (with
progress and preservation), and extends semantic subtyping to tuples and multi-arity functions.






CHAPTER

STATIC TYPING FOR CORE ELIXIR

This chapter introduces Core Elixir, a calculus that captures the essential features of the Elixir
programming language relevant to our type system. While the goal is eventually to type Elixir
with a gradual type system, we make the choice of first presenting its static fragment and the
technical developments required to make it work. We extend semantic subtyping to handle
multi-arity function types, first-class tuples (closed and open variants), and establish soundness
for the static type system.

After this, Chapter 5 will raise these foundations to the gradual setting by introducing the
dynamic type ?, and will feature a more detailed discussion of the safety features of the type
system of Elixir.

Chapter Roadmap

¢ Section 4.1 (Calculus): introduces the calculus and its semantics (Figs. 4.1-4.2).
¢ Section 4.2 (Rules): presents the static typing rules (Fig. 4.4) and their design trade-offs.

¢ Section 4.3 (Soundness): establishes progress and preservation, with a precise statement of
what the w rules permit and forbid.

¢ Section 4.4 (Multi-arity Functions): extends the metatheory of semantic subtyping to multi-
arity function types.

¢ Section 4.5 (Tuples): develops the semantic interpretation and subtyping for tuples (closed
and open).
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Expressions e == c|x|Alx.ele(e)|{e}|n.e|case e(pi—ei); lere
Testtypes p == bl{p}l{p,..}

Base types b == int|bool|atom]|fun]tuple

Types t u= blclt—zt|{t}{t,. . Yltve|t

Interfaces I == {ti—t}i=1.n

Figure 4.1: Expressions and Types Syntax
4.1 Core Elixir Calculus

4.1.1 Core Syntax

The syntax of Core Elixir is given in Figure 4.1. It is a typed A-calculus with constants ranged
over by c (these include integers, booleans, atom constants, but also tuples of constants, such
as {1, {true, :a}}, etc.); variables ranged over by x; A-abstractions A'x.e annotated by interfaces
(ranged over by [, and which are finite sets of arrows whose intersection declares the type of the
A-abstraction); application e(e); tuples {e} (we use the overbar to denote sequences, that is, e
stands for e, ..., e,); projections ., e where the projection index subscripting the 7 symbol is an
expression that should evaluate to an integer; type-case expressions case e(p; — ;) ;e; Where p
denotes easily checkable types such as base types or tuples of base types; and, for illustrating the
typing of BEAM-checked operators, the arithmetic sum +.

4.1.2 Operational Semantics

The language has strict weak-reduction semantics defined by the reduction rules in Figure 4.2.
The semantics is defined in terms of values v and evaluation contexts &
Values v :=c|Alx.e|{7}
Contexts & :=0|&(e) | v(&)|{v,& e} ngeln, &
|case & (pi— ei),; | E+e| v+&

Reduction Rules The reduction rules are standard: [APP] is the call-by-value beta-reduction
where e[v/x] denotes the capture-free substitution of x with v in e, [PROJ] defines tuple pro-
jection, and [MATCH] implements a first-match reduction strategy for type-case expressions:
the reductum e; is the first branch of the type-case whose test p; “matches" the value v. Given
a value v and a test type p, we denote by v € p (formally defined in Figure 4.3) the fact that v
belongs to the set represented by p (e.g., 0 € int and {0,1} € tuple), and we write v ¢ p if not
(e.g., 0 €bool). The goal of the context rule is to model the left-to-right evaluation order of (Core)
Elixir.

Failure Reductions These correspond to explicit runtime errors raised by the Erlang VM, and
they will be used to make the statement of type safety properties more precise, by explicitly
identifying which failure states are prevented in a typed program. Failures are denoted as a
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[APP] Mx.e)(v) — elv/x]

[PROJ] m; {ve,..,vn} — v; ifie[0..n]

[MATCH] casev(pi—ei);; — e ifvepjandveVicjp;

[PLUS] v+v — v if v, v’ are integers
and v =v+0

[CONTEXT] Ele] — &l if e — ¢’ without
rule [CONTEXT]

[APP,] v(v) < WeapFuncrion I U # Mx.e

[PRO]w,RANGE] Ty { Vo, Un } “—  WOUyUTOFRANGE ifv#ifori=0..n

[PROJy,noTTUPLE] Ty UV =  WNorTupLe ifv#{v}

[MATCH,,] casev (pl - ei)iej (WCASEESCAPE ifvegVierpi

[PLUS,,] v+V >  Oaumemor  if U Or U not integers

[CONTEXT,] Ele] — wp if e — wp, without

rule [CONTEXT,,]
Figure 4.2: Standard and Failure Reductions

labeled symbol w,, where the label p informs of the type of exception raised (€.g., @rirugrror fOT
trying to sum non-integer values). Note that the first error encountered will be the one raised,
since rule CONTEXT,, short-circuits the evaluation.

B(c) maps constants onto their base types (e.g. integers i onto int)

V¢ ceB(c)

Vx, el (A'x.e) € fun

YU1,..,Un {vi,.,vnte{pr,...,ont = Vi=1l.n viep;
Vv vep = Vp<p' vep

Figure 4.3: Inductive Definition for v € p

4.1.3 Types in Core Elixir

The types of Core Elixir are defined in Figure 4.1. Base types include integers, Booleans, the type
of all atoms atom, the type of all functions fun, the type of all tuples tuple. We also have open
tuple types: {1, .. } denotes any tuple starting with a sequence of elements of types 7. Types
include set-theoretic connectives: the connectives union v and negation — are represented in
the syntax, while intersection is defined as #; A f, = = (— #; V 1 £2), and difference is defined as
fh\t = ) At The top type 1, the type of all values, is defined as 1 = int vatomvV funv tuple,!
while the bottom type O is defined as O = —1. Note that, since constants are included in types,
every value that does not contain A-abstractions can be typed as its singleton type (containing

n Elixir, boo1 is contained in atom, since the truth values are the atoms : trueand : false.
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only the value itself). Types are defined coinductively (for type recursion) and, as customary
in semantic subtyping, they are contractive (no infinite unions or negations) and regular (a
condition necessary for the decidability of the subtyping relation): see, e.g., Frisch et al. (2008)
for details.

Remark (Link with Elixir types)

This formalization maps directly to Elixir’s type syntax. Base types include integer(), atom(),
fun(), and tuple(). The type of all values 1 corresponds to term( ), while the bottom type O
corresponds to none( ). Union types are expressed as f; or fp, negation as not ¢. Intersection types
are expressed as t; and f,, and difference types as #; and not . Note that boolean() is simply an
alias for the union true or false.

Note that type-case expressions do not check all types, but only “test types", ranged over
by p. These are types that do not contain arrow types, or set-theoretic connectives. Arrow types
are excluded because Elixir can only test whether a value is a function or not (and its arity, see
Section 4.4.1), but it cannot test whether it has a given functional type, or connectives, as those
will be later encoded by patterns in Chapter 6.

4.2 Static Typing Rules

Figure 4.4 presents the rules that define the static type system for Core Elixir. These rules are
standard, with constants typed as themselves (rule (cst)), variable introduction (rule (var)),
function application (rule (app)), function introduction (rule (1)), pattern matching (rule (case)),
tuple projections (rule (proj)), and arithmetic operations (rule (add)), and a subsumption rule
(rule (sub)). We assume a decidable subtyping relation < on types, as defined in Chapter 3. In
Section 4.4, we extend this relation to multi-arity functions. We now describe the few specificities
of the static type system.

Warnings for Potentially Unsafe Tuple Projections. Certain rules are marked with "w” to
indicate that using them triggers a compiler warning about a possible run-time type error. In
particular, rules (proj,) and (projJ.) allow more liberal tuple projections, but whenever either rule
is applied the type checker will issue a warning that the tuple access might result in an "index out
of range” exception at run time.

Intersection Types for Functions. Rule (1) for lambda abstractions supports intersection types
in function annotations. Given a function annotated with an interfacel = {t; — s; | i € I}
the checker demands that the body is well-typed for every arrow in the interface. Concretely,
I Alx.e: Nier(ti — s;) holds only if, for every (¢t; — s;) €l, wehavel, x:t; - e:s;

Union Types for Tuple Indices. Rule (proj) handles tuple projections where the index expres-
sion may be a union of integer constants. Thanks to union and singleton integer types, the
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(cst) ( )F(x): (tuple) I'e:t

cst) ——— var) ——— tuple) —————
I'c:c Tx:t P I'{e}:{¢}
V(ti—s)el Dx:tikse:s;) Ie:h—1f Tke':n

T A(x). e: A\ (G — 57) (@pp) The(e): s

)

Ikse:t Viel(tApi~(Vj<ipj) 20=>Thse;: 1)
(case) r< \/pi
I'tscasee(pi—ei), 1 iel

Tk Viexi Thse:{to,..,tn,..}
(proj) K<[0,n]
I'=7mee:Viexti

I'~eée:int The:{t,.., tn}

. 1 I'<eée':int Tlse:tuple
(proju) (proj,)

I'nmee:Vi<pti I'npe:1
I'kep:int I'kepx:int I'ke:f
(add) - (sub) ———— <t
I'se+ex:int I'<e: b

Figure 4.4: Declarative static type system

index expression €’ in 7, e can have a finite-union type of specific indices; the result type is then
the union of the corresponding tuple field types. For example, if ¢’ has type 0 v 2 (meaning it
evaluates to 0 or 2) and e is a 3-tuple of type { o, 11, 12 }, then o e: fy V 1,

Attainable Case Branches & Exhaustiveness. Rule (case) types only the branches that are
attainable. For a branch p; — e; being attainable means that the matched expression e must
be able to produce a value of type p; that is not captured by a previous branch. In semantic
subtyping a type is a set of values, and the type of an expression overapproximates the set of
values the expression may produce. Thus, a branch p; — e; is attainable if the set of values
that may be produced by e (i.e., those in the type t of e), intersected with the values in the test
type p; (i.e., the set of values captured by the branch), minus all values captured by previous
branches (i.e., all values in p; for j < i) is non-empty. The side condition 7 < \/;c; p; ensures
exhaustiveness since it checks that all values that e may produce (i.e., those in ¢) are contained in
the set of all types checked by the expression. For instance, we can encode if ethene; elsee;
as the type-case on singleton types case e(true — e;, false — e;) and exhaustiveness will check
that e is of type bool (i.e., true vV false).

Note |

The reader may wonder why the presence of a (statically detected) non-attainable branch does
not yield a type error. The reason is that the actual attainability of a branch cannot be decided lo-
cally. For instance, to deduce the intersection type (int — int) A (bool — bool) for the function
Alint—int,bool—booliy ca5e x (int — x+1,bool — —1x), the system types the case-expression twice:




96 CHAPTER 4. STATIC TYPING FOR CORE ELIXIR

once under the assumption x:int, making the bool branch unattainable, and once under the as-
sumption x:bool making the int branch unattainable. Thus, each branch is attainable at some point,
though not at the same time. The property of being statically attainable is, thus, a global property, not
expressible in a compositional system. The type-checker will check that every branch of every case is
typed at least once, and emit a “unused branch” warning when this condition is not met. In the next
chapter, Section 5.2, we assume attainability ("every branch is typed at least once across interfaces")
to prove the soundness of the gradual system.

The type system of Figure 4.4 is sufficient to type non-gradual Core Elixir programs formed
by expressions that use only static types, that is, expressions where the type ‘?’ never appears in
the interface of a function.

4.3 Static Type Safety

In this section, we establish the type safety of the static type system.

To simplify the typing rule for pattern matching (and the associated proof of soundness),
we assume that the type patterns of each case expression are pairwise disjoint, that s, V(i, j) €
Plitj=piAp j = O. This is a minor restriction that can be obtained simply by rewriting case
expressions, subtracting to each case the union of the previous cases (which is easy to do since
test types are a finite union of base types and top types). This definition is not restrictive either,
as any non-disjoint case expression can be compiled into a disjoint one by subtracting the union
of the previous cases from the current one for each branch.

Lemma 4.3.1 (Permutation). Let e be an expression, t, t1, t» be types, I' an environment, and
x,y € dom(I') distinct variables (i.e., x # y). Then

ILx:n,yiotbse:t =T,y x:hhkse:t.

Proof. Proceed by induction on the derivation of I', x: 11, y: &, k5 e : ¢, analysing the last
typing rule. Every non-base case follows directly from the induction hypothesis applied to its
premises. O

Lemma 4.3.2 (Weakening). Lete be an expression, t, s types, I an environment, and x ¢ dom (I')
avariable. If x ¢ £v (e) then
T, x:skse:t) = T'kse:t)

Proof. We proceed by induction on the derivation of I', x: sk e: t and analyse its last rule.
(cst) Trivial: the type of a constant does not depend on the environment.

(var) e=y with y # x (because x ¢ fv (e)). Hence (y: ) € I and the conclusion follows by
rule (var).

(1) Suppose e = Aly.e/. Byinversion T, x:s,y: t; ks e : s; for each (t; — s;) € I. Using
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Lemma 4.3.1 we swap x and y, then apply the induction hypothesis to obtain T, y: t;
e’ :s; for all i. Re-applying rule A produces the desired judgement.

Structural rules (tuple, app, case, plus, <) These rules pass the environment unchanged
to their premises, so the induction hypothesis applies directly.

O

Lemma 4.3.3 (Substitution). Let e, e; be expressions, t, t; types, and x ¢ dom (I').

Cx:fitse: AT Fsep: ) = T hseler/x]: 1)

Proof. By induction on the size of the derivation tree and case analysis on the last non-(sub)
typing rule used to derive I', x: t; ks e : £.

(cst) Immediate since e is a constant and does not depend on x.
(var) e=y. There are two cases:

e y=2x.Then e[e;/x] = e; so by assumptionT',x: #; ks x: t and x ¢ dom (I'). Neces-
sarily then, we have t; < ¢. Applying rule (sub) to I' I e; : #; concludes.
¢ y# x. Then e[e;/x] = y, and the result follows since I', x : f; 5 y : £.

1) e= )L"y.el. By inversion, I',x : 1,y : t; ks e; : s; for all (t; — s;) € [. Rearranging the
variables by Permutation 4.3.1, and by induction hypothesis, I', y : #; I ej[e1/x] : s; for
all i € I. This concludes by re-applying the (1) typing rule.

Structural rules (tuple, app, case, proj, proj,, proj_, plus, <) maintain the same environ-
ment in the conclusion and premises, and involve sub-expressions in the premises.
Hence, they are handled in the same way as the (1) rule by directly applying the induc-
tion hypothesis to their premises. O

Lemma 4.3.4 (Progress). If @ s e: t where no w-marked rules were used, then either e is a
value or there exists ' such thate — é'.

Proof. Our set of reduction rules (see Figure 4.2), including failure reductions, is com-
plete. This means that every expression that is not a variable—thus, a fortiori, every closed
expression—is either a value, or it can be reduced to another expression (which will be closed,
tOO) or to a failure w € {wCASEESCAPE! WouyTOFRANGE) WNOTTUPLE» WBADFUNCTION wARITHERROR}'

We will prove that for a well-typed expression in Fgtic, the failure cases are impossible. Let’s
assume there exists an expression e such that e — w,,, where p is one of the failure cases. For
each case, since e is well-typed, we consider the last structural typing rule that was used to
type e before some eventual subsumption.

1. Case p = caseEscare: In this case, e = case v(p; — e;);., where v ¢V ¢ p;. By inversion,
(case) implies that @ k v : t’ where ¢’ < V¢ p;. This contradicts our assumption, as v
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must belong to V;¢; p;-

2. Case p = norturie: Here, e =, v where v is not a tuple. By inversion on (proj), we have
v:{t,.,tn, ..} for some n, which contradicts our assumption.

3. Case p = ouvtorrance: In this scenario, e = 7; { vy, .., v, } where i ¢ [0..n]. This is explicitly
forbidden by rule (proj), which ensures that the index is in the range of the tuple.

4. Case p = saoruncrion: In this scenario, e = v(v') where v is not a lambda-abstraction
(and is, thus, a constant ¢). By inverting the (app) typing rule, we have v: f; — 1, and
v': 1. This contradicts our assumption: a constant c is typed with the (cst) rule, with
type ¢, and it does not contain functional types so c A f; — £, = O thus subsumption
cannot give a constant a functional type.

5. Case p = awruError: Here, e = v + v» where either v; or vy is not an integer. Inverting
the (+) typing rule gives us vj : int and vy : int. This contradicts our assumption, as
both v and v, must be integers. O

Remark 4.3.5. It's worth noting that p = ourorrance IS not prevented by the typing rules (projy,)
and (projl), which allow expressions like w3 {1,2 } to be typed as 1v 2 or 1. While these
rules seem necessary to avoid burdening programmers with statically proving index bounds,
a practical implementation should include a rule that raises a type error for n, e’ when e’ :
{to,.., tn } and e : —[0..n], that is, when the type system can statically prove that the index will
be out of range as in the case with n3 {1,2 }.

Lemma 4.3.6 (Preservation). IfJtse:tande— e, then@tse':t

Proof. By induction on the size of the derivation tree and case analysis on the typing rule

used to derive &  e: t. The reduction hypothesis excludes rules (cst), (var) and (A). In every

case, if e — €' is a context reduction, then we apply the induction hypothesis to its premises
and conclude by re-applying the typing rule. Thus, we only explicitly treat rules for which
there is a distinct reduction:

(app) e = e;(e2). By inversion of the typing rule, we have @ s ey : t; — tp and @ ks e; :
t;. Since the reduction is B-reduction, we have e; = }L"x.e’1 and e’ = e{[ex/x]. By
Substitution 4.3.3, we deduce that & e’1 lea/x]: 1.

(case) e = case ¢/ (p; — e;);.;- By inversion of the typing rule, we have & t ¢’ : ¢’ and
Viel ((t’/\p,-) ~ (Vj<,~ pj)# O>e;: t). Due to the (case) reduction, €’ is a value of
type t'. The exhaustiveness condition on the case typing rule tells us that ' < \/;c; p;,
so there exists i € I (the first p; that matches) such that case ¢’ (p i— ei)l.€ ;< ei, and
(' Apiy) ~(Vj<i, pj) % O, thus @ ks e;, : t which concludes.

(proj) e=n;{vo,.,v,} with j€{0,.,n} and ' = v;. By inversion of the typing rule, we have
vj:tjand e: Ve t; for some K < [0, n]. Notice then that the premise forces j to be of



4.4. EXTENDING SEMANTIC SUBTYPING: MULTI-ARITY FUNCTIONS 99

type Viek ti, meaning that j € K (since singleton integers are disjoint). Thus, the (proj)
rule can also be applied with {j} over K, which yields e: v; and concludes. O

Using the Progress and Preservation lemmas, we can now conclude the standard type safety
theorems for the static type system. The first theorem applies to programs that were type-checked
without any use of the w-rules (i.e., without relying on warnings for potential runtime errors).
The second theorem handles the case where w-rules were used, in which case the only possible
runtime type error is an out-of-range tuple projection.

Theorem 4.3.7 (Static Type Safety). If @ s e: t has a derivation that does not use any w-
marked rules, then evaluation of e will never produce a runtime type error. In particular, either
e diverges (evaluates forever without a value) or e evaluates to some value v with @ +sv: t.
(Well-typed programs cannot "go wrong.")

Theorem 4.3.8 (w-Type Safety). If & s e: t is derivable even with use of w-rules, then either e
diverges, or e evaluates to a value v with &t v : t, or e terminates abruptly with an "index out
of range" failure (wourorrance)- This last scenario can occur only as a result of the (projy, )/ projcli) )
rules - it is precisely the case that was flagged by a static warning.

4.4 Extending semantic subtyping: multi-arity functions

When studying Elixir, its expressions and informal types, from the semantic subtyping framework
point of view one thing stands out: there are complex types that are not handled by the original
system. The most important ones are tuples and maps (the latter was solved in Castagna (2023b)
and Castagna and Peyrot (2025a) for polymorphic records), which are used extensively in Elixir.
Another one is the multi-arity function type, needed to represent the types of functions with
multiple arities. The CDuce (2004) system only allows for single-arity function types, which is
not sufficient to represent all Elixir functions. In this section we will show how to extend the
semantic subtyping framework to handle these three types. For any language designer willing
to adopt semantic subtyping, this section is a good starting point to understand how to extend
the system to handle new types. We will also show how to use the set-theoretic semantics of the
original system to define the semantics of these new types. This is necessary for the theory, to
have well-founded types. But it is also important for the implementation, as the algorithms that
manipulate types, in particular deciding emptiness, are defined by resolving equation on sets,
seen as the sets of domain values. A correct interpretation of some new types will thus eventually
produce both a good foundation for proving properties, and after a fair amount of work to turn
the equations on sets into algorithms, a good implementation.

We also note that, in some cases, it may just be possible to reuse previous types of the
framework in order the decide subtyping for new types. For instance, tuples could be encoded as
a pair of pairs and an integer type representing the size of the tuple. In that case, there would be
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no need to re-define the interpretation of tuples, but the algorithm used will not be native and
instead depend on the previously defined algorithm for pairs and integer types.

In this section, in order to demonstrate the technique, we extend the semantic subtyping
framework with genuine multi-arity function types. Tuples are developed separately in Sec-
tion 4.5.

4.4.1 Multi-arity Functions

Function arity plays an important role both in Elixir and in Erlang, as it is used in conjunction
with function names to identify functions. This is reflected by the presence among the guards
of the test is_function(f, n) thattests whether f is a function of arity n, and whose usage we
showed in the definition of the curry function in lines 128-134. To properly support multi-arity
functions, we extend the syntax of Core Elixir as follows:

Expressions e = - |Mx.ele(e)
Types t = | (f,..., ) — 8
Test Types p u= -|fun,

Abstractions have lists of parameters x, applications have lists of arguments ¢, the domain of an
arrow type is a list of types 7, and it is now possible to test whether a value is a function of arity 7,
by checking the test type funj,.

In the previous sections we used the subtyping relation introduced in Chapter 3, assuming
that it kept working for our calculus. But the tuples and non-unary function types require an
extension of the theory, to define and decide a subtyping relation on these new types. In semantic
subtyping this is not always straightforward: although the techniques to do so are extensively
explained in the literature (e.g., (Frisch et al., 2008; Castagna and Frisch, 2005; Castagna, 2020;
Castagna, 2023a)), it may not be obvious how to adapt them to specific situations. There are
two ways to do so: either by defining an encoding of your custom types into existing types or
by extending the semantic interpretation of types to support them. For instance, it is possible
to encode multi-arity function types by using single arity arrows and a tuple of two elements:
one element contains the arrow type (with multi-arguments represented as tuple types), and the
other contains the arity (more precisely, the singleton type of the integer constant representing
the arity). According to this encoding, two arrow types are comparable only if they have the same
arity element (see the semantic interpretation in §4.4.2 below). The set of all functions of arity n
is encoded as { n, (0 — 1) }, and { int, (O — 1) } is the type of all functions. When implemented,
this encoding (which requires integer singletons) is not very efficient, but it works.

But using an encoding is not always possible: strong arrows (presented in our introduction to
the Elixir type system, in Chapter 1) require checking properties that are not within the scope of
the existing theory of semantic subtyping. In that case we need to extend the theory of semantic
subtyping to include the new types. This consists of two steps:

1. defining the semantic interpretation of the new type;
2. deriving from this interpretation the decomposition rules to check subtyping for the new

type.
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We describe below these steps first for multi-arity function types 2.

Remark (Gradual functions require O)

There is another reason to go for a proper representation for multi-arity types, which is related to
gradual types (see Chapter 5). When mixing with the dynamic type, it breaks the representation of
types that contain dynamic as arguments. Consider the function

{?,int} - int

which in this representation is the type of functions that, given any first argument and an integer,
return an integer. The theorem for representing gradual types (Theorem 3.2.6) tells us that this type is
equivalent to

{1,int} = intv (? A({O,int} — int))

where we obtain the left term by replacing all covariant (resp. contravariant) occurrences of ? by
O (resp. 1), and the right term by doing the opposite of that. We notice that this states that such a
function can be either a total function on pairs of 1 and int, or a subtype of all functions that take
some value, and an integer, and return an integer. But the latter type, in the original formulation of
semantic subtyping, is not representable: it is equivalent to O — int since {O, int} is equivalent to O.

4.4.2 Set-theoretic interpretation

The interpretation of types with single arity arrows is given in Definition 3.1.3. Under domain 2,
denoting 95 as 2 U {U}, and Y as 2 U {Q}, we have, for all R € @f (D5xDq),

(R:t—s) <© VULOER (t:)ort=0) = (:59)

We extend this interpretation to multi-arity functions: given n € [0,255]%, for all
RE@f(@(;nx@Q),

(R:(t1,..,tn) —S) © Y((t1,.,tn),0) ER. (Vi=1..n. (t;: ;) or1; =0) = (5:5)

This defines the interpretation of multi-arity functions as parts of 25" x Zq. So for instance, type
(O, int) — int contains relations with pairs such as ((0, 1), 2) (and all pairs ((d;, d2),5) where d»
is not in the integer domain).

Remark 4.4.1. As a justification for the use of U, consider what the natural interpretation for
multi-arity functions would be if we did not use it:

R:(f,..,.ty)—s) < Vdy,.,dp),0)eR (Vie{l,..,nt.d;:t;)) = (0:5)

We would not be able to represent more precise types such as (O, int) — int: since there is no
element in the interpretation of O, this type is interpreted as P¢ (2 x2q) which is not the
correct type.

2We will present the same development for the strong arrow types in Chapter 5 (Section 5.3).
3The maximum arity of a function in Elixir is 255.
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This representation requires an update to the algorithm that decides set containment, which
will then be used to decide subtyping. We start by defining the formal set of elements in the
domain of a multi-arity function:

Definition 4.4.2. Let Xj,..,X,,Y be subsets of 9. We define
(X1,.,Xn) = Y ={R€ P (25" x2q) |
V(1,0 tn),0) ER. (Vi=1.n.(;€X)) or; =0)=>d€Y}

The first step is to show that this new definition provides a form for functions that is similar
to the one we had for single-arity functions, as the finite parts of an analytic expression of the
domain and codomain sets.

Lemma 4.4.3. Forall X3,..,X,,Y subsets of 9, writingX? = X; U {0}, we have

5" *Dq

(X1, Xp) = ¥ = Py | XD oo x XT 770

Proof. By reciprocal inclusion:
e (©). Let Re (X3,.., X,) — Y. Consider any element ((t1,..,¢,),0) € R. Two cases:
Case 1: There exists at least one i such that ¢; ¢ X; and ¢; # O. Then ((11,..,t,),0) is not
in XlO xeux XU x 7%, so it belongs to its complement.
Case 2: For all i, ; € X; or 1; = O. By definition of R, this implies ¢ € Y, which means
5 ¢ 7 2°. Therefore, ((t1,.,tn),6) isnotin X0 x---x X7 x Y72, and thus belongs to the
complement.

D" *Dq
—9 ) e
In both cases, (11, ..,tn),0) € XO x -+ x XPx Y © . Since R is finite, we have R €
D" *Da

@f(XPxxX;?x?@Q

. Let ((t1,..,t5),0) € R.

—9 R
° (D)LetRE‘@f(X?XXXSXY Q )

Assume that Vi =1..n, (t; € X; or t; = U). We need to show thatd € Y.
- D" *Dq
By definition of R, we have ((t1,..,1),8) € X0 x -+ x XPxY

—9
This means (i1, ..,1,),0) € XO x-+-x XP =Y .

Given our assumption that Vi = 1..n, (1; € X; or t; = O), we know that (11, ..,1,) satisfies
the domain constraints. Therefore, the only way for ((¢1,..,¢5),0) to not be in Xj = --- x
X< Y isif6 g Y 7"

Therefore, 6 € Y, which proves that Re (X3,.., X)) — Y. O
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Then, we want to give a formal proof of a result that is a generalization of Lemma 4.6 of Frisch
(2004):

Lemma4.4.4. Let XV,.., X" and Y'V,..., " be subsets of  fori € P. Then,

n
() O SO (1) DY 7 N (k) _ (k)
MO XD~y Py = () [ (X0~ U ¥®)
ieP 1:P—[1,n] k=1 {ieP|i(i)=k}

Proof. By reciprocal inclusion:

(2) Fix:: P — [1,n] a total function, and let x = (x1,.., x,) be in [T7_ (X®~Uyziy=rs ¥°).
Then x € XWx...x X" For every iy € P, set ko = 1(io). Since xz, € X <Uyiji)=ko) Yl.(k"),
we have xi, ¢ Yigk"), hence x ¢ Yif)l) X eeox Yli)") Because iy was chosen arbitrary, and this
property holds for all ig € P,we have x € Njep (XD x--- X(”))\(Yl.m X ooux Yl.("))).

(€) Let x = (x1,.., X,,) belong to the left-hand side. Then for every i € P, x € (X x ... x X(W)<
(Yl.(l) X euex Yl.(")), so for every i € P there exists k; € [1,n] with xj, ¢ lfl.(ki). Define 1y
to be the function that maps each i € P to the corresponding k;, i.e., 1p(i) = k;. For
every k € [1,n] we have x; € X®) and for every i with 1(i) = k, we have x; ¢ Yl.(k);
hence xi € X% ~Uyj1,)=1) Y (the union is @ if no such 7). Therefore, x € [T?_, (X¥~
Ut )=k Yl.(k)), so x belongs to the union of the right-hand side. O

Thus we can prove the multi-arity set-containment theorem:

Theorem 4.4.5 (Multi-arity Set-Containment). Let n € N. Given families of subsets of the
domain@, (XViep,.., X", Xdiep, Y Dien, o, (V™ien, (Vicn, then,

)= e U ) - o e
ieP JEN

vt:p—»[l,n+1].(3ka(P),ksn.Yif)k)g U ng))or( N X<y
{ieP|u(i)=k} {ieP|u(i)=n+1}

where, by convention, (g (-) is @t for subsets of D (domains) and is Dq for subsets of D
(codomains).

This theorem states that to check whether an intersection of arrows of arity n is contained in a
union of arrows of the same arity, we need to find at least one arrow in the union (the “3j, € N"
in the right-hand side of the formula) for which such a containment holds. The theorem then
reduces this containment problem on arrows, to multiple smaller containment checks on their
domain and return types. It thus enables the definition of a recursive algorithm that decides
subtyping. Notice that the multiple smaller problems are related by an “or" which means that a
naive implementation of the algorithm described by Theorem 4.4.5 may have to backtrack and,
therefore, unroll all the memoized solutions found in the current run.
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Before delving into the proof of this theorem, we illustrate its main idea with a simple
corollary: the containment between two binary arrow types.

Corollary 4.4.6 (Application to two binary arrows).

XX - x eV, v - n

if and only if: vV < x") AND (v, < X?) AND (X; € Y1)

Proof. Consider the statement of the theorem with these parameters:
e P ={1}: We have a single function type on the left side of the containment
¢ N = {1}: We have a single function type on the right side
* n=2: The functions have arity 2 (taking two arguments)

The theorem’s statement provides a necessary and sufficient condition such that:

XX -xi eV, v -1
According to the theorem, this containment holds if and only if:
djoe NsuchthatVi: P —[1,n+1]

and one of these conditions is satisfied:
e Jdk € 1({1}), k < n such that Yj(gk) < U{iEPIt(i):k} Xl.(k)
* ORMiepip=n+11 Xi € ¥},
Since N =1 (one function on the right), we have only one choice for jy, which is 1.
Since P =1 (one function on the left), the functions to check are ¢ : {1} — [1, 3]. There are three
possibilities:
e Casel: (1) =1
First condition: 3k € {1} such that Yl(k) S UtiepPut=k Xl.(k). Since there is only one choice
for k, thatis k = 1, this is equivalent to checking YI(U c le.
Second condition: MNyepji)=3; Xi € Y1. Since no i satisfies (i) = 3, this intersection
is over an empty set, so this condition is false because the intersection is thus 2q by
convention, and Y; does not contain Q.
For this case, the whole condition simplifies to: (Yl(l) c X{”)
e Case2:1(l)=2
First condition: 3k € {2} such that Yl(k) < Uiierutiy=k Xl.(k). As in Case 1, we can only
choose k =2 and thus this is equivalent to checking Yl(z) c XI(Z)
Second condition: Similar to Case 1, evaluates to false
For this case, the whole condition simplifies to: Yl(z) c Xl(z)
e Case3:1(1)=3
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First condition: it can never be satisfied since it requires that 3k € {3} such that k < 2.
So this is false.
Second condition: Nyepji(i)=3; Xi € Y1. Since (1) = 3, this becomes X; € 1}
For this case, the condition simplifies to: X; € Y}
CONCLUSION For the containment to hold, all three cases must be satisfied: (Yl(l) c Xl(l)) and
Y@ e x?) (X3 ). O

This confirms the standard contravariant/covariant subtyping rule: parameter types are con-
travariant (Y subtypes of X), return type is covariant (X; subtype of Y;). As final note on
this corollary, notice that the condition on the left-hand side of the or is never satisfied for
{i € P| (i) = k} = @: this is because Ylf)k) always contains U and therefore it cannot be con-
tained in the empty set. It is this very condition that ensures that, contrary to the unary
case, even if one of the domains Y9 is (the interpretation of) the empty type, the subtyp-
ing relation must still check the containment of the codomains (i.e., the right-hand side of
the or). Without U, we would have a weaker third condition for the containment, that is:
v,V < x{") AND (Y,? < X?) AND ((Y\" = ) OR (Y,”) = ) OR (X; € 11)).
We now prove theorem 4.4.5.

Proof. Using Lemmas 4.4.3 and 3.1.18, and the notation (! (k) = {i € P | 1(i) = k}.

1) (n) 1) (n)
N(x®x)=xie U (v, v") =y

ieP JEN
. D" *Dq D" *Dq
(4.4.3) (DUX N (n)UX—@Q ) (I)Ox y (n)UX—@Q
PaN ﬂ@f(xi X X; gU@f Y; XY Y;
ieP JEN
D" * D D" *Da
48 _ . 0 w0, =% 0 w0, %0
@ameN.ﬁxi x kXX SV kXYY,
ieP
9, 0)), ). "x@
(4.4.4) _ . n (k)U 0 —9q Q 1O mO _%2a © e
< JjoeN. (]‘[( U X; <~ U X SY <Y Y,
1:P—[1,n+1] \k=1 \ier 1 (k) ierl(n+1)
n —@U
. O 0O Y, (v 2 1| =
eFjoeN. U (TI{rP n N xP7 )% 70 N Xi)|=0
1:P—[1,n+1] \ k=1 ier1(k) ierl(n+1)

The equivalence above labeled 4.4.4 is the application of Lemma 4.4.4 to the set
i times
U@o x... x5 x2)\ (xD°,., x"° 7%
ieP
while the last equivalence is obtained by bringing the right-hand side set to the left-hand side,
applying De Morgan’s law on the negated unions, and applying the intersections of products
component-wise.
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Letamapt(:P —[1,n+1],and k€ [1, n].

(6) o °
¢ How can the set Y].(Ok) Nier; )=k Xl.(k) be empty?

Immediately, we notice that if {i € P | 1(i) = k} is empty, then the intersection is on an

o)
empty set and is Y. Therefore, the intersection cannot be empty since both Y.(Ok) and
9 contain U. So a first necessary condition is that {i € P | 1(i) = k} # .

o
Then by applying De Morgan’s law we obtain that this intersection is empty iff Yj(ok) c

UtiePiuti=k Xl.(k) . Since U is in both sides of the inclusion, we can discard it obtaining:

Y.(Ok) < Ugiepu(i=ki Xle)_ Finally since in the formula k is the index of the domains, it
must be in [1,n]. Therefore, the condition that {i € P | «(i) = k} # O is equivalent to
require that 3k € ¢«(P) N [1, n], from which we obtain the first or clause of the theorem.

—9
* How can the set Y}, “n Miiep:i(i)=n+13 Xi be empty?

First, note that if there is no i € P such that ((i) = n + 1, then the intersection is on an
empty set and is 2. Hence its intersection with Y_jo% is never empty, as it contains w.
If that is not the case, then this intersection is empty iff e pjuiy=n+1; Xi < Y.

Finally, note that the convention that an intersection over the empty set over subsets
of 2q (which is the case for codomain sets) is 2 takes into account the special case
mentioned above. O

4.4.3 Subtyping algorithm

Notation (arity and symbols). Fix n € N. Every arrow f) € P has arity n and is written f@ =
(si’ ), . sﬁf )) — s We reserve s-letters for the left-hand side (LHS, indexed by i € P) and ¢-letters
for the right-hand side (RHS); the index k € [1, n] denotes argument positions.

Subtyping algorithm. From the proof of Theorem 4.4.5 we see that the subtyping problem

NG ) R VA VL ZER)
ieP JEN

is decided by finding a single arrow (let us say it is j = 1) on the right hand side such that

A5 s0) = 50 < (10, 1) — e 442)
ieP

Let us then define a function that for all n € N decides (4.4.2). This is expressed by function ®,, of
n+ 2 arguments, the first n + 1 arguments being triples of a boolean and two types, and the last
one a set of arrow types. The function is defined as follows:
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@, ((b1,11,51)s-+., (bn, tn, Sp), (b, £,8),8) = @i € [1,n]. (b;and t; < 5;)) or (band s < 1)
@, ((by, t1,81),-.., (b, try Sn), (b, £,9),{(1], .., £,) = L'} UP) =
@, ((by, 11,81), .., (B, by, Sp), (true, £, s A t'), P) and
Vje[l.nl. ®,((by, t1,51),.., (true, tj,s; V t}),..,(bn, tn,Sn), (b, t,5), P)

To understand this definition and its parameters:
* ¢ tracks the RHS domain component ¢; (argument position j).
* sj accumulates the LHS domains at position j: on a leaf it represents V;¢,-1(j) s;.i) (encoded
via unions).
* (bj) records whether position j was selected at least once (so the corresponding union is
non-empty).
* (b t,s) tracks the codomain: ¢ is the RHS codomain, while s accumulates the LHS
codomains Aje,-1(n41) s,
As noted earlier, when 17! (j) = @ the domain-side containment ti=Vier(j) s;.i) cannot hold; the
booleans b; witness that a position has been chosen. For the codomain, the convention that an
empty intersection over subsets of Zq is Y explains why b = false makes the codomain clause
unsatisfiable.

Theorem 4.4.7. ForallneN, for P a set of arrows of arity n,

N\ f=(n,. t) —t < ®y((false, 11,0),.., (false, t,, 0), (false, 1,1), P)
fepP

APPLICATION. For P = {(s1,..,S,) — s}, we have shown previously in the application of Theo-
rem 4.4.5 why this results in subtyping (resp. supertyping) for the codomain s (resp. the argument
$1,..,Sp) with the codomain ¢ (resp. the argument #;, .., ;). Looking at ®,, and its recursive defini-
tion, we can see that the call that consumes the only arrow in P will produce n + 1 final calls: one
for each of the n arguments, and one for the result type. Each of those has exactly one Boolean
variable set to true with the remaining set to false. Each argument call will lead to a condition
(t; < s;), and the result call will lead to condition (s < t). Thus, we have:

(s<tandVie[l,nl. (<s;)

Proof. We prove that the function ®,, correctly implements the set-containment conditions
from Theorem 4.4.5. The proof proceeds by induction on the size of P.

First, let us recall the set-containment theorem for multi-arity functions:

For a subtyping problem:

A (X®,.... x") - X, gjgv(yj‘”,..., vi")

This is equivalent to: 3j, € N such that for all mappings ¢: P — [1, n + 1], either:
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e Jkeu(P)N 1, n] such that Y].(Ok) Uiy X0
¢ or ﬂi(—:rl(n+1) X;c on
For our specific case with a single arrow on the right (N = {1}), the problem simplifies to:

A (sg”,...,si.")) — 5 < ey tn) > t
ieP

Which holds if and only if for all mappings t: P — [1, n + 1], either:
e Jkeu(P)n[1,n] such that fy < Vg1 sgk)

° Or/\ierl(n+1) Sist

Base Case: |P|=1 When P isasingle arrow f = (s1,...,5,) — s, there are only n+1 mappings
to consider from P to [1,n + 1]. Those are the «(f) = kfor ke [1,n+1]. Let k€ [1,n+ 1] and
1(f)=k.lf k=n+1, thenthereisno k € ,(P)n[1, n], and Tn+1) points to f, which produces
condition s < t. If k € [1,n], then ((P) N [1,n] = {k}, and 1~ (k) points to f, which produces
condition f; < s. Sowe have: (s < t) and Vi € [1, n]. (t; < s;).
On the other hand, we have shown in the Application above that the call to function ®,
returns:

(s=pandViel[l, n]. (t<s;)

which allows to conclude that the base case holds.

Inductive Step Assume the theorem holds for a set P. We prove it holds for P U {f'} where
fl=,...,t)—"t.
By definition:

q)n((bly tl; sl)r---)(b}’l’ tnrsn);(b, t! S),{f,} UP) =
q)n((bb tl; Sl);---:(bn» tn»Sn)y(true» tIS/\ t,))P)and
V] € [1; n] q)n((bl, tl) Sl))---y(true) t]) S] \ t})v---r(bnr tn,sn),(b; t) S)JP)

This recursive definition corresponds exactly to the set-containment conditions:

1. The first recursive call (with (true,t,s A t')) represents mapping f’ to position n+1,
meaning we check the codomain condition: M;e,-1(,+1) £i S £. The boolean flag is set to
true to indicate this position has been chosen.

2. The remaining 7 recursive calls (with (true, f;,s; v t})) represent mapping f’ to each
position j € [1, n], meaning we check the domain condition for each argument position:
ti < Vieri()) ng).

Through each recursive call, we're effectively building all possible mappings¢: P — [1,n+ 1].
For each mapping, we check whether the containment conditions hold.
When we reach the base case (P = @), we check:
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* For each j where bj is true: ¢; < s; (domain condition)
e If bistrue: s <t (codomain condition)

These are precisely the set-containment conditions required for subtyping.

Conclusion By induction, we've shown that for all n € N and for any set P of arrows of arity
n:

N\ f=s(t,....t)) = t <= ®y((false, 1,51),...,(false, ty, s,), (false, t,5),P)
fepP

The function ®,, correctly implements the set-containment conditions required for subtyping
of multi-arity functions as specified in Theorem 4.4.5. O

Following Frisch (2004), we realize that arguments s; and s are accumulators for the argu-
ments and codomain of the arrows in P. We can then define a function @/, with fewer arguments
(more precisely, where the first n + 1 arguments are just pairs of a Boolean and a type, instead of
specifying two types), by integrating those into the parameters ¢; and ¢ using set operations.

Let us define @/,

q),n((bly tl);'-’(bn» tn)) (b’ t),@) = (3] € [[l;n]]~ (b] and t] = (D)) or (b and f < (D)

(D/n((bly tl); --,(bn» t}’l)r (br t); {(SI,.., sn) - s} ) P) =
((D,n((bl: tl))--) (bn, tn); (true,tAs,s),P) and
Vj €1, nl. @, (b1, ), .., (true, £;~5)), .., (bn, ), (b, 1), P))

The link between ®,, and @/, is given by:
q)}’l((bl» I, S]), cey (bny In, Sn), (by I, S),P) = q);/l((bl, I~ sl)r () (bn» In~ Sn), (b» §>~ t)»P)
Thus we can use for the subtyping problem:

N\ f=(n,. 1) >t < @) ((false, f),.., (false, ), (false, 1), P)
fepP

Theorem 4.4.8. ForallneN, for P a set of arrows of arity n,

/\ s, th)—t = CD’n((false, f),.., (false, t;), (false, 1), P)
fepP

Proof. Let us show that, for all #, for all booleans by, ..., b,, b and types 11, s1,...,tn, Sp, £, S,
and all finite P,
q)n((bl’ I, sl)y---) (bn’ In Sn), (b’ I, S)rP) — q),n((bl) I~ Sl)’ ---’(bn) In~ sn); (by S~ t)yp)

We proceed by induction on | P|.
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Base P = @. By the intended semantics of @, at the leaf we check the witnesses collected by
the booleans:
®pl....?) = (3j=nbja<sp) v (bAs=1),

which is equivalent to
(3i=nbint~si<0) v (bas~r=0),

which is precisely @, ((b1, f1~$1), ..., (b, tn~$p), (b, s~1),D).

Step P = {(s},...,s;,) = s’} U P'. Unfolding @, once yields the usual n+1 branches that enu-
merate where the new arrow is mapped:

n
Dp(...,P) = Ou(.o, (b, 1, SAS), P) A N\ @ul..., (bj, 1), 55V S)),..., (B, 1,9), P').
N AN ’

map to result map to argument j

Apply the induction hypothesis to each conjunct. For the result branch, the translated
parameter becomes

(b, (sAS)Y~1) = (b, (s~1)AS) since (xAy)~z= (x~2)A}J.
For an argument j, the translated parameter becomes
(bj, tj~(sj V) = (b, (tj~sj)~s) since x~(yvz) = (x~y)~z

Moreover, in both cases the boolean for the chosen position is set to true, exactly as in the
definition of ®/,. Therefore, if we denote by B the vector of arguments B= (b1,t1),...,(by, ty)
and allow mutating one of its arguments (the j-th one) with syntax B[j: (b;., t})], the IH yields

n
@y (..., P) < @), (B, (true, (s~0) AS), P') A\ @) (BIj: (true, (1;~5))~5)], (b, s~1), P')
j=1
which is exactly the unfolding clause of @, applied to the translated parameters. O

Function operators for n-arity. We previously defined the domain and application result
operators for single-arity functions (3.3.1 b)), and discuss now the n-ary generalization of these
operators.

Typing rules. The declarative typing rule for application (arity n) is naturally:

I'e:(t,...,ty) — S Vilkse:t;

(appﬂ) F}—se(el,...,en):s
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For the algorithmic rule, we wrap the types of the arguments into a tuple type and compare it
with the domain of the function, also defined as a tuple type.
n

alg I'He:t Vil'kse;: t; ———
(app,°) r<(0,...,0)0—-1

The(er,...oen)tolt,cotnl {4 0% <dom(r) Vit; # O

Indeed, we required the definition of n-arity function types in order to be able to distinguish
between types such as (O, int) — int and (O, O) — int, which would not have been possible with
tuples since { O,int} = O = { 0,0 }. But we can still use tuple types for the operators. Notice,
however, a subtlety: the declarative rule suggests that we can find arguments e; (whose types
we call s;) are subtypes of each of the arguments #; of the function type found for the function e.
This is written Vi.s; < t;, which is equivalent to { sy,...,s, } < {11,..., t, } ifand only if Vi.s; # O.
Since we do not care much about applying functions to empty arguments, we add this condition
to the algorithmic rule.
Write the DNF of an n-ary function type t as

=~ \/( /\ (U1,..,up) = v A /\ ﬂ(u,l""u;l)_’l),)

el " (u,v)ep; (W, v)eN;
where I indexes only nonempty clauses.

Definition 4.4.9 (Domain operator (n-ary)). For a function type t as above, the domain is the
intersection (over nonempty clauses) of the unions of full input tuples from positive arrows:
d
dom(t) :ef /\ V {ul,--,un}
iel* (u,v)eP;

Boundary case: dom (0) = 1.

Definition 4.4.10 (Application result operator (n-ary)). Given n argument types si,..., Sy ,
and such that {sy,...,s, } <dom(?),
o5 &/ V A v
ier+ QCP; (,v)eP\Q
{51,080 }f V@ veo {uwru, }

Special case: if there exists an i such that s; = O, then to (s1,...,s,) = O. This makes sense as,
then, the argument diverges thus, due to the strict semantics, the application diverges therefore
itis typed as O.

In the same way we recalled for single-arity function operators (Theorem 3.3.6 and Theo-
rem 3.3.7), we prove the soundness of these n-ary operators to justify their use for implementing
the n-ary declarative rule for application.

Theorem 4.4.11 (Soundness of domain (n-ary)). Forall n =1, for all static types t, s € T saric
and ty,..., tn € Tsiatic, if t < (t1,..,ty) — S then {ty,.., t, } <dom(1).
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Proof. Write the DNF of t as ¢ = Viep(/\(ﬂyy)epiﬂ = U A A@pyen, @ — v’)), where I'*
indexes only nonempty clauses. From ¢ < ((#, .., t;) — §) and monotonicity of v, we have for
everyie€I*:
N u—vnan A ﬁ(ﬁ—»l/)) < (t1,..,ty) = s.
(w,v)eP; @, v"eN;

Fix such an i and consider only the positive arrows P;. Apply Theorem 4.4.5 to the subtyping
A@,vep, U— v=a— s. For any k € [1, n], choose the mapping that sends every arrow in P;
to position k: then k)= P;and " (n+1) = 2. By the empty-intersection convention for
codomains (the second disjunct in the theorem is false when (~!(n+1) = @), the theorem
forces the domain-side condition #; <V (g ,)ep, Uk. Since k was arbitrary, we obtain Vk. # <
V @,vep, Uk, which implies { f,..., 1} < Vg ep, { u1,...,un } (pointwise characterization
of subtyping for closed n-tuples). Because i € I* was arbitrary, we conclude { f;,...,, } <
Niers V,vep; L U1,..., Un } = dom(t). O

Theorem 4.4.12 (Soundness and optimality of application (n-ary)). For all n = 1, for all
t € Traric and all’'s with {sy,.., s, } < dom (#):
t<s— tos and (ii)forallr € Tguic, ift <S— r thentos<r

Proof. 1f s = O the claim is immediate. Otherwise, write ¢ > \/;c+ C; with C; = A\ y)ep, U —
v A A@,ven; (@ — V'), and set, for each i,

Ri(3) Vi /\ v sothat o5 = \/ Ri(5)
QCP; @ v)ePi\Q el
{s1msn } £ Ve {wun

(i) Soundness. Fix i € I'*. We prove C; <s — R;(s) using Theorem 4.4.5. Let t: P; — [1, n+1] be
arbitrary and set Q, def Uk<n (k) (so P; \ Q= 1"Y(n+1)). Consider two cases:
- Case A: {s1,...,sn} & Vaneo {u1,...,un}. By definition of R;(5), the disjunct

ANanernQ V = N@uwe'm+nV 18 contained in R;(s), hence the codomain clause
/\@,U)Et_l(l’l+l) [ Rl(g) holds.
- Case B: {s1,...,5n} = V@neq {41,...,un }. We show the domain clause holds: assume,

towards a contradiction, that for every k € «(P;) N [1, 1], sk £ V @ ve-1 (k) Uk- For each such k,
pick x € [sk AV )=k Uxl, and build d € [{s1,...,s, }] with di = x; on those coordinates (ar-
bitrary elsewhere). If d € [V @, 1)eq, { 41,..., un }], there exists j € Q with d € [{u,...,un } ],
hence d,(j) € [u;,(j)], contradicting the choice of x,(j;. Thus d ¢ \/, U, i.e. s £ /o, U, contra-
diction. Hence there exists k € 1(P;) N [1, n] with s <V (g ,)e,-1 (k) Uk, and the domain clause
holds.

Since the theorem’s condition holds for all ¢, we obtain C; <’s — R;(s). Joining over i yields
t<s— V;Ri(s) =s— tos.

(ii) Optimality. Assume ¢t <5 — r, hence C; =5 — r for all i. Fix i and let Q C P; with
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{35} £ Vo {u}w. Choose a coordinate ko witnessing this failure, i.e. si, £ Vg, eQ Uy, and
define 1o by mapping every element of Q to ko and every element of P; \ Q to n+1. Then the
domain clause fails for 1, so by the theorem the codomain clause must hold: A yyepQV =T
Taking the union over all such Q gives R;(s) < r; joining over i yields tos<r. O

4.5 Extending semantic subtyping: tuples

Tuples are a fundamental data structure in Elixir, serving critical roles in the language’s idioms and
implementation. They are pervasively employed in return value conventions (e.g., { : ok, result}
or{:error, reason})toindicate operation success or failure-a pattern that forms the backbone
of Elixir’s error handling strategy. Additionally, tuples serve as the underlying representation for
Elixir’s abstract syntax tree, which follows a LISP-like structure manipulated extensively by the
macro system. Prior work by Frisch (2004) employed pairs as primitive constructs, subsequently
using them to encode more complex structures such as lists. While we could adopt a similar
encoding approach for Elixir tuples, we have instead opted for a direct native interpretation of
tuples in our semantic domain.

Interpretation & subtyping To interpret the tuple types of Figure 4.4, we extend the interpreta-
tion domain 2 with native tuple constructs. For any n € N:

9>35d = ... | (dl,dz,...,dn)
The set-theoretic interpretation of n-ary tuple types is given by:

((dlrdZJ-)dn).{tl)tZ)-)tn}) ©Vl€ []-;n]-(dl.tl)
(di,do,....,dw) {1, t0,...,t,, . Do m=nAYie[l,nl.d;: ;)

Castagna (2023b, Appendix D) describes in detail the intuition (which consists in successively
eliminating the negations by distributing them over the positive tuples) and the formula to decide
subtyping for fixed-arity (closed) tuples, showing that

Theorem 4.5.1 (Fixed-arity subtyping criterion). Let n € N be the arity of the tuples, P a set of
positive tuples, and N a set of negative tuples. Then,

N Isuosndbn N {n,. 0} is empty

ifandonlyif VYh:N—|1,.,n].3i€P. AN si=s V &
(51,...,Sn)€P h(l’l,...,tn):i

This result comes as a direct corollary of our Lemma 4.4.4, ensuring the use of closed arity
tuples in our type system. Now we need to handle open-arity tuples, written { 1, ..., fx, .. }, which
denote tuples with at least k elements of types f1,..., f, possibly followed by any number of
further elements of arbitrary type.
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A closed positive k-tuple intersected with negative tuple constraints has the following form:

{t,...te3In N\ u (closed;)
ueN

where u ranges over either closed tuples { t¥,..., tllf, } or open tuples {¢}%,..., tllf, , ..}. We can im-
mediately discard all closed negatives with /,, # k and all open negatives with [, > k, as their nega-
tion contains . For each remaining open negative with [, < k, we close it at arity k by padding
with 1; we write the result as u'* (e.g. for arity 3, u = {int, ..} becomes u!® = {int,1,1}).
This transformation preserves the difference with the closed positive k-tuple, hence (closed;) is
equivalent to
{a,...te3bn N\ —(u'k (closedy)
ueN
which is already decided by the fixed-arity criterion.
Then, we turn to the case when the positive intersection turns to a single open tuple:

{0, otk I N\ (open;)
ueN
This situation can also be reduced to a finite number of fixed-arity checks. Let
L &f max(k, max{l, | u € Nis open}). Only arities m € {k,...,L} are relevant: beyond L,
the relevant negatives and the positive side stabilize (positive coordinates i > k become 1, as
well as all negative open coordinates by definition of L). The next theorem states this finite check
precisely.

Theorem 4.5.2 (Emptiness for one open positive tuple — finite check). Letp = {s1,...,8k, .. }
be a single positive tuple and let N be a finite set of negative tuples (each either {t}",..., tlbf, }or
r—L
{t¥,..., tlL; , .. }). For any arity m, let T, def 11,...,1} and, for any tuple x, write x'™ def A
Tm (its closure at arity m).
Define
L ¥ max(k, max{l,|ueNis open})

Then the intersection

{s1, o8k, A N\ u

ueN
is empty iff both hold:
(A) for every m € [k..L — 1], the fixed-arity test of Theorem 4.5.1 applied to p*™ and n'™
decides emptiness;

(B) the fixed-arity test of Theorem 4.5.1 at arity L says empty, i.e., applied to p'" together
with u'l for u open (closed negatives ignored).
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Proof. (Only-if). If the mixed intersection is empty, then for each m € [k..L] its restriction to
arity m is empty; intersecting all tuples with 7, yields the closed instance (p'™;{n!™}), so the
fixed-arity test at m says empty (A). Removing closed negatives gives a relaxation; intersecting
with 7, provides the opens-only instance at arity L, which is empty (B).

(If). Assume (A) and (B). Suppose, for contradiction, there is a witnessing tuple v of length
mz=k.

e If me [k..L—1], then intersecting with 7, produces a non-empty fixed-arity instance
at arity m witnessed by v, contradicting (A).

e If m = L. Then the fixed-arity test at arity m is nonempty, witnessed by v. We can
consider each open negative constraint that v satisfies: by definition of L, it only has
1 on the coordinates beyond L. Thus, truncating v to size L still satisfies all of them.
Relaxing the closed negative conditions is fine as well (v keeps satisfying a less strict
condition). Thus, from v we obtain a witness that contradicts (B) which tested at arity
L with only open negatives.

Therefore the mixed intersection is empty. O

Note that, while checking the emptiness of tuples of arity m € [k..(L —1)], a special case arises
that can short-circuit the rest: if we know that there are no closed negatives of arity m, then we
can conclude immediately that the tuple is empty, since those open negatives will cancel out the
rest as well (e.g. the emptiness of { int,int}~{int, ..} v{int,int,int, ..} gets decided at arity
1; there is no need to check the rest).

Example (Application.)

Consider
p={int,.} (k=1 and N ={{1}, {int,1,..}, {1,boot,..},{1,1}}.

The open negatives have lengths 2, hence L = max(k, max{2,2}) = 2.

Step 1: check at arity m = 1. Itis {int} A 7{1}, which is empty. Step 2: we continue with the
opens-only fixed-arity test at arity L = 2. We close all tuples at arity 2, discarding the closed negative
{1,1}, to obtain the problem

{int,1} A= {int,1} A- {1,bool} ,
——— N———r S———r

pl2 first negative second negative

which is empty since it contains a type and its negation simultaneously: {int,1} A ~{int,1}.

Eliminating tuple negatives: four cases To convert a tuple type into a union of positive tuples
(i.e., eliminate negations), we consider each positive-negative pair and apply one of four rules
depending on whether each tuple is closed or open. Recall that p~n=p A —n.

Case 1: Closed/Closed. Consider { #1,..., t; }~{1],..., 1, }.
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e If k # ¢: the negative is irrelevant (different arities are disjoint), so the result is just
{t,....t}.

e If k= ¢: apply the coordinatewise decomposition—the difference is a union where exactly
one coordinate differs:

k
{t,..ed~{r,....n} = _\/l{tl/\t{,...,tj_l/\t}_l, ti~ti, tis,eon ti} (elim;)
]:

Case 2: Closed/Open. Consider { r1,..., fx }~{ uy,..., ug, .. }.
e If ¢ > k: the negative is irrelevant (requires more elements than the positive has).
* If ¢ < k: close the open negative at arity k by padding with 1, then apply Case 1:
k—¢
—
{ Iyeens tk}\{ Ur,...,Up, "} = {tlr---, tk}\{ Up,..., ufr]l)---»]l } (elimZ)

Case 3: Open/Closed. Consider { f1,..., tx, .. }~{ uy,...,u¢ }.
» If ¢ < k: the negative is irrelevant (the positive requires at least k elements, but the negative
has fewer).
e If ¢ = k: split by arity. The negative only affects tuples of exactly arity ¢:
m—k

0-1 PN
{a,ntey 3~ ueb =\ {00, 1,...,1}
m=k

v

arities k to £-1: I;gative irrelevant
{—k
—— .
v (Lt T T~ L ug (elims)

~ v

arity ¢: aI;i)ly Case 1
l+1-k

——
v {n,...01,...,1,..}

J

Vv
arities =¢+1: negative irrelevant

Case 4: Open/Open. Consider { r1,..., fx, .. }~{ u1,...,uz, .. }.
Let L %' max(k, ¢). For any arity m, define the arity-m closures:

m—k m—~¢

—_——— PR,
def def
pm = 1t,...1,1,...,1} and nm < {uy,...,up1,...,1}

The key insight is that for all arities m = L, the difference p,,~n,, has the same structure (only
padded with more 1s). Thus we can decompose into:

* Arities below 7 (if k < ¢): the negative is irrelevant since it requires at least ¢ elements.

-1
V pm
m=k
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* Arities = L: apply the coordinatewise decomposition at arity L, then lift to an open tuple.
t; ifi<k u; ifi<?¢
Define s; %" ] ) and v; L ) .
1 ifk<i<L 1 ifé<is<L

L
{pr~np, ..} = \/ {s1Av1,...,8j21AVj_1, Sj~Vj, Sj+1,--,SL, -}
j=1

Combining these:

-1
{a, o te, I~{u,uy b =\ pm v Apr~ng, ..} (elimy)
m=k

Theorem 4.5.3 (Decomposition for tuples). Forany t € Jgqric With t < tuple, there exist finite
sets € of closed tuples {sy,...,s, } and © of open tuples {ry,..., ¢, .. } such that

b=\ {skv {7 .}
{s}ee {7,..}e@

Proof'sketch. Put t A tuple in DNE After compressing the positive intersections into sin-
gle tuples, use the four elimination cases for tuple negations described above (closed/-
closed (elim;), closed/open (elimy), open/closed (elims), open/open (elim,)). O

The existence of such a decomposition makes it easy to define projection for tuples, by
collecting the union of the types at a given index (such an operator was defined in Definition 3.3.2),
and to prove that it is sound in the same way as Theorem 3.3.3. It also justifies the possibility
of representing tuple types as a union of closed/open tuples for implementation, detailed in
Chapter 12 Section 12.3.

Conclusion

We defined Core Elixir with a small-step semantics that makes failure states explicit and a
static type system based on set-theoretic types and interfaces, supporting simple type tests in
pattern matching, open tuples, and multi-arity functions. We proved progress and preservation,
delineating programs that use no w-rules (no runtime type errors) from those that may fail only
due to w-marked operations (e.g., out-of-range tuple projections), and we extended semantic
subtyping to genuine multi-arity functions with decision procedures for subtyping and typed
application, and closed/open tuples. These foundations align with Elixir practice and prepare
the next chapter, where we introduce the dynamic type ? and lift the static system to a gradual
setting.






CHAPTER

SAFE ERASURE GRADUAL TYPING

“Designing a gradually-typed
language means much more than
throwing in dynamic checks and
making sure that programs do not
get stuck.”

Ronald Garcia & Eric Tanter,
Gradual Typing as if Types Mattered
(WGT 2020).

There is an ambiguity, when designing a gradual type system, as to what the finality of such a
system: is the end-goal to statically type-check all programs (in which case, we might consider a
gradual system as an "unfinished" static system, waiting for us to devise the perfect theory and
its magical type inference), or is there something more to it?

We do not decide this question here. Instead, we take a pragmatic approach: what is the
consequence of trying to dip set-theoretic function types into an existing language (especially an
already popular one like Elixir, with non-typed safety mechanisms already in place, such as the
use of defensive guards)? Our realization is that of a weakness of the semantics of set-theoretic
function types: these describe functions with a defined behaviour on a given domain type, and a
completely undefined behaviour outside of it. Usually, in gradual typing, this unknown behaviour
is controlled by adding proxies around functions: there is no need to care about what a function
does outside its domain if it errors before that. This approach is ill-suited for us, one reasing
being that we do not wish to modify the runtime behaviour of the language-we want to take the
path of erasure (along with Typescript). This issue with modifying the runtime, besides not being

119
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appealing to all programmers (such as those who do not wish to use typing in their dynamic
language), is that wrapping every function with runtime-checks' is a heavy transformation. And
if we did go this way, we would realize, in Elixir, that we have just double the BEAM’s work: indeed,
there are only a certain amount of checks baked into the language. It is already possible for
the programmer to enforce some type checks on their inputs/outputs. Our issue then, when
designing a type erasure system, is how to lift this information into the types. We do not want to
perform more enforcing of types, but more inferring of the behaviour of programs. In particular,
we want to be able to infer (and encode) in a type what happens when a function is applied
outside of its domain. The notion of strong function types is exactly that: it requires an auxiliary
system to infer the behaviour of functions, and the properties of this new type can then be used
to refine the type of dynamic programs.

The notion of strong function type does not make sense in a system where functions cannot
be applied outside of their domain. But as long as the dynamic exists in a system, strong functions
(or any type that captures "undefined behaviour") will prove useful in controlling them.

Chapter Roadmap

¢ Section 5.1 (Rules): introduces the dynamic type ?, the safe-erasure gradual typing discipline,
and its typing rules (Figure 5.2) that extend the static system t (Figure 4.4). It also explains
strong function types and their introduction via an auxiliary weak judgment (Figure 5.3).

¢ Section 5.2 (Soundness): establishes the metatheory for the gradual and weak judgments,
including progress, preservation, and a Gradual Soundness theorem, and clarifies the relation
with the static subsystem.

¢ Section 5.3 (Strong Semantics): gives a set-theoretic interpretation of strong arrows and
derives decision procedures for subtyping with strong/weak arrows. See also Subsection 5.3.3
(Specialization), which sketches strict-domain and strict-codomain constructors and relates
them to success types and strong arrows.

* Section 5.4 (Design Limitations): examines how strong functions propagate static information
across dynamic boundaries, documents limitations, and discusses refinement patterns and
failure modes.

5.1 Gradual Typing Rules

Throughout this chapter we use ¢ and 7 interchangeably to denote gradual types, defined in
Figure 5.1 as the types of Figure 4.1 extended with the dynamic type ?. In particular, although
Chapter 4 wrote static types with ¢, from here on we do not insist on this distinction. Even more:
the typing rules of Chapter 4 carry over unchanged. The type discipline defines three nested type
systems of increasing permissiveness. We write judgments I i e : T for static typing (presented

1As is the case, for instance, of Reticulated Python, Sorbet (by Stripe), Hack (HHVM) (by Facebook) which can
enforce parameters and return hints, PHP 7+ with the strict_types directive, Typed Racket, etc.
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Basetypes b := int|bool|atom]|fun]|tuple
Types t u= blcl?lt—=t|{t}{t,. . Yltve]|t

Figure 5.1: Gradual Types Syntax

in Chapter 4) and we now introduce judgements I' - e: 7 for gradual typing, and I' i, e § 7 for
weak typing. The static system guarantees that well-typed programs do not "go wrong" (except
in one case discussed below regarding tuple indexing) and predicts the type of the result. The
gradual system and the weak system that we now present extend the static rules to more flexibly
accommodate the dynamic type ?. The weak system is the most permissive one and captures
the run-time type-soundness of the BEAM virtual machine, alas deducing highly imprecise (i.e.,
dynamic) types.

Crucially, the static typing rules and metatheory from Chapter 4 carry over unchanged. The
proofs are parametric in the subtyping relation and do not depend on the particular shape of
types. Since gradual subtyping is defined as a lifting of static subtyping (see Section 3.2.4 and
Definitions 3.1.7, 3.2.7), the Chapter 4 safety results apply verbatim when instantiated to static
types. Indeed, the static system k can still type expressions that mention ‘?’ as the subtyping
relation carries over to gradual types; for example, applying a function expecting ‘?’ to a ‘?’
argument uses (app). Otherwise the checker switches to the gradual rules in Figure 5.2; the
auxiliary judgment for strong arrows (Figure 5.3) supports this mode.

We handle the dynamic type ‘?’ by a technique we dubbed safe erasure gradual typing, which
implies the use of additional rules (Figure 5.2) and an auxiliary system to infer strong function
types (Figure 5.3), which are key aspects of our approach.

The use of consistent subtyping (<, Definition 3.2.9) means that the type-checker has failed
to type the expression with the static rules ks, and switched to a gradual mode of operation,
which is described by the rules in Figure 5.2. Figure 5.2 presents only the rules that are specific
to the gradual type system, but for every “static” rule in Figure 4.4 there exists the same rule in
the gradual system where each I is changed into I—g.2 When operating in gradual mode, the
type-checker works differently, since the goal is to check operations like application or projection
could succeed at runtime.

Remark

For the purpose of simplifying the presentation, we use single-arity function types for this chapter. The
n-arity typing rules work similarly to the single-arity ones, and the real difficulty of n-arity functions
resides in extending subtyping and computing type operators (which was treated in the previous
Chapter 4). Lifting those (subtyping and operators) to the gradual setting is straightforward, as argued
in Section 3.2.

Tuple projection Rule (proj») checks that types can materialize into correct ones (i.e., int for
the index, and a tuple type for the tuple), in which case all we can deduce for the projection is the

2In practice, there is a unique deduction system, and the distinction between +s and I is only for the sake of the
presentation.
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( ) Fl—gel:tl Fl—gegitg . n
a = b
PP? Fl—gel(eg):? ! 2

Fl—gelz(tl—>t)* Fl—gegitg

(a ) Lt
PP« Thgei(ex): 2t 2=
] IF'tger:ty Thgexitr | Ztuple
(proj») > ~ .
g e, e1:7 Ih<int

. Trge:{ty,...,ty} Thge':it
(proj,) t<int
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YN

(casey) (t=Vierpi)

T casee(p;— e;)

I'tger:nn Thgeaita | 2int
(plus,)

Fl—ge1+eg:int/\? L <int

ThgAlxe:nn—1t,  T,x:?hyes8ian?

A
A T Alx.e: (f — t)*

Figure 5.2: Gradual Typing Rules (Additional)

type ‘?”. However, in rule (proj, ), if we know that the expression has type {71,...,7, } and that
the index materializes into an integer, then it can be typed with ‘?‘ intersected with the union of
the tuple contents: ? A\ ;=1.,T;.

Function application Rule (app») checks whether the (gradual) types of the argument 7, and
of the function #; can materialize into two static types such that the materialized argument
type is a subtype of the materialized function’s domain, i.e. #; £ o — 1. When this condition
holds, the application is assigned type ‘?’. While this type is imprecise—essentially indicating the
application may yield results of any type—it represents the only sound deduction in this context,
albeit less precise than what rule (app) would provide if applicable. For instance, it is unsound
to assign type int to the application of the function (A1"* =11t (), x) to a dynamic argument.
Although this function returns integers when given integer inputs (justifying type int — int), it
would return a Boolean result if passed a Boolean argument at runtime.

That constitutes a significant limitation of adding ‘?’ to a type system: ‘?’ tends to escape
and contaminate the entire system, making type deductions less precise and, thus, less useful.
Generally, there is no way to statically determine a concrete return type when a function is
applied to a dynamic value, unless runtime type checks are inserted to enforce the function’s
signature—the approach taken by current sound gradual typing systems. However, this solution
is unavailable to us: a core design principle of Castagna et al. (2024a) requires the type system
integration to affect only static type-checking without modifying Elixir’s runtime behaviour.
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Fortunately, Elixir's VM already performs type checks both implicitly through strong operations
such as ‘+’, and explicitly via programmer-defined guards. We leverage both mechanisms in the
type system by introducing a new notion of functional type: strong arrows, denoted by a x,

Types to=-|(t— D%

Strong function types A strong arrow denotes functions that work as usual on their domain,
but when applied to an argument outside their domain they either fail on an explicit runtime
type check, or return a value of their codomain type, or diverge. In Section 2 (line 144) we gave the
example of the function second_strong, which in our calculus can be encoded as

ALt =it () casex ({1,int} — 77 x)

It is a function that returns an integer if its argument is a tuple whose second element is an
integer, and otherwise “fails”, that is, it reduces to wcspescaps- The notion of strong arrow is not
relevant to a standard static type system, but to a gradual type system where uncertainty is both
a problem (modules are not annotated, and the type-checker must infer types) and a feature
(some programming idioms are inherently dynamic). The purpose of a strong arrow is then to
guarantee that a function, when applied to a dynamic argument, will return a value of a specific
type, as seen in rule (app, ). This rule is only used when static type-checking fails, and it has to
preserve the flexibility of the typing, as other functions would then struggle to type-check a fully
static return type. Thus, rules annotated by x introduce ‘?’ in their conclusion, in the form of
an intersection. This property, which was described in §2 of the introduction, is called dynamic
propagation. Alongside ‘?’, a static type is propagated to be used by the type-checker to detect
type incompatibilities. If an argument of type (? A int) is used where a Boolean is expected, a
static type error will be raised. And if an argument of type ? A (int v bool) is used where a Boolean
is expected, the type-checker in gradual mode will allow it, by considering that the argument
could become a Boolean at runtime (corresponding to the materialization of ? into bool).

Inference of strong function types. The introduction rule for strong arrows (1) requires an
auxiliary type-checking judgment I' i, e § ¢ defined in Figure 5.3. This type system models the
type checks performed by the Elixir runtime. Indeed, if ' I, e 8 ¢, then e either diverges, or fails
on a runtime error, that we know of, or evaluates to a value of type t. Therefore, this system must
accept expressions such as case 42 (bool — 5) which directly reduces to @wcasgrscaps- This system
is similar to the declarative one of Figure 4.4, but with additional “escape hatches” that make
strong operations permissible no matter the type of their operands. For instance, since ‘+’ is
strong (the Elixir VM checks at runtime that the operands of an addition are both integers), then
rule (+°) only asks that its terms are well-typed. If the addition does not fail, then it returns an
integer (typed as intA? for dynamic propagation). Other such operations are tuple projection,
pattern-matching, and also function application. Using this system, we infer strong function
types with rule (1,) of the gradual type system H; if a function A RI(x). e has type t; — I,
then this type is strong if, with x of type ?, the body e can be checked to have type #, (actually
o A? for dynamic propagation) using the rules of Figure 5.3. The rules explicitly allow expressions
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Figure 5.3: Weak Type System

that are known to fail at compile time. As another example, consider rule (case®) in Figure 5.3,
which does not have an exhaustiveness condition because an escaping expression will not return
a value but fail at runtime. Note that, in this rule, if no pattern matches, then any type can be
chosen for the result and, thus, the rule (Casej(’))

I'kyest tAVipi=0
I'hycasee(p;i—e;), ;80
which types a case-expression that always fails, is admissible. Which is why the expression
case42 (bool — 5) we hinted above is well-typed with type O.

(caseo)

To summarize, we have presented in Figures 4.4, 5.2, and 5.3 three declarative systems that
work together to model different typing disciplines over programs: Figure 4.4 presents a fully
static discipline, where subtyping is used to check compatibility between types, and function
type annotations are enforced. This is what is expected of a fully annotated program. Figure 5.2
only comes into play when the previous type-checking fails. It uses a more relaxed relation on
types, consistent subtyping, to check programs whose types are gradual (i.e., where ‘?’ occurs in
them). Figure 5.3 serves as an auxiliary system to infer strong function types, but its elaboration
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mirrors the semantics of the BEAM VM: every syntactically correct program typechecks with type
1, since it either diverges, returns a value (necessarily of type 1), or fails due to BEAM checks.
However, some programs have more precise types which are passed around like information to
be used later.

5.2 Gradual Soundness

Our calculus is based on the BEAM, which is already 'type-safe’ in the sense that it dynamically
checks the type of value before doing any operation. This is what produces named errors w),
in the operational semantics described Figure 4.2. But this is not what type-safe means to the
programmer: their need is to forbid such crashes, which is exactly the point of the ’static type
safety’  result we presented in the previous chapter (Thm. 4.3.7). What if we prevent all named
errors, but for one kind: the errors that happen when taking an out of bound element on a tuple.
This is still a safety result, which we presented in Theorem 4.3.8 (w-type safety). These two results,
as we mentioned earlier, carry over to the gradual world (where ’?’ can appear in types): if a
program can be typed only by the rules of system +, then it enjoys static type safety. This presents
a clear prize and motivation for programmers, to annotate their programs with well-written
types.

The characterization of typing a program with the gradual system ; cannot be the same, as
allowing unsafe operations in the presence of '?’ means that all named errors w,, can be produced
by an expression. Thus, its role is to establish type-based reasoning that works over the entire
code-base, both static and dynamic fragments. We will achieve this gradual soundness result
(Thm. 5.2.15) by sending over our typing judgements I' I e :  to the weak system I' 5, e § ¢
which is permissive but has the crucial property that, if an expression is typedI' i, e § ¢, then e
can diverge, crash on a runtime error wy, or return a value v with @ - v 8 #, meaning that the
shape of v is defined by ¢. For instance, if the type ¢ deduced for a given expression is ‘int’ then
any value the expression reduces to is necessarily an integer; if it is ‘?’, then the value can be
any value; if it is ‘? — ?’, then the value will be a A-abstraction. Note that, while the first two
theorems ensure that well-typed expressions produce only well-typed values of the same type,
the third theorem ensures only that any value produced by the expression will satisfy v 8 ¢, that
is, that it will have the expected shape: because of weak-reduction, a gradually-typed expression
can return a A-abstraction whose body is not well-typed—though, it will be (type) safe in every
context. Thus, in particular, if the expression is of type t; — f,, then Theorem 5.2.15 ensures that
it can only return values that are A-abstractions annotated by (a subtype of) of #; — 1.

5.2.1 Progress

There is nothing to prove here: since our reduction semantics accounts for explicit named errors
wp, every expression is either a value or reduces to an expression or a named error.
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Lemma 5.2.1 (Progress). For all expressions e, either:
e Juste=v;
e 3¢ st e—¢;

* ordps.t. e — wyp.

Remark (Blame in Elixir?)

Classical gradual calculi introduce explicit casts to mediate values crossing typed and untyped regions.
Each cast is annotated with a blame label so that, when a runtime check fails, the semantics can at-
tribute responsibility to the boundary that inserted the cast. Elixir has no such casts: type annotations
are static and erased, and execution does not distinguish typed from untyped code. Runtime checks
(e.g., in pattern matching, guards, arithmetic) are part of the BEAM’s ordinary semantics, and we do
not associate them with blame labels. Thus, in our system, failures surface uniformly as w,.

5.2.2 Technical lemmas

Before diving into the proofs, we introduce a mild restriction on type annotations that simplifies
the reasoning without loss of generality. We consider only interfaces | = {t; — s; | i € I} that satisfy
the conditions V (i, j) € I?, (t; A t;)1 < O, and Vi € I, ;1 # O. In other words, the domains of the
arrows in the interface must always be pairwise disjoint, meaning that they do not overlap, and
be nonempty. While this restriction might seem limiting, any arbitrary interface can be statically
converted into an equivalent one (meaning that the types obtained by intersecting the arrows
in the interfaces are equivalent) that adheres to this rule, though this conversion process may
lead to a considerable increase in the size of the interface. This conversion is done by using
the property that, for every type 11, f2, 51, S2 we have (1 — ) A (51 — $2) = (51\s1 — B) A (s1\ ] —
)N (LIAS] — [ AS2).

Example (Overlapping Interfaces)

Consider, for instance, the following interface that does not satisfy this restriction: {int — int;5 —
5,7 — ?}. Through static transformation, we can derive an equivalent valid interface:

{(int\5) — int;(int A5) — (int A5);(5\int) = 5;(?\ (int v5)) — ?}

which simplifies to:
{(int\5) — int;5—5;(?\ (intv5)) — 7}

This technique extends to interfaces containing multiple overlapping gradual types. As an
illustration, the interface {? — int; ? — 5} can be simplified to {? — int v5}. Such transformations
preserve the original interface’s semantic intent, albeit at the cost of increased complexity in
some cases.

Lemma 5.2.2 (Weakening). IfT' -, e8¢t thenl,x:sk,es8 t
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Proof. By induction on the size of the derivation tree, and case analysis on the typing rule
used toderive ', e 8 ¢. O

Lemma 5.2.3 (Exchange). If ', x:s,y:t,IoHyesuthenly,y:t,x:s5T2Hye 8 u.

Proof. By induction on the derivation of I'y,x: s,y : ¢,I'2 K, e § u with case analysis on the
last rule. For all rules, premises are obtained by weakening or exchange on subderivations
and the IH applies since contexts differ only by the order of two bindings. Notable cases:

(var®) If e = z, then z is typed from its binding in the context. In the permuted context, the
same binding is present, so the judgment holds. This covers z=x, z=y, or z ¢ {x, y}.

(A%), (A3), (A3) Premises extend the context with x : #; or x:?; apply the IH to each premise
after permuting x : s and y : t in the outer context; then reapply the rule.

Structural rules (and®), (sub®) are immediate by IH on premises; application, projection,
case, and arithmetic similarly follow by IH on premises. O

Lemma 5.2.4 (Strengthening). IfT,x:sk, e 8 t and x ¢ fv(e), thenT ke 8 ¢.

Proof. By induction on the derivation of T, x : s |5, e 8 ¢ and case analysis on the last rule. All
rules are stable under removing an unused binding; the only delicate case is (var®).

(var®) e = z. Since x ¢ fv(e) we have z # x. The premise I',x:s,z: t' i, z 8 t reduces to
I,z:t' Ky z 8 t by removing the unused x : s; hence the conclusion holds.

Other rules For (and®), (sub®), application, projection, case, arithmetic, and lambda rules,
apply the IH to each premise (the added x: s is not used in e nor in bodies where it is
not introduced as the bound variable); then reapply the rule. O

In the system for k, e § t, every well-typed closed expression can be typed with ?.

Lemma 5.2.5 (Static typing implies dynamic typing). IfT' -, e t then' -, e 8 ?

Proof. By induction on the size of the derivation tree, and case analysison 'k, e § ¢.

(cst®) By subsumption sincec A? < 2.

(var®) By subsumption.

(and®) By induction hypothesis on either of the premises.

(1°), (A3) Instead of applying those rules, apply rule (15).

(A5) Immediate since the conclusion is ?. '

(aﬁp"), (app;) Replace the use of (app) with (app?).

(app>) Immediate since the conclusion is ?. .

(case.‘.’,) By induction hypothesis, all branches can be typed with ?. Re-apply the rule with
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s=7.
(add®) Immediate by subsumption since int A? < ?.
(sub®) Immediate by induction hypothesis on the single premise. O

I Corollary 5.2.6. [fTH,est, thenT H,e8tA?.
Proof. By application of Lemma 5.2.5 and rule (and®). O

Lemma 5.2.7 (Substitution). IfT,x: sk, e 3 t then, for all ¢ such thatT &, €' 8 s holds, we
haveT F, ele'/x] s t.

Proof. By induction, and case analysison T, x: sk, e 8 t.
(cst’) Immediate by weakening (5.2.2).
(var®) e=y.
e If y = x, then by inversion on rule (var®) we have (t = s A ?). Also, e[e’/x] = ¢’ and
'Ky €' 8 s. By Corollary 5.2.6, we have I' I, €’ 8 s A ?, which concludes.
* If y # x, then e[e'/ x] = y. By strengthening (Lemma 5.2.4, removing the unused
assumption x: s) from T, x: sk, y 8 t we derive ' i, ¥ 8 t, hence ' i, e[e’/x] 8 t.
(and®) Immediate by IH on both premises, and reapplying rule (and®).
(app°) Wehave:e=eje;, I, x:skye1 8t — 6, I, x:shye2 8 1.
ByIH: Ty eile//x] 8t — o and T, ex[e’/x] § 1.
Applying rule (app®) gives: I' i, (e1 e2)[€//x] 8
(app3) Same as above, ending with applying rule (app3).
(app3) Wehavee=-ej e, I',x:sye18 16,1, x: 55, €28 fo.
.By IH: Ty erle’/x] 8 f; and T, ez[€'/ x] § £, where obviously ¢t < 1 and 1, < 1.
Thus, applying (app,) gives I' 5, (e; e2)[e’/x] 8 2.
A°) e= A"y.eo. By inversion, (V(¢; — s;) €, T, x:s,y: tikvep 8 sj)and (I, x:s,y:? Ky e 8 1).
We use exchange (Lemma 5.2.3) to switch x and y. Then, by IH,

V(ti—s)el, T, y:ti Ry eole'/x] 8 s;)
[,y:?hkyeole/x] 81

Applying rule (1°) gives: I' (A"y.eo)[e’/x] S Nier(ti — s7)
(A3) ByinversionT,x:sh, /l"y.e 8(hh—t)*and T, x:s,y:? kv e .
By exchange (Lemma 5.2.3) on the second premise and IH, T, y: ? i, e[e’/x] 8 t».
By IH on the first premise, I' Al yelelx] 8t — to.
We can then reapply rule (13) to conclude.
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(A5) Immediate by IH.

(case®) e=casee(t; — e;); is given type s’ A ? (the rule uses s, but it is already used in this
lemma’s statement), and I' =, e 8 t.
By inversion, forall i,if tAp; Z0, Ty e; 8 5.
ByIH, Tk, e[e’/x] 8 t and for all i such that t A p; £ O, we have I' i, e;[e’'/x] 8 5.
Applying rule (case®) gives I' i, caseele'/x] (p; — e;[e'/x]); 8 s' A 2.

(add®) Immediate by IH on both premises, and reapplying rule (add®).

(sub®) Immediate by IH and reapplying rule (sub°®). O

Definition 5.2.8 (Value type operator). We define the operator type(-) from values to types as
follows:

type(c)=cA?
typel'x.e)= A\ (t—s)

(t—s)el

Lemma 5.2.9 (Value type operator). If@ b, v 8 t, thendt, v 3 type(v).

Proof. Trivial for a constant c asitis typed with cA? < ?. A simple application of subsumption
concludes.

For alambda-abstraction, both rules (1) and (1) rely on rule (1) being applied earlier, and
(A) typechecks exactly the interface of a function, which is type(v). O

In the system for k, e 8 t, every well-typed closed expression can be typed with ?.

Lemma 5.2.10 (Substitution by value). IfT,x: ?, e 8 ¢ then, for all "3-well-typed” value
Gy, v t,wehavel -, elv/x)$t.

Proof. Substitution by value. By induction on e. We eliminate the cases where the last rule
used in the derivation of ', x : ? k5, e 8 ¢ is subsumption (sub®) or intersection (and®), since
then it is trivial to prove the result by IH:

Rule (sub®) ByIH, we have I' i, e[v/x] 8 s for some s < t. We conclude by subsumption.

Rule (and°) We have ¢ = f; A £, and by inversion on (and®) and IH on the premises, we have
'y elv/x] 8 s;and Iy e[v/x] 8 s2 for some s; < 1) and s, < £,. We conclude by
reapplying rule (and®).

Then we can reason by case analysis on the shape of e which is typed by structural rules:

Case e = ¢ Immediate since e[v/x] = c.

Case ¢ = y # x Immediate since yeI' and e[v/x] = y.

Case e = x Then x is typed by rule (var®) with x: ?, hence (¢ = ?). Since v is well-typed, by
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Lemma 5.2.5, we have @k, v 8 ?, which concludes by strengthening (Lemma 5.2.4).
Case e = e ep Consider the typing rule used to type e.
Rule (app°) Byinversion, I, x:?Hye; 81— and [, x:? Ky e 8 1.
ByIH, 'y e1[v/x] 8 g — b and 'y ex[v/x] 8 1.
So by (app®), T ky (e1 e2)[v/x] § 1.
Rule (app2) Immediate by IH similar to above.
Rule (appi) Immediate by IH similar to above.
Casee = 1! y.ep Consider the typing rule used.

Rule (1°) Byinversion, (V(t; — s;)el,[,x:?,y:tikyep8si)and[,x:?,y: 2y e 81
We use exchange (Lemma 5.2.3) to switch x and y. Then, by IH, (V(¢; — s;) €
LT,y:tikyeolv/x] 8s;) and I,y : ? by eglv/x] 8 1 So we re-apply (1°) to get
Ty Aly.eolv/x] 8 Njer(ti — si).

Rule (1) Immediate by IH.

Rule (A3) ByinversionT,x:?k,Aly.es 5 — tpandT,x:?,y:?k, e 8 tp. By exchange
(Lemma 5.2.3) on the second premise and IH, I', y: ? i, e[v/x] 8 £ By IH on the
first premise, I' ky A'y.e[v/x] 8 t; — t,. We can then reapply (12) to conclude.

Case e = casee' (p; — e;); Rule (case®).

By inversion, I', x: ? bk, e’ 8 rand Vi, if tAp; 2O thenT,x: 2y e; 8 .

ByIH, Tk, €'[v/x] 8 tand forall i,if t Ap; Z O thenT k, e;[v/x] 8 ¢

We can then reapply (case®) to conclude.

Case e = e; + e; Rule (add®).

Byinversion, I', x: ?ye; s frand I, x: ? k€2 8 fo.

ByIH,T'Hyei[v/x] 8ty and T Ky ex[v/x] 8 L.

We can then reapply (add®) to conclude. O

5.2.3 Subject reduction and soundness

Lemma 5.2.11. (Subject Reduction) IfT -, e8 t ande — é', thenT , e’ $ t.

Proof of Subject Reduction. By induction on the derivation of I' I, e ¢ ¢ and case analysis on
the reduction rule: If the last rule is subsumption (sub®) or intersection (and°), we can directly
apply the TH to the premise and obtain the result.

Reduction & e = &[eg] with ey — e and & # 0. Expression e is typed by a subtree of the
derivation tree of I' 5, e § . Thus, by IH, its type is preserved after reduction. Hence
the type of &[e;] is preserved.

Reduction [] e= (/l"x.el) 1)
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Consider the last rule used to type the application.

Rule (app°) This case implies type preservation by substitution lemma. Indeed, by
inversion we have I' -y A'x.e; $ £/ — t. With ', v, 8 ¢/, by substitution lemma,
I'kyellve/x] 8 t.

Rule (app2) We prove that the result of the reduction is “s-well-typed”. By inversion,
ILx:?kye 81, Since'y v2 8 £, by Lemma 5.2.10, we have I' b, e; [v2/x] 8 1.
We conclude by Lemma 5.2.5 that ', e [v2/x] 8 ?.

Rule (app;) By inversion, I',x:? k, e; 8 tA?. Since I' iy v2 8 1, by lemma 5.2.10,
I' Ky e1[v2/x] 8 t A ? which concludes.

Reduction [+] The result is immediately a well-typed integer.
Reduction [case] Rule (case®). In this case t = sA ?.
By inversion, for the branches, we have foralli e I,if t A p; Z O thenT,x:? k, e; 8 s.

The case expression reduces to one of those branches. But this notably does not suffice
to obtain preservation, since those branches that we reduce to have been typed with s,

notsA?.
However, Lemma 5.2.6 tells us that all branches typed with s are also typed with s A ?.
Thus, the reduction preserves the typing. O

To link back to the gradual system, we use the fact that every expression well-typed in the former
is well-typed in the latter.

Lemma 5.2.12 (Gradual typing implies strong typing). IfT' Fge:t thenl' e 8 t.

Proof. Every rule in the gradual system of Figure 5.2 has a more general counterpart in
Figure 5.3. O

We formulate three soundness results that depend on whether the unsafe w-rules or the
gradual rules are used to type expressions.

Theorem 5.2.13 (Static Type Safety). If @ s e: t has a derivation that does not use any w-marked
rules, then evaluation of e will never produce a runtime type error. In particular, either e diverges
(evaluates forever without a value) or e evaluates to some value v with & s v:t. (Well-typed
programs cannot "go wrong.")

Theorem 5.2.14 (w-Type Safety). If @ ks e: t is derivable even with use of w-rules, then either e
diverges, or e evaluates to a value v with &\ v: t, or e terminates abruptly with an "index out of
range" failure (Woyrorrance)- This last scenario can occur only as a result of the (proj,)/(] projil) ) rules
- it is precisely the case that was flagged by a static warning.

Theorem 5.2.15 (Gradual Soundness). If @t e: t then either e diverges, or e reduces to w),
for some p, or there is a value v such thate —* v and &+, v 8 t.
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Proof. Corollary of the subject reduction 5.2.11 and progress 5.2.1 lemmas. O

The first theorem states that, in the absence of gradual typing, if no warning is emitted, then
we are in a classic static typing system. If a warning is raised but gradual typing is still not used,
then the second theorem states that the only possible runtime failure is the out-of-range selection
of a tuple. If gradual typing is used, then Theorem 5.2.15 states that any resulting value will have
the shape described by the inferred type.

5.3 Extending semantic subtyping: strong arrows

Integrating the strong arrow types introduced in Section 5.1 into the semantic subtyping frame-
work of of Frisch (2004) requires a similar approach to that used in Chapter 4 for multi-arity
function types. We must first define how to interpret strong arrow types as sets within the domain
2. We then use this interpretation to decompose the emptiness problem of a disjunctive normal
form of arrow literals into simpler, more tractable problems.

For the sake of simplicity, we present the semantic interpretation of unary strong arrows,
without the U element that distinguishes O — ¢ types. The extension to multi-arity functions is
straightforward.

Recall that, according to (Frisch, 2004, Definition 4.2), for a domain 2 and X, Y € 2 we define

XY ‘Ef{Re?}’f(@x@Q)|V(d,5)€R.d€X:>5€ Y}

and that by (Frisch, 2004, Lemma 4.7) we have

X—Y=2

g, 2%
Xxy" )

The interpretation, to be defined, of a strong arrow type (X — Y)™* is necessarily a subset of the
interpretation of X — Y, insofar as it contains only relations that represent functionsin X — Y
that are strong. These are functions that for every possible argument (whether in X or not) return
either a value in Y or Q. In other words, the strong arrow type (X — Y)* contains sets of finite
sets of pairs (d,§) where if d is in the domain of the function then § is in its codomain, but with
the additional requirement that if d is not in the domain of the function, then 6 must be either in
Y or be Q. More compactly, (X — Y)*=(X—Y)n Pr (2 x Yq), where the intersection confirms
that it is indeed a subset of the interpretation of the arrow type.

Note |

Strong functions have a defined behaviour outside their domain: they necessarily error, diverge, or
return a value of their precise codomain type. Thus, a function of type (int — int)*, when given
Booleans, can either error or return integers; it cannot also have type (bool — bool)* unless it is the
always-erroring-diverging function (1 — O).
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We use this interpretation to derive an algorithm for deciding subtyping in the presence of
strong arrow types. As the interpretation reveals, strong arrow types are subsets of arrow types.
This relationship makes it straightforward to extend the existing framework: in the presence of
strong arrows, the disjunctive normal form of a type remains a union of intersections of literals
on the same constructors. However, for functional spaces, the literals can now be either arrows
or strong arrows. Therefore, deciding subtyping of function spaces requires solving emptiness
problems of the following form:

Nti—=son Ntj—sp) A N\ (te—=sA N—sp* = O
iel jep keR leQ

This containment can be further simplified since A jep(f; — sj)* = (Vjeptj = Njepr sj)* (see
Lemma 5.3.3). Therefore, writing 7 and s for \/jep tj and A\ jep sj, we can rewrite the previous
containment as:

Nti=sonE—"A N\ ~tr—=soA A-(—sp* = O
iel keR leQ

This holds if and only if one of the following formulas holds (cf. Lemma 5.3.5)

either  JjeR. N\{ti—s)AE— 9™ < (1 — sk) (5.3.1)
iel

or WeQ NUti—s)At— 9" <(ty—s)* (5.3.2)
iel

Finally, the condition (5.3.1) is solved by applying Lemma 5.3.6:

a< V LVve
Nti—sdr(c—d)* <sa—b = el
iel Vicl.las V|V N sjnd<Dh
JjeJ jelNJ
and condition (5.3.2) by applying Lemma 5.3.9:
a< V LVve
Ati—s)Ac—d)* <(a—b)* < el
iel Vel [Vit=1]v| A sjAnd=<Dh
jeJ jel\J

5.3.1 SetSemantics

Instead of defining the interpretation of strong arrows we define the interpretation of strong sets
of finite relations.
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Definition 5.3.1. Let X be a subset of ¢ (2 x 2q).
e dom(X)={de2|VReX.(d,Q) ¢ R}
e codX)={d' €2 | (dom(X)=@)Vv 3FR€ X.3d € dom(X). (d,d’) € R)}
o X*=XnP(2 x (cod(X) u{Q}))

Lemma5.3.2. Let X,Y €D with X # &. Then,

dom(X—Y)=X and cod X—-Y)=Y (5.3.3)

Proof. Given X —Y =2¢

E—
XxY ° , set

@Q@X@Q

Si= XxY = (X7 x2q) U (XxY),

$0 X—Y =2¢(S) and every R € X — Y satisfies R S.

dom(X—Y)=X1Ifd € X, then (d,Q) ¢ S (since d ¢ Y@ and Q ¢ Y), hence (d,Q) ¢ R for

all Rc S; thus d € dom (X — Y). Conversely, if d ¢ X, then R := {(d,Q)} < Y@ x9Pq €S, so

Re X—Y and (d,Q) € R, whence d ¢ dom (X —Y).

cod(X—-Y)=Y

(@) Let ye Y. Since dom(X — Y) = X # &, we may pick any x € dom (X — Y) and set R :=
{(x,»)}. Since (x,y) e XxY < S, we have R € X — Y, and with x € dom(X — Y) the
definition of cod (-) yields y € cod (X — Y).

(S) Let yecod(X—Y). Then, given dom(X — Y) # &, there exist Re X— Y and x € dom (X —
Y) = X such that (x,y) € R. Because R € S and x € X, the membership (x,y) € S =
(Y@ xPq)U(X xY)forcesye Y. Hence ye Y.

Combining both inclusions we obtain cod (X — Y) = Y whenever dom (X — Y) # & (equiv-

alently, X #9). f X =9, then X—-Y = Pr (D xDq) and dom (X — Y) = &, so by Defini-

tion 5.3.1 we get cod (X —Y) = 2. O

Main subtyping decision problem (set formulation). Fix finite families of base sets (X;, Y;)jes
and (U}, V}) jej, with X;,U; €9 (domains) and Y;, V; € 2 (codomains). Write (X — Y) for ordi-
nary arrows and (X — Y)* for strong arrows. By definition above, (X — Y)* is the set of relations
R S 9 x (Yq) that are “strong” in the sense that on d € X one must return in Y, on d ¢ X one may
return in Y, or be Q. We build arrow literals by allowing negation — in front of either kind:

0= (Xi—=Y) | ~(X; = Y) | (Uj—V)* | ~(U; = V)*.
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A generic subtyping query A < B is equivalent to testing the emptiness of a finite union of finite
intersections of such literals (a DNF over arrow literals):

m Ny
Ul ﬂl lpq = @, each?,, of the four forms above,
p=1q=

union of intersections of (strong/ordinary) arrows and their negations

where — denotes complement with respect to a fixed ambient universe of arrows. All the lemmas
that follow are devoted to rewriting such expressions—collapsing intersections of strong arrows,
translating mixed intersections/unions into base-set conditions, and eliminating the remain-
ing finite unions—until the emptiness test reduces to inclusions between the underlying sets
X;,Y;,Uj, V.

First, notice that the finite union of finite intersections above is empty if and only if each of
the intersections is empty. Thus, we reduce to solving the generic problem ﬂZ:l ¢, = ¢ which is
thus, if we write the literals as:

nNU;—-v”

JjeQ

(ﬂxiﬁm)m(ﬂ—'(&-—»m

ieP ieN

m(mﬂ(Uj—»vj)*)zczs (%0)

JER

Through De Morgan’s laws, we know that each intersection of negated arrows is equivalent to the
complement of the union of the arrows, thus:

N ﬁ(xiqn):e@f(@x%)\( U xi— Y,)
ieEN ieN

and

N ~W; = Vp* =@ x2a)~ (U W; - V')
JER JeR

Using this, we can rewrite equation (*) into the following set-inclusion problem:

N @]

N W;—vp*
jeQ

U wj—vp~
JER

(ﬂXi—’Yi (*1)

ieP

Q(UX,-—»Y,-

ieN

Our first step then is to introduce Lemma 5.3.3 as a normalisation step: for finite [ it collapses
Nier (X; — Y;)* into a single strong arrow (U;e; X; — Nies Y;) ™. This removes an outer intersection
on strong arrows and leaves one arrow with a union in the domain and an intersection in the
codomain.

Lemma 5.3.3. Let I be a finite non-empty set, then we have:

NXi—Y)* = (Uxi—’ﬂYi)*

iel iel iel
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Proof. Proving both inclusions.
(2) Suppose R € (Uie; X; — Nic; Y *. By Lemma 5.3.2 we know that the codomain of (U;e; X; —
Nier Yi) is (Njer Yi). Let (d,0) e R. Let ig e I.
e ifd € Xj,, then d € Uje; X s0 6 €Njes Yi € Y, by definition of R.
* if d ¢ X;,, then the strongness property of the arrow interpretation R belongs to
ensures that 6 € (N;¢; Y;) U {Q} € Y; U{Q}.
(S) Now, suppose R € N;e7 (X; — Y)*. Let (d,6) € R.
e ifdelUjc;(X;). Forallic€ I, either d € X;,thusd € Y;, ord € X;, thus 6 € Y; U {Q}.
Since there exists at least one jo such that d € X, then we know that that 6 €
Yj,. Since Yj, does not contain Q, then 6 # Q and thus we have proven that

6 € Nier (Y3).
e if d ¢ U;ecr (X;), we can apply the same reasoning as in the previous case, except
that we cannot deduce that § # Q. We thus have § € ;¢ (Y; U{Q}). O

The application of this lemma to equation (*;) means that instead of having a finite intersec-
tion of strong arrows, the generic problem is reduced to a single strong arrow.

NU-V*cllJXi—Yi|u (*2)

ieN

U w;—vp*
JER

ieP

where we abbreviate
U=JU; and V:=[V,.
jeQ jeQ
The inclusion (*2) can be reformulated as an inclusion between finite parts of base sets, which
will allow us to apply Lemma 5.3.5.

Recall from Section 2? that every arrow type X — Y equals @f (E) for some base set E, and
that strong arrows are intersections of two such types: (X - Y)* = (X - Y)n (1l — Y). We
introduce base sets Ej, F;, G}, H; as follows:

* Positive arrows: for each i € P, let X; — Y; = & (E});

* The strong arrow: write U — V = Q?’f (Ep)and 1 -V = g’f (Ep), so (U—V)* = Q’f (Ep) N

Pr(E1);

* Negative arrows: for each i € N, let X; — Y; = &7 (F;);

* Negative strong arrows: for each j € R, let (U; — V;)* = 2 (G;) n 2 (H;).
With this notation, (x») becomes an inclusion of finite-parts sets:

N 2rE) < U2 E) v U(2r(G))n2r(H)))
iePU{0,1} ieN JER

There, Lemma 5.3.5 converts the global inclusion in (*,) into an existential witness on base sets:

JipeN: () EicF, or 3jpeR: () E<GjnHj,
iePU{0,1} iePU{0,1}
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or equivalently (by Lemma 3.1.18):

ipeN: [ PrE)<Pr(F,) or JjoeR: [\ Pr(E)<Pr(Gj,)nPs(H;,)
i€ePU{0,1} i€ePU{0,1}

so, after these transformations, going back to arrow forms, we obtain

Jipe N: (ﬂXi—>Yi NU—-WN*"<X;,—Y,

ieP

(*3)
or djpeR: (ﬂxiﬁyi NWU—V)*<cUj,— V)"
ieP

which means that we are left to decide that the intersection of arrows on the left-hand side is
contained in either
i) asingle weak arrow (Lemma 5.3.6), or
ii) a single strong arrow (Uj, — V;,)*, which is in fact the intersection of the weak arrow
(Uj, — Vj,) with the powerset P}”f (@ x ViU {Q}). Since a set is included in the intersection
of two sets if and only if it is included in both of them, the problem reduces to deciding
both inclusion in a weak arrow (already done) and a given powerset. The latter is treated in
Lemma 5.3.7.

We recall, from Chapter 3, the following lemma:

Lemma 5.3.4 (Powerset-intersection criterion). Let (A;);e; and (B;) jey be abstract sets.

ﬁ@f(Ai) c U@f(Bj) — 3Jje]. ﬁAi < B,.
iel jeJ iel

Lemma 5.3.5.

N2 X< U2 vyu U 2 (Z)n2p (W)
iel ieP i€eQ

Jipe Q.[ ) Xi S Zi, n W,

iel

= (HioeP.ﬂXigYio)v

iel

Proof. We spell out the proof using only the (finite) powerset reading of the operators:
UeP;(Y) < (UcY A Uisfinite).
Membership in (co)products of families is also expanded as usual:

Ue( o < Viel Ue o, Ue |J B < JkeK, Ue %.
iel keK
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We further use the facts (immediate from the two displays above):
(F1) U €Nier P (Xy) iff U is finite and U S Njer X;.
(F2) UeUiepPr(Yy)iffJie B U < Y; and U is finite.
(F3) UeUieq(Pr(Z)n2r(Wy))iffJieQ, (U<c Z; A U< W;) (and U is finite).

(=) Assume
Nzre < (U2 ) u (U2 zoneyw) (h
iel ieP i€Q
We prove the right-hand disjunction of the statement. We reason by contradiction. Suppose
~JipeP ()XicY;, and -FipeQ.[X;< Zi,nW,. (5.3.4)
iel iel

From the first negation, for each p € P choose a witness x, € (Nje; X;) \ Y),. From the second
negation, for each g € Q choose a witness ¢, € (ﬂie[ Xi) \ (Z;nWy); i.e., for each g we have
either 14, ¢ Zg or t; ¢ W,.
Now set the finite set

U := {xplpePtuitylqeql

(Here we use that P and Q are finite index sets of the finite unions on the right-hand side.) By
construction U €(;e; X; and U is finite, hence by (F1)

Ue f—]EZ?f()(i).
iel
We now show U is not in the right-hand side of (1), contradicting ().

 For any p € P, we have x, € U with x, ¢ Y, hence U € Y,,. Therefore, by (F2), U ¢
2 (Y)) forall p e P, and thus U ¢ U;cp 2 (Y;).
* For any q € Q, by choice of 7; we have t; ¢ Z; or t5 ¢ W,;, hence U € Z; or U € Wy;
therefore U ¢ 2, (Z,) or U ¢ 2 (W,), so U ¢ P (Z,) n 2 (W,). Consequently, by
(F3), U ¢ Uieq(Pr (Zi) n2r (W))).
Thus U is in the left-hand side of (f) but in neither component of the right-hand side, contra-
dicting (f). The contradiction shows that (5.3.4) is false; hence

([ipeP (XicY;y) Vv (JioeQ. [ Xi<S Zi,nWj,).

iel iel

(<) We prove each disjunct implies the inclusion.
If Jip € P with N;e; X; € Yj,, then by monotonicity of £22¢ (—) and (F1)-(F2),

2 (Xp) = @(ﬂxi) c2(y,) s Uz,

iel iel ieP
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hence the desired inclusion holds.
If 3ip € Q with Nje; X; € Z;, N Wj,, then by monotonicity of 22¢ (—) and (F1) we have

ge@f (X)) ‘Ee@f (Qxi) Eg}’f (Z,'O N Wio) ny (Zio) n ?}’f (VViO) c -E(J)ng (Zi)n @f Wy
i i i

yielding the desired inclusion.

Combining the two directions establishes the equivalence. O

Remark. The proof of the “=” direction only uses that the unions on the right are finite (so
that one can collect finitely many counterexamples into a single finite set U) together with the
finite-character readings of & ((—)) and 22 ((—)); this is precisely the “strongness” exploited in
Lemmas 5.3.6 and 5.3.7.

Lemma 5.3.6.

NXi—=Y)NnU—-V*cW-2)s

iel

{WEUielXiUU

vielLWeslUX)v([) YjnVeZ)
jeJ jeN]

Proof. Write, for A,B< 2,

7

. @X@Q —9
A—B = @[ AxB" ) = 2/ ((A"x20) U @xB)).

Thus, for every d € 2 and 6 € 9q,
(d,6) e A—Biff (d ¢ A) or (6 € B). =)
By Definition 5.3.1, since cod (U — V) = V (Lemma 5.3.2),

(U—-V)* = U—-V) NP2 x(VUui{}).

Set £ =NXi—=Y) nU-V*

iel

A useful computation (domain). For any arrow A— B, using (—) we have (d,Q) € A— B iff
d ¢ A; hence
dom(A—B)=1{d|(d,Q) ¢ A— B} = A.

Since Q?’f (=) is closed under intersections,

dom(£) = (d1 (e, Q) ¢ Mie(X; = ¥) N (U=} = (Uier Xi) U U. (+)



140 CHAPTER 5. SAFE ERASURE GRADUAL TYPING

(=) Necessity. Assume L < W — Z.
(i) Domain side. Since W — Z forbids (d,Q) for all d € W, inclusion ¥ € W — Z forces
W S dom (). By (%), thisis W < (U;e; X;) U U.
(i) Codomain side. Fix J < I and suppose, for contradiction, that W ¢ U jes X and (ﬂ jeng Yjin
V) & Z. Then pick w € W\ (Uje; X;) and z € (Njens Y; N V) \ Z. Consider the partial function
R ={(w, z)}. By construction and (—):

* Forevery j € ], since w ¢ X;, we have {(w,z2)} € X; —Y;.

e Foreveryie I\],since z € Y;, we have {(w, 2)} € X; — Y;.

e AszeV,{(w,2)}e U—V,andalso (w,z) € 2 x (VU {Q}),so {(w,z)} € (U—V)*.
Hence Re £.Butwe Wand z¢ Z,so R¢ W — Z, contradicting &£ < W — Z. Therefore, for
each Jc 1,

(W <Ujes X;j) or (Njeny YjnVe2Z).

(<) Sufficiency. Assume the two conditions in the statement. Let R € £ and fix (w,0) € R
with w € W. We prove (w,0)e W—Z,ie,0#ZQand o€ Z.

First, 0 #Q:if 0 =Q, then (w,Q) e Re L SNie;(Xi— Y1) N(U— V) implies w ¢ X; forallie I
(by (—)) and w ¢ U, hence w ¢ (U;e; X;) U U; this contradicts w € W < (Ujes Xi) U U.

Now o e @. Define Jc I by J:={iel]|o¢Y;}. Because by construction (w,0) € X; —Y; for
every i € I, (—) yields w ¢ X forall j € J, hence w ¢ Ujec; X;. Applying the second condition
(with this J), the left disjunct is impossible (since w € W), so the right disjunct must hold:

[ YinVeZ.
iel\]

But (w, 0) € (U— V)* forces 0 € Vu{Q} and we already ruled out o = Q, hence o € V. Moreover,
by the choice of J, 0 € Y; for all i € I\ J. Therefore o € (N;ep; YiNV) < Z, proving (w,0) €
wW—_~Z.

Since this holds for every (w, 0) € R with w € W, we have R€ W — Z. As R € £ was arbitrary,
LW—_Z.

Combining both directions yields the equivalence. O

Remark (Proof by set decomposition)

This lemma can also be proved using a technique similar to Lemma 4.9 from p.73 of Frisch’s The-
sis (2004), that is, by directly decomposing the intersection of finite parts of set product complements
as a union.
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Lemma 5.3.7.

X = Y)n (U — V)" € Pp(@=(Z0{Q})
iel
= |[N\vinVcZ

iel

A [ YinveZ

jel\J

J#0
V]gl.(@gUXj)v
jeJ

Proof. Recall the characterization of arrows (valid for 0 € 2 U {Q}):
(d,0)e(A—B) < (d¢A Vv (0eB). (5.3.5)
By Lemma 5.3.2, cod (U — V) = V, hence
U—-WV*=U—-V)n 2P (2Dx(VUuiQ}).

Set
£ =NXi—Y) nU—-W*
iel

Note that Re L iff R D x (VU {Q}) and, for every (d, 0) € R,

Viel.(d¢X; voeY;) and (de¢U vV o€V),

(=) Assume £ < P (2 x (Z U {Q1)).

(1) Let 0 € (Nje; Yi) N V. For any d € 9, by (5.3.5) we have for all i that {(d,0)} € X; — V;
since o0 € Y;, and {(d, 0)} € (U — V)™* since o € V; hence {(d, 0)} € £. The inclusion forces
0€ ZU{Q}; but o€ 2, thus o € Z. Therefore (N;e; Yi) NV < Z.

(2) Fix anonempty J < I. Suppose, towards a contradiction, that 2 ¢ J jes Xj and (N jeng Yj)n
V & Z. Choose d € 2\Uje; Xjand 0 € (Njen; Yj) NV \ Z. Then, using (5.3.5):

VielI\], (d,0)€ X;— Y;sinceoeY;; Vje], (d,o)EXj—>Yjsinced¢Xj;

and (d, 0) € (U — V)* because o € V. Hence (d, 0) € £ but 0 ¢ Z U {Q}, contradiction. There-
fore for every nonempty J < I,

M YinveZz
jenNg

(9g ij) v

JjeJ

(<) Assume the two conditions on the right-hand side hold. Let R € &£ and (d, 0) € R. We
prove o € Z U {Qj}.

If 0 = Q there is nothing to show. Otherwise 0 € 2 and, since R€ (U — V)*, we have o€ V. If
0 €je; Yi, the first condition yields o € Z. Otherwise set

J={iello¢Y;}.
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Then J # @, and because (d,0) € X; — Y; for all i, (5.3.5) gives d ¢ X; for every j € J, i.e.
d ¢ Ujes Xj. By the second condition (applied to this /), we must have (Nep; Y;i)nV S Z
(the other disjunct fails at d). But by definition of J, 0 € N;ep\ Y;, and we already know o € V;
hence o€ Z.

Thus 0 € ZuU{Q} for every (d,0) € R,so RSP x (Zu{Q}),i.e. Re P (@D x(ZU{Q})). Since
R € £ was arbitrary, £ € ¢ (2 x (Z U {Q})).

Combining both directions establishes the equivalence. O

Now that we have established the set-theoretic characterizations of weak and strong arrows, we
derive the corresponding subtyping solutions. We first establish those solutions for the case
where the right-hand side is either a single weak arrow, or a single strong arrow. As shown
previously for interpretation sets, this suffices to solve the subtyping problem entirely.

Theorem 5.3.8.
a< V tive
/\(ti—>Si)/\(C—>d)*S(a—>b) — il
el vicl (athj)v(/\ sj/\dsb)
jeJ jenJ
Proof. By application of Lemma 5.3.6. O
Theorem 5.3.9. Ifa # O, then
a< V tive
Nti—sdAc—d)* <(a—b)* <= iel
el V]gl.(th:]I)v(/\ sj/\dsb)
jeJ jenJ
Proof. Combine Lemmas 5.3.6 and 5.3.7: we take the conjunction of their right-hand side
conditions, and we observe that \/ ¢; =1 implies a< V ;. O
jeJ JjeJ

Remark 5.3.10. The side-condition a # O in Theorem 5.3.9 is necessary: when the domain is
empty, any strong arrow has codomain 9 regardless of the target Z'. Equivalently in the set
presentation, with W = @ we must take Z = 9 for any Z', so dropping a # O would make the
statement false.

5.3.2 Subtyping Algorithm

We can now derive the solutions to the subtyping problem for mixed weak and strong arrows on

types.
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Theorem 5.3.11 (Subtyping with weak/strong arrows). Let I,P,Q,R be finite. Writet =
Niep ui and s = \/ jep w;. Then the mixed entailment

(Ati—so)na—9* < (Va—s) v [ Via—b)*)
iel i€R ieQ
holds iff at least one of the following finite witnesses exists:
(R-branch) iy € R such that

(/\(ti—’si))/\(t—’s)* = (L, — Sip),

i€l
equivalently (by Theorem 5.3.8, with a=t;,, b=s;,, c=t, d=5):

l’iOSVtin,

iel

Vjcl. (tiOS \V l’j) \% ( A SiNS = Sio)-
jer jelNJ

(Q-branch) 3jy € Q such that

(Ati—s)At—9" < (aj,—bj)*,

iel

equivalently (by combining Theorem 5.3.9, with a=aj, #0, b=bj,, c=t,d=5s):

aj, = V&V,
iel

Vicl. |\Vti=1|v| A siAns<b;]
(yu=1)v(a,nesb)
Proof. Apply the splitting Lemma 5.3.5 to reduce the problem to an existential witness on one

target (R or Q); then discharge the resulting inclusion by Theorems 5.3.8 (weak target) and 5.3.9
(strong target). O

I Remark (Q-branches must be seen at least once) ’

In the Q-branch, the witness must satisfy aj, # O; otherwise a strong-arrow target collapses to
codomain 2 independently of bj,, matching the side-condition in Theorem 5.3.9.
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Corollary 5.3.12 (One-strong target). Fora# O,

aSth,
(t—=A(c—-d)* < (a—-b* = sAd<b,

(t=1) v (d=Db).

Proof. Instance of the Q-branch with I =P = ¢. O

5.3.3 Specialization of strong arrows: strict domain and codomain

» Theoretical Detour While the rest of this section developed the theory of strong arrows
and a decision algorithm for emptiness that makes them implementable, we now present a
theoretical perspective that has not been completely developed but is nevertheless inter-
esting and could be implemented by finding a suitable representation for the new types it
describes.

In semantic subtyping the ordinary arrow #; — f, asserts only that a value produced by apply-
ing the function to an argument of type t; is itself of type . Outside #; the function may return
anything, including diverging or raising an error. With gradual typing this underspecification
allows imprecision to leak from the dynamic type ? and erode static information. We regain
precision by enriching the type lattice with two orthogonal constructors:

(i) a strict-domain constructor, ensuring failures on inputs outside a designated domain, and
(ii) a strict-codomain constructor, guaranteeing that every successful result belongs to a desig-
nated range, irrespective of the input.
Conjoining either constructor with the usual arrow yields two function types: Dialyzer’s success
types (for the strict-domain constructor) and our strong function types (for the strict-codomain
constructor).

Formalization. With usual notation for domain &, we recall that a function type is represented
by a finitegraph RC 9 x P suchthat: R: t; =t < V(O eER. (1:n)Vvi=0)=0:0p
The surprising part of this definition is that it does not exclude from the start the functions that
are defined outside of #;, which is what enables type intersection. However, if we want, on a
single function, we could ask that it does not represent functions undefined outside its domain.
Moreso, we can forget about the single function, and define the sets of all functions that are
undefined outside of a given domain t, call the type of all these functions (¢t =), and define its
interpretation as:

Definition 5.3.13 (Strict-domain constructor).
fit=) = VuoOefu¢eltl=d=Q
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In a similar way, we can consider the set of all functions that only output values of type s, call the
type of all these functions (= s), and define its interpretation as:

Definition 5.3.14 (Strict-codomain constructor).
fi(=s) = VYuLOef.O6=QV(©:9)

Recreating success type and strong arrow. These types can be composed with the ordinary
arrow to recreate two useful refinements

(t—=8) A (>), (t—=s)N(=>59).
Dialyzer success type strong arrow

A success type guarantees that whenever the function returns, the argument was in ¢. A strong
arrow (as seen previously) guarantees that whenever the function returns, the result is in s. The
formula (f — 5)* L' (t — ) A (= s) could act as a new definition for the strong arrow.

5.4 Typed-Untyped interactions in Core Elixir

Our type system supports the integration of untyped code into a statically typed setting in the
following way:

Using Strong Functions for Dynamic Arguments. When an untyped (dynamic) expression
is used in a statically typed context, we employ strong function types to preserve as much type
information as possible. For example, consider a function f with type
Ni(ti = s) A (£ — 8)*

where (t — s)* denotes a strong arrow type, with s <\/; s;. If f is applied to a dynamically typed
argument, our system can still infer the result type to be ? A s. In other words, even though the
argument is dynamic, the result is refined to type s (along with the ? marker indicating potential
imprecision). This incurs a loss of precision since we approximate the entire codomain of the
intersection type but it allows some static type information to carry through dynamic calls.

Limitations of Inferring Strong Functions. A drawback of our approach is that it is easier
to infer strong function types for values whose properties can be checked explicitly by the
BEAM virtual machine’s guards. For instance, simple base types like integers or atoms can be
directly checked with built-in guards (such as is_integer/1 or is_atom/1), making strong
annotations for those functions straightforward. In contrast, complex types like “list of integers”
cannot be fully validated by a single guard (since there is no built-in guard that checks an entire
list’s contents). As a result, functions operating on such types are hard to prove strong using our
system. For example, consider a function that processes a list of integers:
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# Intended type: ( ) -> ( )
def process_integer_list(1lst) do

Enum. (lst, fn x when is_integer(x) -> x * 2 end)
end

Listing 5.1: Function that cannot be strong due to lack of type checks

Operationally, this function is strong: the Enum.map will succeed only if every element of the
list is an integer (the anonymous function explicitly guards x with is_integer(x)). However,
our static analysis cannot easily prove its strongness because doing so would require hard-coding
knowledge of Enum.map’s behaviour, specifically, that it stops with an error as soon as a non-
integer is encountered. This hard-coding, which is possible, would not allow recognizing that the
same function, when implemented with recursion, is also operationally strong.

# Intended type: ( ) -> ( )
def process_integer_list(1lst) do
case 1lst do
[T ->11]
[x | xs] -> [x = 2 | process_integer_list(xs)]
end
end

Listing 5.2: Recursive version of a strong integer map

In general, our type system lacks a way to express “list of integers” as a guardable property,
so it cannot infer a strong function type for process_integer_list/1. This illustrates a
limitation: not every function that is semantically strong (i.e., that will never produce type errors
at runtime if called in untyped code) can be assigned a strong function type in the type system.

Despite this limitation, a programmer can sometimes work around it by restructuring func-
tions. For instance, if the goal is to ensure each element of a list is an integer before using it, the
programmer can explicitly check elements within the function body. This approach may require
extra flexibility, especially when interfacing with untyped libraries, but it enables more functions
to be recognized as strong.

Refinement via Dynamic Intersection Types. Even when a function is not strong, our type
system can utilize refined dynamic types to propagate static information. For example, suppose
we have a function with the type
(tuple — tuple) A (bool — bool)

meaning it accepts either any tuple or any boolean and returns the same kind of value. If we
have an expression of type ? A tuple (a value that is dynamically typed but has been checked to
be a tuple at runtime), we are allowed to pass it to the function. The result in that case will have
type ? A tuple. In general, performing a runtime check (such as using a guard like is_tuple/1)
refines the type of an expression from ? to a more specific ? A £. Once refined in this way, the
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static component ¢ of the type can propagate through function calls. Thus, our system ensures
that static type information is not lost when dynamic values are partially checked via guards.

According to the framework developed by Greenman et al. (2023), our approach can be
viewed as a hybrid of erasure and transient semantics for gradual typing. Pragmatically, our
system resembles that of an Erasure semantics: we use static types only at compile time and
erase them before runtime, introducing no new runtime type checks of our own. However, we
take advantage of the fact that the BEAM virtual machine already performs certain tag checks on
values at runtime. These tag checks come in two forms: (a) hardcoded checks in operations —
for example, the + operator in BEAM will only operate on numbers and will raise an error if given,
say, an atom,; function application itself requires that the callee is actually a function and that the
correct arity is provided; and (b) explicit guards in code — developers can write guards (boolean
expressions in clause heads or case statements) combining basic type tests (is_integer/1,
is_atom/1, etc.), structural checks (like extracting a key from a map or an element from a tuple),
and comparisons. These guards are richer than simple shape checks, since they can be arbitrary
boolean combinations (and, or, not) of such predicates.

Our proposal is to combine these existing runtime checks with ordinary function types to
infer strong function types in the static analysis. Intuitively, if the runtime is already ensuring
certain type conditions, the compiler can use that knowledge to classify some functions as strong.
A strong function type (f — s)* guarantees that when the function is applied to a dynamic input,
the output will be of type (? A s). In essence, a strong function acts as a certified runtime filter: it
promises that although the input might be dynamic, the output respects the target type s (with
only a ? marker left to indicate potential uncertainty).

Thanks to the rich semantics we adopt for function types (supporting intersection of function
types), a function in our system can simultaneously have both ordinary and strong type com-
ponents. For example, a single function could have an intersection type A;(t; — s;) for its fully
static behaviour, and additionally a strong arrow type (V; ; — \/; $;)* to capture its behaviour on
dynamic inputs. In practice, this means if the function is applied to a value that matches one
of the expected domain types t;, the type system will ensure a correspondingly refined output
type s;. If instead the function is applied to a value of unknown type (a dynamic), the strong
arrow (\/; t; — \/; ;)™ kicks in, and the output is conservatively typed as ? A (V/; s;). In all cases,
the dynamic aspect of the value is tracked so that it is never mistakenly treated as purely static.

However, it is important to note the caveat highlighted by Greenman, Dimoulas, and
Felleisen (2023) about transient semantics: not every useful type property in Elixir can be en-
forced by a guard and, therefore, not every function that is operationally strong can be assigned
a strong type. For instance, as discussed, there is no general guard to ensure “this list contains
only integers,” which limits our ability to declare process_integer_list/1 as strong in the
type system. In contrast, certain functions operating on lists can still be proven strong if they
explicitly check elements. Consider an alternative approach to the earlier example:

1] $ ( ) ->
2| def safe_head([x | _]) when is_integer(x), do: x
3| def safe_head(_), do: :error
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Listing 5.3: Function that can be strong with explicit element checking

This safe_head/ 1 function is easier to recognize as strong. Its specified typeis list(integer)
-> integer, andindeed ifitis called with a dynamic argument, it will always return an integer (in
the case where the list’s head is an integer) or the atom :error (if the head is not an integer). From
the type system’s perspective, during the check for strongness, the guard is_integer(x) refines
the type of x to ? A int. Therefore, the type checker can verify that whenever safe_head/1 is
applied to a value of type ? (an unknown list), it will produce a result of type ? A int (essentially,
an integer at runtime, if it returns at all). In this way, safe_head/1 meets the criteria for a strong
function. This example demonstrates that by writing functions with explicit checks (in this case,
examining just the head of the list), a programmer can achieve strong function behaviour even
for list-processing functions. Of course, this often means returning a safe fallback (like :error)
for inputs that do not meet the expected condition. Not every scenario allows such convenient
checking, but when it is possible, it enables the static type system to enforce type implications
across the boundary between static and dynamic code.

Before moving on, we clarify the safety guarantees we aim for in a gradually typed setting.
There are essentially two properties of interest:

* Static Type Safety: Well-typed terms (under the static type system, denoted ) do not go
wrong. In other words, if a program is well-typed in the purely static sense, it will never
raise a runtime type error (it may still diverge).

* Gradual Soundness: In the gradual system (i), expressions behave in a way consistent
with their type, even in the presence of dynamic code. The result of applying a strong
function can be trusted to be in the codomain of the function type. And expressions
evaluates to values whose types is shape-consistent with the type of the expression. This
serves as the general reasoning principle of the system, rather than the static type system,
which is only a special case (fully annotated programs).

The first property is the familiar slogan “(statically) typed code does not go wrong”: a program
typed under the static system k will not raise a runtime type error (it may still diverge). This
guarantee applies to code checked only with static rules (that, we recall, can handle gradual types
by subtyping). By contrast, the second property does not make such a promise: when dynamic
code interacts with a function that is not strongly typed, the system preserves soundness by
propagating dynamic uncertainty. Consequently, such interactions can still go wrong at runtime;
the failures are attributable to the dynamic parts, not to the statically typed ones.
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5.4.1 (Statically) Typed Code Does Go Wrong

| Note |

Disclaimer. The following remarks are reflexions intended for future work; they are exploratory rather
than established results.

At first glance, our gradual system Hg,built on the sound gradual operators of Lanvin et
al. (2021), appears capable of preserving some form of the “(statically) typed code does not go
wrong” property. That is, we could expect that in the case that I' I e : ¢ and ¢ is a static type,
then evaluating e will never raise a runtime type error. But while this work for the purely static
subsystem () in Chapter4, it does not hold for the gradual system. We believe it is possible to
modify the gradual system to recover this property by attaching the dynamic marker ? (to alert
the type system) to any value that might cause a type error. If that mechanism works perfectly, a
well-typed expression of a static type would carry no hidden dynamism that could lead to a type
failure.

While our design correctly propagates the ? marker in many cases, there are scenarios where
a well-typed expression e can have a sub-expression typed using dynamic rules, without ‘?’
appearing in the type of e. We categorize our findings into “successes” (cases where our system
prevents this) and “failure modes” (cases that where it does not).

5.4.1a) Successes.

* Dynamic arguments to a Strong Function: When a dynamic value is passed as an argu-
ment to a strong function, the function’s return type is appropriately marked as dynamic,
preserving the possibility of failure. For example, consider an application e = f(a) where f
has a strong function type and the arguments a are dynamic. According to our typing rules
(specifically the rule for dynamic application, often noted as (app»)), the resulting type of
eis ? A (cod(f)) - essentially the output type of f with a ? tag. This means the type system
explicitly records that the result may not be fully trusted, thereby keeping the possibility of
a failure visible in the type. The dynamic aspect of the inputs is not mistakenly hidden by
the strong function; instead, it propagates to the output type.

* Application with Refined Arguments: Consider a function f with type int — int applied to
an argument x of type ? Aint. In our type system, the application is analyzed by splitting
the argument’s type into its dynamic and static components. The computation (informally
denoted by “o” and “v” for our type operators) would proceed as follows:

((int—int) o (O Aint)) v (2 A((int —int) o (int))) = ? Aint

The resulting type for f(x) is ? Aint, showing that even though x had a static component
(int), the presence of the ? marker on x forces the result to carry a ? marker as well. In
simpler terms, if there’s any uncertainty about the input at runtime, our type system
ensures the output is treated with corresponding uncertainty. The dynamic marker is
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preserved through the function call, so the possibility of a type error (if x turned out not to
be an integer at runtime) is never erroneously ruled out by the static type checker.

In those cases, whenever a dynamic value could introduce a runtime type mismatch, the
system accounts for that risk by including ? in the result. Unfortunately, this dynamic propagation
does not happen in all cases. We discovered two patterns of code where a runtime type error can
be masked by a static type.

5.4.1 b) Failure modes.

Annotations that mask dynamism: Static type annotations can sometimes give a false sense of
security by hiding dynamic aspects of a computation. For example, suppose we define a function

f=Alnt—1)y.{42,¢'}

where €' is some expression of type ? that will certainly fail at runtime. (For instance, imagine
g = A(? = ?) x.7m,(x), a contrived function that attempts an invalid operation and will throw
a runtime error when called, and e’ = g(true)) The function f is annotated to take an int and
return a term (a top-like supertype of all terms). Internally, f ignores its argument y and simply
constructs a 2-tuple {42, ¢’ }. Now consider the call f(42). According to our type system, this
call type-checks successfully: 42 is an integer, and f is supposed to return a value, so the result
is given type 1. Crucially, the type system sees no ? in the result type — it has been masked by
the annotation that f returns a term. At runtime, however, evaluating f (42 ) will try to produce
the tuple {42, ¢’ } which entails evaluating ¢’. Since ¢’ is a dynamic expression that fails (e.g., it
might perform an illegal operation), the entire call f (42 ) will crash with a runtime type error.
This contradicts the expectation that an expression typed as 1 (a static type) would not go wrong.
The problem here is that the type annotation on f’s return allowed a dynamically-typed failing
expression to lurk inside a static type. Essentially, the annotation was accepted even though the
body of f was less precise (contained more dynamism) than the annotation indicated.

Projection from Union-like Tuples: Another failure mode arises from how we compute types
for projections (either from tuples, or maps) on union types. Consider a value e that comes from
a pattern match or conditional, and as a result we know its type is the union of two possibilities:

{?,bool} v {L,atom}

In words, in one scenario e is a tuple holding a dynamic value and a boolean; in another scenario
eis atuple holding a completely unconstrained value (1) and an atom. Now suppose the program
selects the index 0 from e (i.e., evaluates elem(e,0). What type should this have? Using our type
operator for projection, we compute:

mo(8) = mo(tY) v (2 Amo(eh)
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where ! and " represent the static and dynamic components of the union type . In this case,
the calculation yields the type 1 (the top type) for mo(#). The ? marker gets lost in the join of the
two alternatives. Intuitively, because one branch of the union said “the first element could be
anything” (1), the type system ends up concluding that 4 (#) could be anything — and it drops
the ? qualifier in the process. This means a value of type ? has effectively snuck into a position
labeled as 1 without the ? tag. It is sound to do so, as ? < 1; but it breaks the static safety, as the
source of this dynamic value may cause an error, which the static type of the whole expression
will have failed to inform us about.

5.4.1c) Our proposed solution.
Given the above failures, we propose two pragmatic adjustments:

1) Using Annotations as Guides, Not Absolutes: We should restrict how type annotations are
applied so that they cannot hide imprecise types. Specifically, when a programmer provides a
type annotation for an expression, the compiler should not allow the found return type to be
strictly smaller than the provided return type. In the earlier example of function f, this rule would
mean that while declaring f’s type as (int — 1), the actual type assigned to the function (after
seeing its definition) is (int — {42,?}). In other words, the annotation is only used to guide
the expected input type (int), but the output is still marked as ? (specifically a tuple of 42 and
something dynamic), which is directly found when synthesizing the type of the body of f. With
this change, calling f(42) would yield a result of type {42, ? } rather than a plain term, correctly
signaling that the result may be coming from dynamic code and thus is not guaranteed safe.

2) Dynamic-Preserving Unions: We adjust the way union types are formed, during type-checking,
so that a single dynamic alternative cannot be hidden by other static alternatives. Concretely,
when we take the union of types t; ..., while typing, for instance, a case expression with n
branches, if any one of the t; is a dynamic type (that is, if #;~ ;Y # @, then the entire union is to
be 'marked’ as dynamic (by intersecting it with ?). In the previous example, if it came from such
a union, the type of f would become

?A({L,bool} v {I,atom})

and now computing 7¢(t) yields ?. This way, the presence of a dynamic possibility in the union
is preserved in the resulting type of the projection. This change prevents dynamic values from
being hidden in union types.

Formal rule sketches We sketch two conservative tweaks that make the ideas above precise
while preserving metatheory.

1) Annotations as guides (do not widen outputs by the annotation). Given an annotated
function A'x.e with interface | = {#; — s; | i € I}, we type the body under the annotated inputs
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but keep the found codomain:

V(ti—s) el (T,x: tibge:s)

A
(Aann) Iy Alx.e: Njer(ti — s))

Intuitively, we forbid the usual “widen-to-annotation” subsumption step s;. < s; that would mask
dynamism; instead we record s'.

Subject reduction (sketch). Reductions of AMx.e) v step to e[v/x]. Since the assigned
codomain is exactly the synthesized s; for e, preservation reduces to the usual substitution
lemma for b (cf. Lemma 5.2.10). Not widening the codomain cannot break preservation; it only
strengthens the type.

2) Dyn-preserving unions. Define a predicate hasDyn(f) and an erasure eraseDyn () of top-level
? intersections:
hasDyn(t) iff 71 # TU;

Then the dyn-aware join \/® of a finite family (f;) kex is

2 A (\V #&") if3k.hasDyn(tp),

VA f 2 kek
kek V otherwise.

keK

Use \/2 in place of \/ whenever unions are formed in gradual mode (e.g., case joins, if-then-else).

Subject reduction (sketch). Operational behaviour is unchanged; only the type assigned to a
union becomes (at worst) more dynamic. Since (? A u) < u and eraseDyn(#) < ¢, replacing \/ by
\/2 yields a type below or equal to the original join. Preservation then follows from the original
proof by subsumption monotonicity.

We conjecture that by adopting these two adjustments into our system we could obtain
a refined behaviour for ;. Given an expression e, if I' I e : ¢ with ¢ a static type, then this
expression e will not go wrong in the same sense as when typed in ks, that is, it will diverge or
evaluate to a value of type t. We leave a detailed analysis of such an adjusted type system as
future work.

Conclusion

This chapter introduced safe-erasure gradual typing for Core Elixir through a systematic develop-
ment of four main components.

First, we presented the gradual type system (§ 5.1): we layered a gradual system F; on top of
the static system , added rules driven by consistent subtyping, and equipped the type language
with strong function types (t — s)*. The intent is to embrace ? without inserting casts or proxies
in the compiled code, while preserving soundness and recovering as much static information as
possible.
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Second, we established the safety foundations (§ 5.2): we isolated the role of the w-rules
that model run-time failures and proved progress, subject reduction, and Gradual Soundness for
the gradual judgment. Intuitively: if @ b e: ¢ then evaluation either diverges, stops on a well-
delimited w error, or produces a value dynamically typable at ¢. This is the strongest guarantee
compatible with erasing casts: success is preserved, failures remain explicit, and can be tied to
specific use of unsafe typing rules.

Third, we developed the semantic theory for strong arrows (§ 5.3): we gave a relational
account of strong arrows, introduced strict-domain/codomain constructors, and proved set-
containment properties. This enabled decision procedures for subtyping in the presence of
strong arrows through the subtyping algorithm (§ 5.3.2). We also hinted at how strong arrows
arise as a composite of normal arrows with special arrows that enforce either their domain or
their codomain (§ 5.3.3).

Fourth, we analyzed the practical integration challenges (§ 5.4): we clarified the limits of
our gradual type system and its handling of dynamic interactions. Not every useful function
can be inferred as strong; higher-order patterns and data-dependent behaviors often prevent
that. Precision is intentionally sacrificed at the typed-untyped boundary: applications that might
succeed receive ? (or ¢ A ? under a strong arrow). We also showed that statically typed code can
go wrong in the sense of § 5.4.1: hidden dynamism may still trigger w at run time. The upside
is that failures are identified (via w) and information flows are explicit (via strong arrows and
intersections), letting programmers recover precision with guards and ordinary refinements
when needed.

In the next chapter, we move from explicit type tests p in pattern matching to develop a
precise typed analysis for Elixir patterns and guards. As patterns and guards are strong (they
check the type of the value they are applied to), the precision of this analysis will complement
the strong arrow approach.






CHAPTER

TYPING GUARDS IN PATTERN MATCHING

Guards and pattern matching are Elixir’s primary mechanism for refining control flow and data,
subsuming the simple explicit type tests from the previous chapters. We formalize their core
syntax and small-step semantics (including short-circuiting and error propagation), and design a
guard analysis that computes, per clause, possibly- and surely-accepted types with an explicit
exactness bit. These feed precise typing rules for case expressions, with static and w-mode
coverage guarantees, and support interface inference for multi-clause functions. Crucially, this
precision drives the gradual system’s strong function types: since guards encode actual dynamic
checks, better guard analysis directly increases how many (and how precise) strong arrows we
can infer.

Chapter Roadmap

¢ Section 6.1 (Syntax and Semantics): Core Elixir pattern/guard syntax and operational seman-
tics for matching and guard evaluation.

* Section 6.2 (Typing Rules): accepted types and environment updates; setup for typing case-
expressions.

* Section 6.3 (Analysis — Accepted Types): guard-analysis judgment and its rules; derivation of
(sure/possible) accepted types for case typing.

* Section 6.4 (Soundness): key safety/necessity properties linking analysis to semantics.

¢ Section 6.5 (Inference): interfaces inferred from guards for multi-clause functions; normalisa-
tion and gradual propagation.
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Exprs e u= ...|caseepg—elsizee vic= {} ifv=c
Patterns p := c|x|{p}|p&p vix= {x—vh
Guards g e a7p | a= al a | = a {yly~-vvn}/{plr"!pn} = U?:] g lf Ul/pl =0
v ’ ’ foralli=1..n
| a<a|g_andg|go?g vip= fail otherwise
Atoms a = cl|x|{a}|ngalsizea I(pg) = if v/p =0 and
Tests p == clbl{p}I{p,.} e 1 ng;a*ilrlue
| pvpl-p vl(pg) = fail otherwise
(where variables occur at most once in each pattern)
Figure 6.1: Patterns and Guards Figure 6.2: Matching

6.1 Patterns and Guards in Elixir

In Elixir, patterns have the form of non-functional values (i.e. values in which no A-abstraction
occur) containing capture variables, whereas guards consist of complex expressions formed
by boolean combinations (and, or, not) built on a limited set of expressions such as type tests
(is_integer, is_atom, is_tuple, etc.), equality tests (==, !=), comparisons (, <=, >, >=), data
selection (elem, hd, t1, map.key), and size functions (tuple_size, map_size, length). The com-
plete syntax for patterns and guards for (Featherweight) Elixir can be found in Section 13.1,
Figure 13.2. To define our typed guard analysis, we introduce in Core Elixir a simplified syntax
for patterns and guards given in Figure 6.1. The revised Core Elixir syntax for case expressions
is case ¢/ pg— e, where ¢’ represents the expression that is matched and pg — e denotes a list
of branches. Each branch consists of a pair pg — formed by a pattern p and a guard g — and
the corresponding expression e to be executed. Furthermore, we introduce a new expression
sizeeto calculate the size of a tuple, applicable in both expressions and guards, enhancing the
complexity of guards to gauge the precision of our analysis.

Guards are constructed using three identifiers: guard atoms a, representing simplified expres-
sions, type tests (a ? p), and comparisons (a = a, a # a, a< a), which are combined using boolean
operators and and or. The a < a comparison uses the ordering of values <(e;m, derived from the
total order on values used in Elixir (see Figure 6.4 for a formal definition). The test types p are
extended to include union p v p and negation —p, allowing for more expressive tests. For instance,
it is now possible to verify whether a variable x is either an integer or a tuple (x ? int v tuple) or
to ascertain that it is not a tuple (x ? =tuple).

This syntax closely resembles Elixir’s concrete syntax; the main difference is that not is absent
from guards, which is not restrictive: in Section 13.1 we outline a translation that encodes the
not in the guards of Figure 6.1 by pushing negation into the leaves. In what follows, to improve
readability, we sometimes use the syntax (p when g) to denote the pattern-guard pair pg.

The operational semantics defined in Figure 4.2 is extended with the rules in Figure 6.3 to
account for pattern-matching and the size operator. The updated evaluation contexts and a new
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guard evaluation context are defined as follows:

Context & u=---|size &|case& pg—e
Guard Context ¥ O|¥%andgl¥orgl¥?t|¥9<alv<¥y
|9 =alv=¥|¥9'=alv!=¥9

This semantics relies on the functions for matching values to patterns v/ p, and values to guarded
patterns v/(pg), as defined in Figure 6.2. When v is a value and p a pattern, v/p results in an
environment o that assigns the capture variables in p to corresponding matched values occurring
in v. For example, v/ x returns the environment where x is bound to v, and { vy, v2 }/{ x, y } yields
X— 11,y — V. Similarly, v/(pg) creates such an environment but also verifies that the guard g
evaluates to true within the created environment; if v does not match p or the guard condition
fails, the operation returns the token fail. For instance, v/(x when x ? int) results in x — v if v
is an integer and fail otherwise.

An important aspect of the semantics of pattern matching is that within a specific branch, if a
reduction results in an error (i.e., reduces to an w), the entire guard is considered to fail, and that
branch is discarded. For instance, consider the guard (sizex =2 or x ? int). If x is not a tuple,
taking its size will lead to an error. Consequently, even if x is an integer, the guard will evaluate to
false (as specified by rule [CONTEXT,,] in Figure 6.3), instead of true as could be expected from
the disjunction. However, this does not imply a failure of the whole pattern matching expression
since the failure of a guard is part of standard Elixir semantics: for instance consider the following
definition:

def test2(x) when is_integer(elem(x,1)) or elem(x,0) == :int, do: elem(x,1)
def test2(x) when is_boolean(elem(x,0)) do: elem(x,0)

The application test2({true}) makes the guard in line 1 fail, but the application succeeds
returning true.

This behaviour is formalized by the CONTEXT rule in Figure 6.3, while other rules in this figure
deal with Boolean operations, type tests, equality checks, and arithmetic operations within guard
contexts. We use — for guard reductions, to distinguish them from expression reductions (—).

It should also be noted that, in Elixir, both ‘and’ and ‘or’ operators exhibit short-circuit
behaviour. Specifically, if the left-hand side of an and-guard evaluates to false, the right-hand
side is not evaluated (as specified by rule [AND, ]); similarly, if the left-hand side of an or-guard
evaluates to true, the right-hand side is not evaluated (as defined by rule [ORrT]).

6.2 Typing Rules

To type the expression case e (p;gi — ;) ;<n, We aim to precisely type each branch’s expression
e; by analyzing the set of values for which the pattern-guard pair p;g; succeeds, that is, {v €
Values | v/p;g; # fail}. The best typing results are obtained when such a set coincides with the
set of values of a given type. However, because of the presence of guards, not every such set of
values corresponds perfectly to a type. For example, we have seen in line 155 the following guard:
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[CASE]  casevdo (pigi—ei);., — ejo if v/(pjgj) =0 and
foralli<j<n v/(p;g)="~fail

[CASEy] casevdo (pigi—ei);c, — Wcassscae if V/pigi=Tailforalli<n
[S1ZE] size {v1,..,v,} — n
[SIZE,] size Vv — gy if v#{v}

[ANDT] trueand g — g

[AND | ] vand § — false if v#true

[ORT] true Or § — true

[OR,] falseOr g — g

[EQT] V=0 — true if v="0

[EQ.] v=v — false else

[LTT] v<v' — true if v <term v

[LT;] v<v — false else

[NOTEQT] v!=0 — true if v£v

[NOTEQ, ] v'!=1v — false else

[OFTYPET] V?t — true if vet

[OFTYPE | ] v?t — false else

[CONTEXTg] Ylgl — YIg' ifg—g

[CONTEXT,] Glal — ¥Yld] ifa—ad

[CONTEXT) Ylal — false ifa—wp

Figure 6.3: Pattern Matching and Guard Reductions

1 | def test(x) when is_boolean(elem(x,0)) or elem(x,0) == elem(x,1), do: elem(x,0)

expressed in our formalism by the pattern-guard pair (x when (79 x ? bool) or (7o x =1 X))—,
which matches all tuples where either the first element is a Boolean, or the first two elements
are identical: yet there does not exist a specific type that denotes exactly the set of all such
tuples. To address this, given a pattern-guard pair pg, we approximate the set of values that
match pg by defining two types termed as the potentially accepted type ( pg) (in our example
itis {bool, ..} v{1,1, ..} since any value accepted by the pattern will belong to this type) and
the surely accepted type | pg | (here it is {bool, ..} since all tuples starting with a Boolean are
surely accepted). Through these types, we derive an approximating type t; encompassing all
values reaching e;. When the matched expression is of type ¢, ¢; is formulated as (t A (p; g; )~
Vj<i{pjg;j}- In other words, the values in ¢; are those that may be produced by e (i.e., those in ?),
and may be captured by p; g; (i.e., those { p; g; )) and which are not surely captured by a preceding
branch (i.e., minus those in { p;g; § for all j < i). This type #; can be utilized to generate the type
environment under which e; is typed. This environment, denoted as #;/ pir assigns the deducible
type of each capture variable of the pattern p;, assuming the pattern matches a value in ¢;. The
definition of this environment is a standard concept in semantic subtyping and is detailed in
Figure 6.6. A first coarse approximation of the typing discipline for pattern-matching expressions
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0 visaninteger
rank(y) = 1 visanatom
2 visafunction value
3 visatuple
Integers: 7 <ingra 1’ — n<n
Atoms: a<ipgra @' < str(a) is lexicographically before str(a’)
Functions:  f <intra [’ < f was created before f’
Tuples:  (v1,.., Vm) <intra (U], -, V) &= m< m' v

(m=m'A3i.v; <term V]
. . _ ,
AV ] < I.vj= v].)

U <term V' iff rank(v) <rank(v') v (rank(v) = rank(v) A v <iptra V)

Figure 6.4: Elixir-style value ordering

(x§p=T(x) if x e dom (I
(x§p=1if x¢ dom(I)

Uprpn}Se=1lpiSp, e (pnSe }
lcSp=c
{p1&p2Sr = {p15p A P2y

Figure 6.5: Accepted types

If £ < {p§ then t/, is a map from the variables of p to types:

t/x(x) =1

t{p,...pn}(*x) =1t/p,(x) where3iuniques.t. x € vars(p;)
1 py & p, () =1/p,(x) if x€Vars(p1)

1 py & p,(X) =1/p,(x) if x¢Vars(p) and x € Vars(p2)

Figure 6.6: Typing Environments

is given by the following rule (given here only for presentation purposes but not included in the
system):

T'ke:t (ViSn);(ti £ 0> T, ti/pl. [ ej: S) t = (t/\SPigiZ)\quZPjng
3 t=Vi=n(pigil

isn *

(case,, (coarse))
¢ I'+casee(pigi— ei)
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r if
Vyedom(), I'lx=¢](y) = w) 1 yrx
Fxynt ify=x
Tlx21, =(Tlx21,t/p) where ' = {p§; .2,
Figure 6.7: Environment Updates

The rule types a case-expression of n branches. For the i-th branch with pattern p; and guard
gi, it computes ¢; and produces the type environment i/ ;. This environment is used to type e;
only if t; £ O (i.e., ¢; is not empty), thus ensuring that some values may reach the branch and
checking for case redundancy. The side condition t < \/;, { p;gi ) ensures that every value of
type ¢ (i.e., every possible result of e) may potentially be captured by some branch, addressing
exhaustiveness. The rule is labeled with w, indicating the emission of a warning, as the union
Vi<n(pigi) might over-approximate the set of values captured by the case expression, risking
run-time exhaustiveness failures. However, if r < \/;<, { p;g; § holds, then there’s no warning (cf.
rule (case) later in this section), since all values in \/;<, { p;g;} are captured by some pattern-
guard pair, and so are those in .

The typing rule for case expressions is actually more complicated than the one above, since it
performs a finer-grained analysis of Elixir guards that is also used to compute their surely/poten-
tially accepted types. Let us look at it in detail:

I'<e:t (Visn) (Vj=m;) (tij,#_(D => r,tij/pi Fsej:s)

(casey,)

t=\/ (pigi)

T'tscasee(pigi—ei);o, s i=n
whereT;t+ (pigi)isn ~ (Lij,bij)isn,j<m;

In contrast to the prior rule, the system now computes for each p;g; pair, a list of m; types
ti1,..., tim, which partitions the earlier ;. The rule types each e; expression m;-times, each with
a distinct environment %/ ,.. The t;; at issue are derived from an auxiliary deduction system
(formally defined in Section 6.3.3) T'; £ = (p;&i)i<n ~> (tij,bij)i<n, j=m;. This system, detailed in
the rest of this section, inspects each g; for OR-clauses, and for each such clause it generates
a pair (#;,b;) that indicate the clause’s type ¢; and a Boolean flag b; indicating its exactness.
For example, the guard (7o x ? bool or 7y x = 7} x) of our example is formed by two OR-clauses,
and the analysis produces two pairs ({bool, ..},true) and ({1,1, ..},false): the first flag is
true since the type for the first clause is exact ({ bool, ..} exactly contains all the values that
match 77y x ? bool); the second flag is false since the type is an approximation ({ 1,1, ..} strictly
contains all the values that match 7y x = 7 x). Likewise, the guard (x? int or mgx ? int) will
only produce exact types, namely (int, true) and ({ int, ..}, true). Guards are parsed in Elixir’s
evaluation order and potential clause failures. The analysis of guard g; needs both I" and p; as it
might use variables from either.

Given Tt (pigi)isn ~ (tij,bij)i<n, j<m,, the potentially accepted type for p;g; is the union
of all #;;’s, while the surely accepted type for p;g; is the union of all ¢;;’s for which b;; is true.
Thus, we have (pigi) =V j<m, tij and {pigi§ = Vij<m, v, tij- In our example, if g is the guard
(mox?int or mox = 71 x), then (xg) = {bool, ..} v{1,1,..} and {xg§={bool, ..}. Likewise,
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if gisthe guard (x? int or mp x ? int), then the potentially and surely accepted types of xg are
the same, both being int v { int, ..}, indicating that the approximation is exact. In this second
case we can use a rule identical to the (case,,) rule but using a stricter side condition that ensures
exhaustiveness and, thus, does not emit any warning:

I'ke:t (Visn) (Vj=sm;) (t;; 20 = F,tij/pi Fsei:s)

t<\ (pigi$

(case)
I'kscasee(pigi—ei),., S i=n

wherel'; t = (pigi)i<n ~ (tij,bij)i<n, j<m, and (pigi§= V{jSm,—\bi,—} lij
When using this analysis, type safety depends on the side conditions used. Rule (case) with

t < Vi<n(pigi} is safe for exhaustiveness, ensuring the same static guarantee as Theorem 4.3.7,
as stated by the following updated version of the theorem:

Theorem 6.2.1 (Static Soundness). If@ s e: t is derived without using w-rules and with the
(case) rule with condition t <\/ <, ( pigi$, then either e —* v with v: t, or e diverges.

Rule (case,) will be used whenever the rule (case) fails—meaning that our guard analysis is
not precise—raising a warning and adding wc,sgescar: t0 the set of explicit runtime errors in
Theorem 4.3.7, which becomes:

Theorem 6.2.2 (w-Soundness). IfJ s e: t is derived using w-rules and the (case) and (case)
rules, then either e —* v with v : t, or e diverges, or e —" Wcasgescars OF € —* WourorRANGE-

These theorems will be proved in Section 6.4.3, after we introduce the necessary formalisa-
tion.

To complete the type system we need to add a rule for pattern matching expression in the
gradual system:

Ikge:t (Visn) (Vj=sm;) (;; 20 = l“,tij/p.l—gel-:s) N
or > l t=\/ (pigi]
gcasee(pigi—ei),_, ?AS isn

(casey)

whereT;t+ (pigi)isn ~ (Lij,0i)isn jem;and(p;gi )=V j<m, tij

The gradual rule (case,) simply checks that the scrutinee may be covered by some patterns,
propagates the dynamic type, and does not modify the type safety of Theorem 5.2.15.

Theorem 6.2.3 (Gradual Soundness). If & b, e: t using rules (case), (case,), and (casey ), then
either e —* v with v $ t, or e diverges, or there exists p such that e —* Wp.

Remark (Naive Type Narrowing)

Let x be a variable of type 1 and consider the following code snippet:
casex({y,z,.}wheny?int —size(x)+y,..)

The current typing rules would reject this code since the Size operator expects a tuple, but x is

of type 1. This despite the fact that size(x) will only be called if the pattern { y, z, ..}, succeeds,

implying x being a tuple. To solve this issue we need to refine the type of variables occurring in the
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matched expression. Given an expression e we define its skeleton sk(e) as:

sk(x)=x
sk({er,..,en}) ={sk(er),..,sk(e,)}
sk(e)=1 for any other expression

The skeleton of an expression is thus a pattern that matches the structure and variables of that
expression while leaving out any functional parts. For example, the skeleton of a tuple formed by a
variable and an application like {x,e (e, ...,e, ) }is { x,1 } which is the pattern that captures in x
the first projection matches any value in the second projection.

In practice, if e is being matched, its skeleton sk(e) is added to the patterns of all branches. Thus,
any type narrowing that occurs in their guard analysis is also applied to the variables of e. This is
the justification for having intersections—noted &—in patterns: a value matches the intersection
pattern p; & p; iff it matches both p; and p,; now every pattern p; in case e (p;g; — e,')isn can be
compiled as sk(e)& p;. Then, we handle dependencies between variables (e.g., if pattern x& { Y2y }
is followed by a guard y ? int, then the type of x is refined to { int, 1, ..}), using an environment
update I'[x = £], (see next section) that narrows the type of x in T to ¢, and uses pattern p to properly
refine the type of other variables in I" that depend on x. The pattern p can then simply be passed
around alongside I' in the guard analysis judgments. So in reality the guard analysis judgments should
provide the information of the current pattern p under which a guard is being analyzed and, therefore,
be of the form I'; p - g — £, rather than I' - g — Z. Since it is a global dependency (no change is
ever made to p) it is not necessary to propagate it in the typing rules. Furthermore its information
is used in just two deduction rules (see rules [VAR] and [OR] in Section 6.4), therefore for clarity we
omitted it everywhere apart from the single rule in which is used, since it would have cluttered the
guard analysis rules. Nevertheless, it is a useful feature that avoids the problem described above, that
we deal with in the guard analysis soundness proof (see Lemma 6.4.1), and that we implemented in
the Elixir type checker.

6.3 Guard Analysis System

In this section we illustrate how to derive the judgment I'; £ - (p; gi)i<n ~ (i}, ) i<n,j<m; that
is central to typing case expressions and to infer function types from their guards. Our guard
analysis derives two main judgments:

* Guard Analysis Judgment: T - g — &% represents the analysis of a single guard g under
type environment I', producing a result £ (see below) that describes the conditions under
which the guard succeeds or fails.

* Pattern-Guard Sequence Judgment: U; t = (pigi)isn ~> (tij,0ij)i<n,jsm; represent the anal-
ysis of a sequence of pattern-guard pairs under environment I' with scrutinee type t,
producing refined types and exactness flags for use in case expression typing.

The core of our guard analysis is the derivation the first judgments I' - g — 2%, which associates
to each guard a result % defined as follows:

Guard Results R :=T|w whereT:={F;T}|{F; talse}
Environments LT w=T,b)
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6.3.1 Success Results

Whenever all the OR-clauses of a guard g may succeed, the guard analysis produces a list of
environment pairs {; 9}, one for each OR-clause forming the guard. Each environment consists
of a type environment I' paired with a Boolean exactness flag b:

* On the left of each environment pair, the safe environment ¥ = (I, b) specifies a necessary
condition on the types of the variables of the guard such that the guard clause does not
error (i.e., does not evaluate to w). When the flag b of the environment is true, it means
that the condition is also sufficient.

* On the right, the success environment 9 = (I, b) specifies a necessary condition on the
types of variables of the guard for the guard clause to evaluate to true. Again, b = true
indicates that this condition is also sufficient.

Example (Imprecise Guards)

For the guard (x ? int) and (x > y), comparisons never error in Elixir (total order), so the safe environ-
mentis ((x:1, y:1), true). If the guard succeeds, then x is an integer, but the relational constraint x > y
cannot be captured by types; thus the success environment is ((x:int, y:1),false). In symbols:

gk (x?intandx > y) — {((x:1, y:1),true); (x:int, y:1),false)}.

When a guard is formed by several OR-clauses the analysis produces a list of environment pairs
{<; 9}, where each pair represents the way a clause may succeed taking into account the
clauses that precede it. Concretely, the analysis of a disjunction guard g; or g» produces one pair
describing the conditions under which g; succeeds, plus another pair describing the conditions
where g) reduces to false without erroring and g» succeeds. The analysis can also produce a pair
{&; false}, corresponding to a clause that always evaluates to false within its safe environment
#. The presence of one such pair in a result does not indicate that the guard always fails, since
other pairs in the list may be successful.

6.3.2 Failure Results

The cases for a faulty guard that either always errors (evaluates to w) or always fails (evaluates to
false) within its safe environment are captured by failure results &.

Failure Results F = {&F;falsel|w

Failure results are a subset of the guard results that, for presentation purposes, we single out by
ranging them over with &.

Rules Figure 6.4 gives the complete rules to derive I' - g — £ judgments. Hereafter, we
comment only on the most significant ones by unrolling a series of examples. Consider the
guard ({ x, y } when x ? tuple), that performs a type test on a capture variable x. The analysis of
the guard x ? tuple is performed under the hypothesis that x: 1 and y: 1, since both capture
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variables do not have any further constraint (cf. rule [ACCEPT] at the end of this section). The
guard analysis rule that handles this case is [VAR]

Tx)Zp Tx)Ap#0O
I;pEx?p—{, true); ([[x £ pl,, true)}

[VAR]

where the notation I'[x £ #] denotes the environment obtained from I' after refining the typing of
x with t (i.e., ascribing it to I'(x) A t: see Figure 6.7 for the formal definition). This produces the
judgment

(1, y: 1) F (x? tuple) — {((x:1, y:1), true) ; ((x:tuple, y:1), true)}

in which the first element of the result—the safe environment—leaves the type environment
for variables unchanged, since this guard cannot error (paired with Boolean flag true, since this
analysis is exact), while the second element—the success environment—contains (x:tuple, y:1)
indicating that the guard will succeed if and only if x is a tuple (and this condition is also sufficient
as indicated again by the Boolean flag true).
If we refine the previous guard by adding a conjunction
{x,y}when (x?tuple) and (size x =2)

then the new guard now specifically matches tuples of size 2. Its analysis is done by the following
rule:

Th g —{(@1,61); (A, c)} ApF go— {(@,62); (A2, c2)} y:{(‘l’l'b” if b, = true and @3 = Ay

AND i
[ ] TF grandgs — (7; (s, 162)) (®,,b71 &b,) otherwise

In this rule, the success environment produced by the analysis of the first component x ? tuple of
the and (in our case, A} = (x: tuple, y: 1)) is used to analyze the second component (size x = 2),
which is then handled by successive uses of the rules [EQ,] and [SizE]:
I'a?tuple— {_; (®,b)}
Thayic TFay?c—~% ®Fa?tuplel — {;2A

Qe S e azim (@,0); 20
where tuple’ is the type of all the tuples of size i. Rule [EQ,] corresponds to the best-case scenario
of a guard equality: when one of the terms has a singleton type (I' - a : ¢), a sufficient condition
for both terms to be equal is that the other term gets this type as well (I' - a; ? ¢). In our example,
this means doing the analysis I' - size x ? 2 with rule [Si1zg]. This rule asks two questions (i.e.,
checks two premises): “can x be a tuple” (this produces a non-erroring environment), and “can x
be a tuple of size 22” (which in our case refines x to be of type { 1,1 }). The most general versions
of these rules make approximations and can be found in Section 6.4 (Figure 6.11).

To go further, we can check that the second element of this tuple has type int by adding
another conjunct to the guard
{x,y}when (x?tuple) and (size x =2) and (717 x ? int)
Now, rule [ProJ] applies:
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i times
I'a':i Tha?tuple™ —{;(@,b)} ®Fa?{1,..,1,p,.}—{;

[PROJ] THraga?p—{(®b);A}

where tup1e>i represents tuples of size greater than i (e.g., tuple>! ={1,1,..}). This rule reads
from left to right: after checking that the index a' is a singleton integer i (in our example, “1”),
the non-erroring environment is computed by checking that the tuple has more than i elements.
In our example, (size x = 2) has already refined x to be of type {1,1}. Finally, the success
environment checks that the tuple is of size greater than i with ¢ in i-th position (in our example,
it has type {1,int, ..}); since x was a tuple of size two, the intersection of those two types is
{1,int}.

In the case of a disjunction, a guard can succeed if its first component succeeds, or if the first
fails (but does not error) and the second succeeds (guards being evaluated in a left-to-right order).
Consider { x, y} when (x?tuple) and (size x =2) or (¥ ? bool) whose analysis uses rule [0R]

(®4,b7) if (b, =1) and
S = (<I>2=F,t,-/p)
(@y,b1 8by) otherwise

(PS5, \(PSy, ifar=1

{PSe, ifer=0

in which p is the pattern that g; or g» is guarded against. The first term of the or, that
is, (x?tuple) and (size x =2), is analyzed with rule [AND] given before, which produces
{((:1, y:1),true) ; ((:{ 1,1}, y:1),true)}. The second term, thus, is analyzed under the environ-
ment (x:7{1,1},y:1) which is obtained by subtracting the success environment of the first
guard from its non-erroring one (i.e., we realize that, since tuples of size two make the first guard
succeed, they will never reach the second guard). This is done by computing the type

t=Z{X,J/}Sx;n,y;n\z{x,y}gx:{]l’]l}yy:]l = {]l)]l}\{{]l)]l})]l}: {ﬂ{]}-)]l})]l}

where the notation { p§ (defined in Figure 6.5) denotes the type of values that are accepted by a
pattern p and which, when matched against p, bind the capture variables of p to typesinT (e.g.,
x, y}sx:int,y:bool = {int,bool}). This choice of ¢ is motivated by the fact that the analysis
of the first term is exact (since the Boolean flag is true), therefore it is safe to assume that the
values that make the first guard succeed, never end up in the second guard. Because this is a
disjunction, the two ways that the guard succeeds are not mixed into a single environment, but
split into two distinct solutions that are concatenated. Then, a little of administrative work on
the Boolean flags ensures which results are exact and which ones are not.

' g1~ {(®1,b1); (Ag,c1)}
L til k= g2 — {(®2,b2); (A2, ¢2)}

OR
[oR] I'Fgrorge— {(®1,b1); (A1, c1)} {F; (A, 1 6¢2)} {

t=

So far our guards could not error, but it is a common feature in Elixir that guards that error
short-circuit a branch of a case expression. For example, the guard
{x,y}when (size x =2) or x?bool
only succeeds when the first projection of the matched value is a tuple of size two, and fails for all

other values including when the first projection is a boolean (in which case size raises an error).
This is handled by rule [Or] as well, by considering the non-erroring environment of a guard and
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using it as a base to analyze the second term of a disjunction. In our example, the non-erroring
environment is (x:tuple, y:1), and the second term is found instantly to be false. This will raise a
warning, as a clause of a guard that only evaluates to false is a sign of a possible mistake.

6.3.3 Computation of accepted types

An accepted type (£, b) for a guarded pattern pg is a pair where ¢ is a type and b is a Boolean flag.
If b is true, then every value in ¢ is accepted by pg, and every value accepted by pgisin ¢. If b is
false, then only the latter is true.

The guard analysis judgment I' - g — £, is used to derive the judgment I'; t - (p; gi)i<n ~~
(sij,bij)i=n,j<m; that enumerates the accepted types to be used during the typing of a case
expression. Only three rules suffice to derive this judgment: rule [accepT] takes care of a single
pattern-guard pair, and translates a list of possible success environments (A;, b;) ;<5 into a list
of pairs formed by an accepted type and its precision ({ p§ A;»0i)i<n. Guards that always fail are
handled by rule [FAIL].

Ttk g—F

Lty g—1{ (i bi}
[FAIL] —
F;tl—ng(ZpﬁA,bi) Itk pg ~ (O, true)

i
The sequence of successive guard-pattern pairs in a case expression is handled by [SEQ], which
takes care to refine the possible types as the analysis advances, by subtracting from the potential
type ¢ the surely accepted types Vs true)esr S Of the analysis of the current guard-pattern.
Ltk pg~o I; t\(\/(s,true)ed 5) "ﬁ”‘}g
T;thpgpg~od o

[ACCEPT]

[SEQ]

This last rule is then used to produce the auxiliary types I'; t = (p; gi)i<n ~ (£i,bi ) i<n, j<m; used
in the typing rules for case expressions.

Most of the guard analysis rules have been explained in Section 6.3, and the workings of the
other rules can be easily derived from them. Here we summarize the rules.

Figure 6.9 defines the main rules for guard analysis. These rules define how type information
flows through complex guard expressions.

Figure 6.10 defines the boolean rules for guard analysis, which handle the logical combination
of guards using AND and OR operators.

Figure 6.11 defines the approximation rules for guard analysis, which handle more complex
guard expressions that involve projection operations and tuple size checks

Figure 6.12 defines the failure and false rules for guard analysis, which define cases where guards
definitely fail or when guard evaluation results in false outcomes.

In Table 6.1 we number these rules for easy reference in the text. The numbering is consistent
with the order of the rules in Figures 6.9, 6.10, 6.11, and 6.12.
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6.4 Soundness of the Guard Analysis

Exhaustive Set of Guard Analysis Rules The safety analysis detailed in Chapter 4 is achieved
on a calculus that uses type tests p instead of guarded patterns pg. The precise rules for pattern
matching are introduced and explained in Section 6.2. We recall them in Figure 6.8. In order to
prove the safety of these rules, we need to prove that the guard analysis we defined previously
is correct and does not make unsafe type approximations. Doing that will require tying the
operational semantics of guards to the guard analysis we defined previously. This will be the goal
of Lemma 6.4.1, which will be used to establish Lemmas 6.4.3 and 6.4.2 that state that accepted
types can be trusted and used to derive the type of variables within branches.

Lemma 6.4.1 (Safe/Success environment). Let v be a value such that v : t wheret < [ p§. Let
T;pt g— R be a guard analysis judgment withT < (t/p). Let {(®,b); A} € # where is either
(A, ¢) or false. Given o = v/ p, the following statements hold:
@<T) (6.4.1)
g0 —*re€{true,false}] = U: ZPS(D (6.4.2)
b=trueandv: ZPS(D = g0 —* 1€ {true,false} (6.4.3)
IfA = (A, ¢) then:
A=D) (6.4.4)
go —~*true = (V:{pi,) (6.4.5)
if(c=true) then (v:{p§,) = g0 —*true (6.4.6)
IfA = false then:
go —* false (6.4.7)
If ® = w then:
go — fail (6.4.8)
where I'<I" %vxedom()ndom (), I'(x) <T'(x)

Explanation. The purpose of Lemma 6.4.1 is to make a link between the operational semantics
of guards (that reduces via —*, which is the transitive closure of the guard small-step reduction
— defined in 6.3) and the type of values that can be accepted by the guard. We have necessary
conditions (6.4.2, 6.4.3) that say that, if a guard does not fail, or succeeds, then the value was
of a given type. We have also sufficient conditions (6.4.5, 6.4.6) that say that, if a value was of
a given type, then the guard will either not fail, or succeed. We maintain an ordering between
type environments (6.4.1, 6.4.4) which allows us to ensure that, as the analysis progresses, types
obtained are more and more precise and thus retain the properties obtained earlier in the
refinement. For instance, if guard a ? tuple is found to succeed in environment ®, and A < P,
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then a ? tuple will also succeed in environment A. Erroring and always failing guards are handled
by additional conditions (6.4.8, 6.4.7).

Proof. We prove the four implications simultaneously by induction on the derivation 2 :
Ip F g — %. For every rule p of Figures 6.9-6.12 we assume, as induction hypothesis,
that the lemma already holds for all premises of p, and show that it also holds for each
{(®,0); (A, )} € concl(p).

Operational notation. The small-step relation v/(pg) —=* r evaluates the guard g on the
value v previously matched by the pattern p and yields a result r € {true,false, fail}. We
write v : ¢ for the typing judgement @ v: ¢.

The proof proceeds by case analysis on the last rule used in 2.
Main guard analysis rules (1-7)

I'a:p

Rule 1: TRUE. |[TRUE]
I'Fa?p—{,true); (I',true)}

g=a?p.
(6.4.1) (®<TI). ®=T concludes.
(6.4.2) By hypothesis on v, we have v: { p§;. Since ® =T, we thus have v: { p§,.

(6.4.3) Instead of proving go —* r € {true,false}, we prove below that go —* true.

(6.4.4) (A<®)sinceA=T.

(6.4.5) By hypothesis on v, we have v: { p§;. Since A =T, we thus have v: { p§,.

(6.4.6) Given ¢ = true, we want to prove go —* true where o = v/p. Since g = a? p and
't a: p, this is trivial when o = {}. Now, we want to know why this remains true when
o substitutes some variables inside of a. Let x € £v(p) nfv(a). We write v’ = g (x)
the value substituted into a. o is obtained from v/p, by matching the parts of v with
capture variables in p. Given that v : ¢, the types of the values of o can be obtained by
computing ¢/ p. In particular, v’ : (¢/p)(x). Our current environment I' is, by hypothesis,
a refinement of ¢/p. Thus, I'(x) < (¢/p)(x). And given that ¢ < { p§}, we also know
the converse: that (¢/p)(x) < I'(x). So we have (I, x: (t/p)(x) ks a: p) and (& ks v’ :
(t/p)(x)). By substitution Lemma 4.3.3, we have (I I [v'/x]a : p). Repeating this for
every x € fv(p)nfv(a)yields I' s ao : p). Now, (ao) is statically typed with p, so by
soundness of the static system 4.3.7 we know that it evaluates to a value v, such that
Vg : p. So (ao)? p reduces to v, ? p which reduces to true (by rule OFTYPET).

(6.4.7) Not applicable.

(6.4.8) Not applicable.
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l'a:s sAp=0

Rule 2: FALSE. [FALSE]
g=a?p.

We prove each statement in order:

(6.4.1), (6.4.2) Clear since ® =T and, by hypothesis, v: { p ;.
(6.4.3) We directly prove, below, that go —* false.

(6.4.4), (6.4.5) Clearsince A=T, thus v:{p§,.

(6.4.6) Asin the previous case for rule (true), by considering all variables x € £v (a) N dom (o)
we find that I' s ao : s. By soundness (Theorem 4.3.7), ao reduces to a value v, : s.
By inversion of (false), we have s A p = O. Thus, v, ? p reduces to false. Thus, go —*
false.

(6.4.7) Not applicable.
(6.4.8) Not applicable.

I'Fa?p—{(I,true); false}

Fx)£p FxX)Ap#0

Rule 3: VAR. [VAR]
L;pkx?p—{(,true); (F[x 2 pl,, true)}

g=x7?p.

(6.4.1), (6.4.2) Clear since ®=T.

(6.4.3) The guard x? p cannot fail, so it reduces to {true,false}.

(6.4.4) By definition of an environment update, we have I'[x = p] <T.

(6.4.5) We must have x € v (p) and (x, vy) € 0 where vy : (¢/p)(x). If (x? p) —* true, then
Ux?p —* true, i.e. vx:p. We already knew that v : { p§; refining I to be I'[x £ p]
means that x gets type I'(x) A p. So the part of v corresponding to x in p, which is vy,
has both type I'(x) and p. So vy : zpsl"[xep]'

(6.4.6) Conversely, if v, : ijr[xép], then v, = (v/p)(x) is of type I'(x) A p, which makes the
guard v, ? p evaluate to true.

(6.4.7) Not applicable.

(6.4.8) Not applicable.

I'a?tuple— {_; (®,b)}
@+ a?tuplel — { ;A

Rule 4: SIZE.
ule S e a?i— (@,0): %)

g=sizea?i.
(6.4.1) By (IH6.4.1 and 6.4.1) on the first premise and transitivity, ® <T.

(6.4.2) If sizea?i reduces to {true,false}, we must have a? tuple that reduces to true,
because otherwise the guard reduction would fail. Thus, by (IH 6.4.5), v: { p§s.

(6.4.3) If b =true and v: | p§g4, then by (IH 6.4.6), we have ao ? tuple —* true. Thus, ac
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reduces to a tuple value v/, which suffices by definition of the reduction for size testing,
to ensure that sizeao ?i does not error, since (sizea)o = size (ao) reduces to
sizev'.

Case A =(A)0)

(6.4.4) By (IH 6.4.1) on the second premise, A < .

(6.4.5) If (size a?i)o reduces to true, ao necessarily reduces to a value v’ which is a tuple
of size exactly i, since the last reduction will check that v’ has type tuple’. Therefore,
(a? tuplei) o, which reduces to v’ ? tuplei, also reduces to true. Thus, by (IH 6.4.5),
vi{pSa-

(6.4.6) Ifc=trueand v:{p§,,
then by (IH 6.4.6) on the second premise, ((a? tuple’) o —+ true), which implies that
((sizea?i)o —* true)

Case 2 = false

(6.4.7) Inthis case, by IH 6.4.7), (a? tuplei) o reduces to false, hence (size a? i) o reduces
to false.

(6.4.8) Not applicable.

Rule 5: PRO].
i times
. ——
Fa:i ThHa?tuple” —{;(@,b} ®Fa?{l,...1,p0,.}—{;A
TEaga?p—{(®b);2}

[PROJ]

g=mnya?p.

(6.4.1) (®<T) by (IH6.4.1 and 6.4.4) on the second premise and transitivity.

(6.4.2) If (my a? p) o reduces to {true,false}, then by the definition of the [PROJ] reduction
rule, ao evaluates to a tuple of size at least i (since we know that a' o evaluates to i,
since ' ks @’ : i in the first premise and the soundness of the type system). Thus, the
guard (a? tuple”’)o reduces to true, and by induction hypothesis (statement 6.4.5)
weget v:{pSq-

(6.4.3) If b =trueand v:{ qu,, then by induction hypothesis (statement 6.4.6), we get that
(a?tuple”’) o —* true, thus ao reduces to a tuple value of size at least i. This means
that (a? tuple”’) o does not error, and so (7 a ? p) o does not error either.

Case A = (A, 0)

(6.4.4) ByIH 6.4.1 on the third premise, we have A < ®.

(6.4.5) If (my a? p)o reduces to true, then ao reduces to a tuple value of size more than i,

i
. o, . = .
with at position i a value v’ of type p. Thus, ac?{1,...,1, p, ..} will also reduce to
true. ByIH 6.4.5, we get v: {p§,.

(6.4.6) If ¢ = true and v : {p§,, then by induction hypothesis on the third premise,
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i times

A . . .
(@a?{1,...,1, p, ..}) 0 —* true, which implies that (1, a? p)g —* true.
Case A = false

i times

(6.4.7) Inthis case, byIH, (a?{1,...,1, p, ..}) o reduces to false. Since a’ : i, it reduces to
the integer i, thus (7 a) reduces to 7; a. Now, by (IH 6.4.6) on the second premise, we
know ao reduces to a tuple v, of size larger than i. Thus n; v,. But we also know that,
if v, was a tuple of size larger than i with i-th element v;, then the guard from the third
premise would not reduce to false. Thus, v; is not of type p, and (7 a? p) o reduces
to false.

(6.4.8) Not applicable.

I'kai:c ThFay?c—%
Fka1=a2~%

Rule 6: EQ;. [EQi]
g=a = a.
Because the rule merely re-uses the analysis result of its guard premise I' - a, ? ¢ — £, each
pair {(®,0); A} € #Z appears unchanged in the conclusion. Everything to prove therefore
comes from the induction hypotheses (IH) that already hold for that premise, together with
static soundness for the well-typed term a; .

(6.4.1) From the IH for the premise we already have ® <T.

(6.4.2) Suppose (a; = az) 0 —* r € {true,false}. The reduction sequence is a; ¢ — ¢ (no fail-
ure by static soundness of the typing judgement I' i a; : ¢), followed by the reduction
of a, o to a value (no failure, since (a; = ay) 0 does not error). If the reduction of a,
does not error, then neither does the reduction of a, ? ¢ and applying IH (6.4.2) to the
second premise gives v : { p .

(6.4.3) Assume b = true and v : {p§,. The IH for the premise gives (a,?c)o —* 12 €
{true,false}. Again a; o evaluates without failure (dynamic soundness), so the whole
guard (a; = ap) o0 does not error.

(6.4.4) If A = (A, ¢) then the IH for the premise already provides A < ®.

(6.4.5) Continuing under 2 = (A, ¢): if (a1 = a2) 0 —* true then, both ay 0 and a, o reduce to
c. So, in particular, (a, ? ¢) o reduces to true; applying IH (6.4.5) yields v: { p§,.

(6.4.6) Still under 2 = (A, ¢): assume ¢ = true and v: { p§,. IH (6.4.6) gives (a2 ? ¢) 0 —* true.
Since a; o evaluates to a value v : ¢, the final comparison succeeds, so (a; = a2) 0 —*
true.

(6.4.7) If2A = false the IH for the premise tells us (a; ? ¢) 0 —* false; which means that a, o
reduces to v’ # ¢, hence (a; = ap)0 —* false.

(6.4.8) Straightforward by IH on the second premises since it implies that a, fails.
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R 1 (! Q > ¢ L ¢ Th‘ l i ylll t i lt ()

I'ksag:ty Thsap:ty alwaysless(f, )
Rule 8: LT. [LT] —— >

g=ap<da.

I'ag<a; — {(I',true); (I', true)}

(6.4.1) Straightforward since ® =T" concludes.

(6.4.2) By hypothesis, we already have v: | p§;.

(6.4.3) By static soundness of the typing judgementsI' s ag : tp and I' ks a; : #1, as proven
before, in the case for rule (TRUE), we have that ayo and a; o reduce to values vy and
v respectively. Thus, go does not error.

(6.4.4) Straightforward since A =T.

(6.4.5) We already have v: | pS§;.

(6.4.6) We know ay o and a; o reduce to values vy and v; of types #p and t; respectively. The
hypothesis that alwaysLess(f, f;) implies that vy < v;. Thus, go reduces to true.

(6.4.7) Not applicable.

(6.4.8) Not applicable.

I'ksap:ty Thar:tp maybeless(f, )

I'ayg<a;— {(I',true); (I',false)}
This proofis identical to the proof of LT, except for the condition (6.4.6) which is not applicable

since ¢ = false.

Rule 9: LTMAYBE. [LTMAYBE]

Boolean rules
I'Eg1—{(®;,b:); (Aj,¢)}i=1.n (@;,b;) ifb;;=true
ViAil_gZ’—’{(q)ij,bij);(Aij»cij)}jzlumi Aij = and @;; = A;

Rule 10: AND. [AND] biEb
TH g andg2 — {Qll]’ (Aijvci acl])}lj (q)Ljr b; 8[]1]) else

g§=§gandg.
Let {(D,b); (A,0)} € Z. Note that ® could be obtained either from the first premise—
corresponding to the case when, if the g; evaluates to true, then g» does not error, or from
the second premise, which corresponds to the case when the safe environment depends both
on g and g». We distinguish the two cases by i) and ii). Let iy, jo be the indices of the result
picked, such that A = A; ;.
(6.4.1) i) (®<T)byIH on the first premise.
ii) (® <T) by IH on the second premise.
(6.4.2) If (g1 and g») 0 reduces to {true,false}, then g; 0 must reduce to {true,false}, so i)
by IH on the first premise we obtain v : { p§,. In the case of ii) then v : { p§, comes by
(IH) on the second premise.
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(6.4.3) If b =trueand v:{pjy, then

i) In this case, we want to prove that (g; and g») o reduces to {true,false} while
knowing that g; o reduces to {true,false} (by IH) and knowing that, due to the
condition of the rule to pick the first premise and by (IH 6.4.3), if the guard
succeeds then we are in an environment A; which is a safe environment for g».
Thus, (g1 and g») 0 reduces to {true,false}.

i) In this case, we have a safe environment for g» ®;; which is a refinement of a A;
which is a success (thus, safe) environment for g;. Thus, g; and g» is safe.

(6.4.4) We aim to prove that A < ®.

i) In this case, ® = ®;,. By IH on the first premise, A;, < ®;,. By IH on the second
premise, A; j, < A;. Thus, by transitivity, A;; j, < ®;,, which concludes.
i) In this case, ® = ®;;,. By direct IH on the second premise, A;  j, < @ ;.

(6.4.5) Suppose go —+ true. We aim to prove that v: { p§,. Note that, if go —* true, then
g0 —* true. Thus,

i) By IH on the second premise, v : ZpSAinO.
ii) Same as for i).

(6.4.6) Supposec=trueand v: ZpSA. We want to prove that go —* true. Both i) and ii) are
similar. Since true = ¢ = ¢;, & ¢;; j,, we have that ¢;; = true. To apply the (IH 6.4.6) on the
first premise, we need to prove that v: ZpSAiO . Since Ajy j, < Aj,, we have v: szAiojo <
ZpSAiO. Thus g0 —* true. We then apply the (IH 6.4.6) on the second premise, so
820 —* true. Thus, go —* true.

(6.4.7) Not applicable.
(6.4.8) Not applicable.

Rule 11:
(D;,b;) ifb;; =true
TF g1 — {(@:,b); (As,¢)}imt., !

g Vi DYiJii=1.n Q‘ij: andfbij=r,(ti/p)

Vil til pt g {(@ij,0i); Aijsci} iy, (@;},b;8b;) else

[OR]
Ik grorg — {(®;,b:); (A, )} d{Aij; (Aij, ¢ 8Cij)}ij {

Zp§<l>i \ZPSAi if ¢; = true
ZPSQ if ¢; = false

g§=810rg.
(6.4.1) (® <T) by IH on both premises and transitivity.

(6.4.2) If (g1 or g2) 0 reduces to {true, false}, then g; 0 and g, 0 must reduce to {true,false}.
By IH 6.4.2 on both premises, we get v : { p {4,

(6.4.3) Ifb=trueand v: ZPS@» then by IH 6.4.3 on both premises, both g; o and g» o reduce
to {true, false}, so (g or g2) o reduces to {true,false}.

Case 2= (A, ¢):
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(6.4.4) (A <®)bylIH.

(6.4.5) If (g1 or g») o reduces to true, then at least one of g o or g» 0 reduces to true. By
IH 6.4.5 on the corresponding premise, we get v:{ p§,.

(6.4.6) If c=trueand v:{p§,, then by IH 6.4.6, at least one of g; o or g, o reduces to true,
so (g1 or g») o reduces to true.

Case 2l = false:
(6.4.7) : ByIH, both g, 0 and g» o reduce to false, so (g; or g2) 0 reduces to false.
(6.4.8) : Not applicable.

Approx rules

I'a ?2int— {_; (®,b)}
O a?tuple—{_; (A0}

Rule 12: PR .
e OJ (approx).  [PROJa] THmga?p—{(Afalse); (A false)}

g=mngya?t.

(6.4.1) ByIH on the two premises we get ® <T" and A < @, thus by transitivity, A <T.

(6.4.2) If go terminates, then each premise guard terminates; by IH on the second premise
weget v:{pS,.

(6.4.3) Vacuous because b = false.

(6.4.4) Trivial: A = ®.

(6.4.5) If go —* true, then atom a’ reduces to some integer i and atom a reduces to a tuple
v, of size atleast i. Thus both guards @’ ? int and a ? tuple reduce to true. By (IH 6.4.5)
on the second premise, we get v: { p§,.

(6.4.6) Vacuous because ¢ = false.

(6.4.7) Not applicable.

(6.4.8) Not applicable.

TEap?1—{;(®b)}
Ok a?l—{; A0}

Rule 13: £Q (approx).  [£Qa] TFag=a;— {(AbS0); (A false)}

g = (ap = ay).

(6.4.1) ByIH on the two premises we get ® <T" and A < @, thus by transitivity, A <T.

(6.4.2) If go terminates, then each premise guard terminates; by IH on the second premise
weget v:{pS,.

(6.4.3) Ifb&c=trueand v: ZpSA, then by (IH 6.4.6) on the second premise, we get a; o that
reduces to {true, false}. Since A < @, then we also get g, o that reduces to {true, false}.
Thus, (ap = a;) o reduces to {true, false}, since the equality guard does not fail when
both sides reduce to {true,false}.
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(6.4.4) Trivial: proven in case 6.4.1.

(6.4.5) If go —* true, then both atoms gy and a; reduce to the same value v. Thus both
guards evaluate to true. By (IH 6.4.5) on the second premise, we get v:{ p§,.

(6.4.6) Vacuous because ¢ = false.
(6.4.7) Not applicable.

T'ka?tuple—{_; (A0} oAint £0
I'ksizea?p—{(A,¢); (A false)}

Rule 14: SIZE (approx). [SIZE,]
g=sizea?t.

(6.4.1) ByIHwegetA<T.
(6.4.2) If go terminates, then the guard a ? tuple terminates; by IH we get v: { p§,.

(6.4.3) If c=trueand v:{p§,, then by (IH 6.4.6), we get ac that reduces to true. Thus, ac
reduces to a tuple, and the size guard terminates, and so does the type test.

(6.4.4) Trivial: proven in case 6.4.1.

(6.4.5) If go —* true, then atom a reduces to a tuple, thus the guard a ? tuple reduces to
true. By (IH 6.4.5) on the second premise, we get v: { p§,.

(6.4.6) Vacuous because ¢ = false.
(6.4.7) Not applicable.
(6.4.8) Not applicable.

IT'Fayg?l— {_; (®,b)}
OFa?1—{; (A c)}

T'Fag<a—{(AbSC); (A false)}

Rule 15: LT (approx). [LT,]
g=ap<ai.
Same proof as for rule EQ (approx).

Failure rules

Thkap:ty Thag:ty neverless(ty, 1)
Rule 16: LT (fail). [LTFALSE] 200 2T Ll

g=ap<dai.

If ago and a0 reduce to values vy and v; with types ty and f; respectively, and
neverlLess(f, ;) holds, then by construction of neverlLess, we have that vy = v;. Thus,
go reduces to false: the guard will never be satisfied whatever value p matches the pattern

p.

I'tag<a;— {(I',true); false}

I'a?tuple—&F

Rule 17: SI1ZE,,. [SIZE -
w  [SIZEu] [+sizea?p—w

g=sizea?t.



176 CHAPTER 6. TYPING GUARDS IN PATTERN MATCHING

If # = w, then a? tupleo reduces to fail, thus ao reduces to fail, thus go reduces to
fail.

If & contains some {_; false}, then by (IH 6.4.7), we get a? tupleo that reduces to false.
Thus, the size guard will never terminate on ao, and so go reduces to fail.

rf—ai?]ng
Rule 18: EQ,. [EQy] ——————i€{0,1}
I'ay=a;~w
g=dy=a.

If either a or a; reduces to fail, then go reducesto fail.

Rule 19-20 (tuple) i Lratuple~F i Tra?int—g
ule -20: PRO uple). PRO PRO
o TP o] IFrga?p—w [PROLu] [Faga?p—w

g=ngya?t. Ifeither a’ or areduces to fail, then go reducesto fail.

I'~a:i T+a?tuple” — F

Rule 21: BOUND,,. [BOUND,]
I'Frga?p—w

g=nga?t.
If a never reduces to a tuple of size at least i, then g o always reduces to fail.

Rule 22 Fl—a,-?ll~»9«"
ule 22: LT,. [LTy] ———i€{0,1
@ [LTo] I'Fay<a;—~ow PE L

If either comparand always errors, then g always errors.

'k gy —{(®,b); false}
[OF 82— X%
I'-giorgs— %
If a boolean guard always reduces to false, then the analysis of g; or g» always depends on
the analysis of g».

Rule 23: ORFALSE [ORF]

l'Fg1—~w
Rule 24: ORy. [ORy] l"l—glfﬁ If g; always errors, then g or g, always errors.
Rule 25: AND z-L (fail) L e
ule 25: z-L (fail). [ANDg- ]rl_glanngHg

g=g1and g.
If guard g; always fails or error, then both g, and g» and g» always fail or error.

I+ 81— {((I)ir bl)y (Ai’ ci)}isn
Vi< nAil—nggi

Rule 26: ANDz-R (all). [aAND#-R]
w ifVi, i =w

I'Fgiandge —<{_;
S {9’ jstFitw
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g=g1and g.
If guard g, always fails or error, then guard g; and g» always fails or error.

Since every rule has been considered, the induction is complete, proving the lemma.

Lemma 6.4.2 (Surely accepted types are sufficient). Given the guarded pattern sequence
analysisT;t = (pigi)isn ~ (tij,bi}) , foralli, j such thatb;; = true and t;j £ O, for
allvalue v,

isn,jsm;

(v:t;;) = 3o <i) s.t. (v/pi,gi, # fail)

Lty g—1{ (8 bi}

Ttk pg~ (1pSa,bi),

ments A, we know that there is (I', t/p) F g — {_; (A, )} such that ¢;; = { p§, and b;j = ¢. By
Lemma 6.4.1, statement 6.4.6, since b;; = true and v: t;; = { p§ < (pSr,;,,» we know that the
value v will necessarily be accepted by the pattern guard (p;g;) (since g (v/p;) will reduce to
true). Since pattern-matching is first-match, it could still be accepted by other branches, but
it suffices to ensure that (3ip < i); (v/(p;, &i,) # fail).

Proof. Since itis [ACCEPT]

that derives the types #;; from environ-

O

Lemma 6.4.3 (Possibly accepted types are necessary). Given the guarded pattern sequence
analysisTU;t &= (pigi)isn ~ (Lij, i) ,foralli, j such that t;j £ O, for all value v,

isn,j<m;

(v/(pig) # fail) = Fj<m; s.t. (v:t;))

Proof. Supposing (v/(p;g;) # fail) means that v/p; = 0 and g;0 —* true. So v/p; =0
implies v : { p; §;. By the rule ACCEPT, we know that (T, t/p;) b gi — {_; (A}, bl-j)}j where, for
all i, j, t;; = ZPiSA,-j- Since (T, t/ p;) < (t/p;), all the assumptions of Lemma 6.4.5 hold. Thus

UZZpiSAijZIij. O

6.4.1 Guard Comparison Analysis

Our system includes an advanced feature for analyzing comparison guards such as a; < ay,
ay < ap, ay > ay, and a; = ap. This analysis leverages the (total, but arbitrary) ordering on Elixir
values to provide precise type information when comparison operations are used in guards.
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The guard analysis rules for comparison operations are:

T'ag?l— {_;(®,b)}

] I'ksag:ty Thsap:ty alwaysless(fy, t) (7] OFa 21— {_; (A0}
LT LT
T+ ag < ay — {(T,true); (T, true)} “Trayg<a—{(AbS&C); (A false)

Thag:ty Thap:t; neverless(ty, 1)

[LTFALSE]
I'ag<a;— {(I',true); false}

These rules cover three scenarios for the comparison guard a; < ap: always true when the
maximum of a,’s type is strictly less than the minimum of a,’s type (first rule); a conservative
approximation when the types overlap or the relationship is imprecise; and always false when
the minimum of a,’s type is less than or equal to the maximum of a;’s type (third rule).

6.4.2 Strict Ordering of Types

We decide some comparison guards statically via a strict ordering on types, derived from Elixir’s
total term ordering in Figure 6.4.

Definition 6.4.4. Type ordering.
Define t) <gype L2 iff for all vy € t; and v; € 1, we have vy <term V2. We implement this with
componentwise extrema and a global min/max:

* Per-component candidates (with rank tokens rint < F'atom < Ttuple < T'fun):

{(rint» fint) IAIntZ£0O

(€,€) otherwise

(min;ne (£), maxjne (£))

(min A,maxA) A= (t A atom) finite, non-empty
(Minatom (£), MaXatom (£)) = 4 (Fatom,Tatom) (¢ A atom) cofinite
(€,€) otherwise

(Pmin, Pmax)  t A tuple has arities in [Nmin, Pmax]

(mingyple(?), Maxyyple(#)) = 3 (Ftuple Ttuple) A tuple £ )
(€,€) otherwise
. (Ffun> Tfun)  EAfunZ O
(ming,, (1), maxe,, (1)) = unorn ,
(€,€) otherwise

* Global extrema pick the least/greatest defined component by the rank order:

min(#) = min ({min(2)}c \ fe}), max(¢) = max({mcax(t)}c \ {€}).

* Decide ordering by extrema: ty <gype I2 iff max(f) <term min(z).
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I'ke:t (Visn)(Vj=smy) (4;; 20 = F,tij/pl.l—e,-:s)
(case)

t<\ (pigi$

I'+casee(pigi—ei),., :s i=n

isn

I'ke:t (Visn) (Vjsmy) (420 = F,tij/pil—e,-:s)
(casey,)

t=\ (pigi)

I'+casee(pigi—ei);., s i=n

isn

I'e:t (Visn) (Vj=m;) (tij%_(D = F,tij/pl.l—e,-:s)
(casey)

t=\/ (pigi)

I'Hcasee(pigi—ei);., :?As i=n

i<n

whereT;t = (pigi)isn ~> (tij,0ij)i=n, jsm;and (pigi ! =V j<m, tijand { pi&i§ =V j=m; v, tij

Figure 6.8: Case Typing Rules

Predicates used in rules. Write

alwaysless(f, i) = 11 <type L2
neverless(fy, f2) = 12 <type 1

maybeless(f;, t;) = —alwaysLess A —neverlLess

This ordering is independent from subtyping (e.g., int <type atom while int £ atom) and is
only used to decide the comparison-guard rules.

6.4.3 Typing with Guards: Safety

Given the results of the previous section, the theorem for type soundness can be extended to the
case with guards.

Theorem 6.4.5 (Static Soundness). IfJ s e: t is derived without using w-rules and with the (case)
rule with condition t <\ ;< { pigi, then either e —* v with v : t, or e diverges.

Proof. Proving this theorem requires updating the proofs of progress (4.3.4) and preservation
(4.3.6). Here is a sketch of the proof:

1. For progress, if e is a case case e pg — e that reduces to wcaserscars, then for all i < n,
v/p;gi = fail. This contradicts the fact that every v € \/;<,, { pigi§ is a surely accepted
value, i.e. should be accepted by at least one guarded-pattern per Lemma 6.4.2

2. Preservation comes almost immediately from rule (case): since every branch is typed
with the same type from the whole case (this is enabled by subtyping), a case reduction
will preserve the typing. Making sure that we always reduce into a well-typed expression
comes from Lemma 6.4.3 which ensures that our value (which is captured and substi-
tuted into the branch) is of type #;; for some i, j; thus the Substitution Lemma 4.3.3
applies and the branch is well-typed. O
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Theorem 6.4.6 (w-Soundness). If D s e: t is derived using w-rules and the (case) and (case,)
rules, then either e —* v with v: t, or e diverges, or e —" Wcascescare OT € = WourtorRANGE-

Proof. Our analysis of the guarded-patterns is best-case/worst-case: when the surely ac-
cepted types do not coincide with the possibly accepted types, and are too small to type-check
the program, we can use rule (case,,) to type-check. But this allows values to escape pattern
matching, thus adding error wcasgescape to the soundness result. O

Theorem 6.4.7 (Gradual Soundness). If @ by e: t using rules (case), (case,), and (casesx), then
either e —"* v with v § t, or e diverges, or there exists p such thate —" w.

Proof. Lemma 5.2.12, with the addition of rule

I'kvest (Visn)(Vj=m;) (tij,#_(D = r,tij/pl. F<e;ss)

(case®)

I casee(pigi—ei),., 8SA?

i<n

is still valid as it is a rule more general than (case), (case,), and (case,) —see Fig. 6.8. Thus,
the hypothesis & I e: 1 in the statement of the theorem implies & I, e 8 . If we can update
the (K, )-based progress Lemma 5.2.1 and the preservation Lemma 5.2.11 with the additional
case typing rules of Fig. 6.8, then the theorem holds as a simple corollary of these Lemmas.
For progress, it is obvious as the new case expressions with guard evaluation do not get stuck
anymore than expressions do. In case no guard succeeds, then explicit error wcspescaps Will
output.

For preservation, we observe that the rule (case®) preserves typing. Indeed, this rule in-
troduces case expressions with guarded patterns, which evaluate to an attainable branch
expression e; ("attainable", which Lemma 6.4.3 ensures, is important here: if it was possible
that the case expression evaluates to a branch that was not well-typed within the (case®)
rule because it was not true that #;; < O, then we would not be able to say anything about
the result of the reduction, thus preservation would not hold). Then, by inversion on the
typing rule, this branch expression is "8"-well-typed with s, and by Lemma 5.2.6, it is also
"8"-well-typed with s A ?. Thus, the reduction preserves the typing. O

6.5 Inference

The problem of inference for Elixir consists of finding a type for functions defined by several
pattern-matching clauses, without any type annotation. Inference appears in this work mainly as
a convenience tool: indeed, one could simply decide that every function must be annotated, and
inference would not be required. In our case, it is both an interesting research question and a
practical one: writing annotations for untyped code is not without effort, and inference can help
by suggesting annotations to the programmer. In the case of anonymous functions, being able
to infer their types means that annotating can be made optional (e.g., this is convenient when
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Table 6.1: Guard Analysis Rules Numbering

Rule # | Rule Name Description
1 true Basic type check success
2 false Type intersection is empty
3 var Variable type refinement
4 size Tuple size analysis
5 proj Tuple projection
6 eq1 Equality check (first form)
7 eqe Equality check (second form)
8 It Less than check
9 It (maybe) Less than check (maybe)
Boolean Operators
10 and Boolean AND operation
11 or Boolean OR operation
Approximation Rules
12 proj (approx) | Approximated projection
13 eq (approx) Approximated equality
14 size (approx) | Approximated size check
15 It (approx) Approximated less than check
Failure Rules
16 It (fail) Less than check failure
17 size,, Size operation failure
18 eqy Equality operation failure
19 proj,, (tuple) | Projection failure (not a tuple)
20 PIojy (int) Projection failure (index not int)
21 bound,, Projection failure (out of bounds)
22 It,, Less than check failure
23 orFalse OR with false branch
24 ory, OR with error branch
25 andg-L (fail) | AND with left branch failure
26 andz-R (all) | AND with all branches failing
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Figure 6.10: Guard Analysis: Boolean Rules

passing short anonymous functions created on the fly, to a module enumerable data, as done by
the code in line 161). To study inference, we thus add to Core Elixir expressions, non-annotated
A-abstractions formed by a list of pattern-matching clauses:
ex=--1A(pg—e)

Operationally, the expression A( pg — e ) is equivalent to Ax.case x(pg — e) where x is fresh
and the interface of the A-abstraction is omitted. This essentially means that a multi-clause
function definition is encoded into a single function with a single case expression (which is
exactly what the Elixir compiler does).
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Figure 6.12: Guard Analysis: False/Failure Rules

6.5.1 Inferring Interfaces from Guards

To infer the type of such functions, we apply the guard analysis from Section 6.1. For each
clause, it yields a list of admissible input types f;, covering all types the clause may ac-
cept. We type the function body at each ¢;, obtaining #;, and assign the intersection type
Nt — t;) to the function. For example, consider the guard in the following function
A(xwhen (x?int or x?bool) — x)

its analysis produces the two accepted types int and bool; type-checking the function with int as
input gives int as result, and likewise for bool. Hence, the inferred type is (int — int) A (bool —
bool). Formally, the new expression is typed by the rule (INFER) below

L1 E (pigi)isn~ (8,0 ) isn, j<m; ViV ]); (T, x: f;j g casexdo(pg—e): tlfj)
T A(pg—e): Nij(tij— 1))

(INFER)
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where x is a fresh variable, 1 is chosen as its initial type (meaning that the argument could be of
any type), and the Boolean flags b; ; are discarded (the exactness analysis is not required).

The extension of the type system with inference is sound, since the typing rule (INFER) is a
specific combination the rules for A-abstractions and case-expressions, which are sound. The
only difference is that interface checked for the A-abstraction is determined by the guard analysis
rather than written by the programmer.

In some cases, the domain inferred by the guard analysis for the function (i.e., V;; £;;) may
not be precise. When this occurs, the programmer can assist the inference process by providing
the domain type: it would then suffice to replace this type for 1 in the rule (INFER). For example, if
we swap the order of the or-guards in the first clause of test in line 154, then the type inferred for
the function would be the one in lines 156-159 but where the second arrow (line 157) has domain
{:int, ..} instead of{:int, term(), ..}.Although the type checker would produce a warn-
ing (because of the use of (proj,)), this type would accept as input{ : int} , which fails. This can be
avoided if the programmer provides the input type{tuple(), tuple(), ..} or {boolean()}
to the inference process. This can be done by using partial annotations, as we proposed in
Castagna et al. (20244, Section 3.2). These are annotations that do not specify the output type
leaving the system the task to deduce it. In the specific example we would use the following
partial annotation:

[$ {{tuple(), O, ..} or { O} -> _ j

More generally, we can suppose that also the multi-clause functions may be annotated with an
optional interface:

Expressions e == ---|[A(pg—e)

Interfaces I == el{ti—t}i=1.n

where £ denotes the empty string. The previous A-abstractions of the form A'x.e are then syntactic
sugar for single clause functions with one pattern variable and no guards, that is, A'( x — e ). The
typing rules for multi-clause A-abstractions with a non-empty interface [ are the same as the
ones without interface, except that the domain of the interface is used instead of 1 and the type
tested are the ones in the interface rather than those deduced by the guard analysis.

6.5.2 Dynamic propagation with inferred types.

Inferring static function types for existing code in a dynamic language can disrupt backwards
compatibility, as existing code may rely on invariants that are not captured by types. Furthermore,
in a set-theoretic type system, no property guarantees that a given inferred type is the most
general; consider, for example, that the successor function could be given types int — int but
also any variation of (0 — 1) A (1 — 2) A ((int\(0Vv1)) — int) using singleton types. While both
types are correct and can be related by subtyping, it is the role of the programmers to choose the
one that corresponds to their intent and to annotate the function accordingly.

Thus, we choose to introduce some flexibility so that inferred static types do not prematurely
enforce this choice. We achieve this by adding a dynamic arrow intersection that points the full
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domain (the union of the ¢;’s) to ?, in rule (INFERy):
L1 (pigdisn~ (i, 0i)isn jsm; ViV ]); ([, x: tjj g casexdo(pg—e): tlfj)
TEA(pg—e) g Nij(tij— tl{j)/\(\/ij tij—7?)

(INFERy)

Now ‘?’ gets automatically intersected with each possible return type during function application,
which will significantly loosen the discipline enforced by the type system since if ? is intersected
with a type, it will allow applying a function to this type as long as the function’s domain is
compatible (as opposed to a subtype of) the type. While using rule (INFER,) by default appears
necessary when typing a dynamic language, being able to type-check using only rule (INFER)
gives a stronger type safety guarantee, as eliminating the use of ‘?’ during type-checking (and
thus, potentially, of gradual rules) yields a stronger type safety guarantee.

Multi-arity. We have presented inference for single-arity functions, but the same principle
straightforwardly applies to multi-arity functions presented in Section 4.4.1: anonymous functions
become A (pg — e), and the current guard analysis can be repurposed to produce accepted types
for each argument by wrapping these arguments into a tuple pattern.

6.5.3 Inference without precise analysis

Goal. Offer a lightweight inference that does not rely on the precise guard analysis. It operates
only on patterns and their easily computed accepted types, and combines per-clause input/out-
put behaviours with simple type operations, so it can be implemented quickly. This is the scheme
currently used in the Elixir compiler (v1.19), as the precise guard analysis of this chapter has not
yet been implemented.

Construction from patterns only. Consider a function A( (p;g; — €;)i=1. ). For each clause i,
let t; = { p; § be the accepted type of the pattern (ignoring precise guard refinements), and let
[, x:t; g e; : s; be the typing of the body under that assumption. This yields arrows #; — s; for all
i.

Because of first-match semantics, we cannot take the intersection A;(¢; — s;): overlapping
domains would require returning all results at once. For example:

def f({x, y}) when is_integer(x) -> :int

# { O, (
def f({x, y}) when is_boolean(y) -> :bool # { O), (

We must instead reflect that either clause may fire on overlapping inputs and therefore return
the union of their results, e.g. {term(), term()} -> (:int or :bool).

Two arrow construction choices. Given a set of inferred arrows «f = {(t; — s;)};=1.,, there are
two natural ways to account for overlaps among the domains #;:

- Precise arrow. Split domains so they become pairwise disjoint, assigning to each piece the
union of all returns of clauses that cover it. Concretely, we build a set of arrows </’ by inserting
each arrow into it one by one and maintaining this invariant: every arrow in </’ is pairwise
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disjoint with every other arrow in «¢’. To insert, say, arrow t; — s; into «/', we compare it with
every other arrow in &’ and:

« for any empty intersection, we can insert it directly into <¢';

« for any non-empty intersection f; A ¢, emit (#; A t; — s; V s;) and then recursively add the
leftovers (¢;\ t; — s;) and (¢; \ t; — s;) to !

Consider the following example:

[( () or () -> :foo) and ( () or () -> :bar) }

this first strategy yields

[( () -> :foo or :bar) and ( () -> :foo) and ( () -> :bar) J

This representation is semantically precise but requires computing differences (\) and can blow
up the number of clauses.

- Fast arrow. Avoid splitting domains: whenever two clauses overlap, broaden their return
types by taking their union. This keeps each original domain intact and simply unions the returns
across the entire overlap cluster. On the same example, we obtain

[( () or ()-> :foo or :bar) and ( () or ()-> :foo or :bar) }

Intuition. The procedure computes the transitive-closure of overlap among domains and unions
the corresponding returns within each connected component. Let i ~ j iff #; A 1; # O, and let
[i] be the equivalence class of i in the transitive closure of ~. The fast normalisation returns the
arrows

{ti— \ stlizin
kelil

This is a safe over-approximation of the precise result: whenever an input value lies in the overlap
of multiple domains, any of their returns may be produced (due to lack of knowledge if the

pattern captures all its inputs), hence returning the union is sound; when the input lies only in ¢;,
we may return a supertype of s;, which is conservative but acceptable.

Why this is acceptable in a gradual setting. Recall that our inference rule (INFER_%) already
adds a dynamic arrow

(\i/ti) -7

to the inferred interface. Therefore, during application, every inferred return is intersected with ?,
so broadening returns via the fast normalisation does not compromise type safety, only precision.
The benefit is that we avoid expensive difference computations and clause explosion, while still
providing useful (and sound) annotations to guide developers and tools.
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Multi-arity and patterns. The same fast normalisation applies verbatim to multi-arity func-
tions: treat each clause’s tuple of argument types as its domain ¢; (cf. §4.4.1). Overlaps are
computed on these tuple domains, and returns are unioned within each overlap cluster. It how-
ever adds to the complexity of the precise normalisation strategy, which computes differences
between domains: indeed, the difference on multi-arity domains has to be transformed into a
union of tuples before being usable to create function types. For instance {1, 1} \{int, int} has to
be transformed into {int,7int} v {=int, 1} before being usable to create function types, through
elimination of negations on tuples, which is its own separate process (see Theorem 4.5.3).

Takeaway.

* Precise normalisation yields disjoint domains and minimal returns but is potentially
expensive (differences; clause blow-up).

 Fast normalisation keeps original domains and unions returns across overlap clusters; it is
efficient, easy to implement, and integrates well with (INFER,) due to dynamic propagation.

Conclusion

This chapter explained how Elixir’s patterns and guards integrate with our type system. We gave a
compact syntax and operational account, derived accepted types and environment refinements
for guarded patterns, used them to type case-expressions with exact and w-mode guarantees,
and showed how the same analysis supports interface inference for multi-clause functions.

In short, guards act as executable evidence: the more precise the guard analysis, the stronger
the function types we can derive, while preserving soundness when precision is unavailable.

In the next chapter, we survey related work and position our approach in the literature, then
outline future directions for Elixir, including typing message passing and a module system for
behaviours.






CHAPTER

DISCUSSION

“Luau is the first programming
language to put the power of
semantic subtyping in the hands of
millions of creators.”

Alan Jeffrey, Semantic Subtyping in
Luau (2022).

Related work

Erlang/Elixir Type Systems. The work that is most closely related to ours is by Schimpf et al.
(2023a) who propose a type system for Erlang based on semantic subtyping, implement it as
the Etylizer tool, and provide useful benchmarks regarding its expressiveness compared both
to Dialyzer (2006) and Gradualizer (2020). The work by Schimpf et al. (2023a) is rather different
from ours, since they adapt the existing theory of semantic subtyping to Erlang, while the point
of our work is to show how to extend semantic subtyping with features motivated by or specific
to Elixir: how to add gradual typing without modifying Elixir’s compilation and how to extract the
most information from the expressive guards of Erlang/Elixir. Also, their work extensively uses
type reconstruction, while we rely more on explicit type annotations, gradual typing, and the
inference of guards accepted types.

Another related work is eqWAlizer (2022), an open-source Erlang type-checker developed by
Meta and used to check the code of WhatsApp. It reads Erlang Typespecs with few exceptions.
In particular, and contrary to what we do, they have distinct types for records and dictionaries,
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and empty lists are subsumed to lists. As in our system, they use generics (constrained by the
same when keyword we use) with local type inference, type narrowing, and gradual typing. In
particular, eqWAlizer uses the same subtyping and precision relations for gradual types as we
do, since both approaches are based on Lanvin (2021) and Castagna et al. (2019). However,
eqWAIlizer techniques to gradually type Erlang expressions are quite different from ours (no
dynamic propagation or strong arrows). Another important difference is that when typing
overloaded functions with overloaded specs (i.e., our intersections of arrow types) eqWAlizer
does not take into account the order of the clauses of the functions while their applications
require the argument to be compatible with a unique clause. Thanks to negation types our
approach takes into account the order of clauses, and applications are correctly typed even if the
argument is compatible with several clauses: it thus implements a more precise type inference.

Dialyzer (2006), which serves as the current default to provide type inference in Erlang, is a
static analysis tool that detects errors with a discipline of no false positive, while our static type
system ensures soundness, that is, no false negative. Dialyzer lacks support for conditional types
or intersection types to capture the relation between input and output types for functions, and
record types are parsed but not used.

An actively developed alternative to type Erlang is Gradualizer (2020), which also supports
Elixir programs through a translation frontend. The approach looks similar to ours, though it
lacks subtyping, with gradual typing inspired from Lanvin (2021). But a comparison is difficult
since it lacks a formalization or a detailed description.

Berger et al. (2024) compares those four tools (Etylizer, eqWAlizer, Gradualizer, and Dialyzer)
regarding their expressivity and performance on the union of their respective test suites, and find
that there is a high level of disagreement between Gradualizer, Etylizer, and eqWAlizer (25% -
45% of test cases across all test suites), concluding that there is yet a need for more semantic
agreement on Erlang’s type annotations and highlighting the challenging nature of Erlang’s
type language. While we have not systematically compared our work with those tools, in this
work we tried to provide a precise treatment of the specificities of typing Erlang/Elixir programs,
and releasing our efforts in the form of an industrial-grade type system for Elixir may help the
community move forward on this topic.

Static typing for BEAM languages. The initial effort to type Erlang was by Marlow and
Wadler (1997) who defined a type system based on solving subtyping constraints. This type
system supports disjoint unions, a limited form of complement, and recursive types, but not
general unions, intersections, or negations, as we do. The formalization lacks proofs for first-class
function types, which is a solved problem in semantic subtyping. One issue with this work is that
they infer constrained types which are quite large, which leads to the use of a heuristics-based
simplification algorithm to make them more readable. Valliappan and Hughes (2018) describes
a Hindley-Milner type system for Erlang, and Rajendrakumar and Bieniusa (2021) explores a
bidirectional type system (without set-theoretic types) as a research contribution.

Numerous statically-typed languages constructed for the Erlang VM have emerged over time.
Two examples, Hamler and purerl (2021; 2023), derived from PureScript (2013), incorporate a
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type system akin to Haskell’s, including type classes. Notably, in Hamler, type classes are used
to model Erlang OTP ! behaviors. Another language, Caramel (2022), features a type system
inspired from OCaml. Sesterl (2021) extends the trend by offering a module system inspired
by Rossberg et al. (2014), utilizing functors to type Erlang OTP behaviors (a high priority in our
future work list). Lastly, Gleam (2019) is a functional language utilizing well-proven static typing
methodologies from the ML community dating back to the early 90s: a Hindley-Milner type
system, as introduced by Hindley (1969) and Milner (1978), supplemented with a rudimentary
form of row polymorphism in the meaning of Wand (1989) and Rémy (1989).

Parametric polymorphism. Concerning parametric polymorphism, while our work introduces
novel theoretical developments for semantic subtyping in Elixir, integrating parametric poly-
morphism into the language requires no additional theoretical advances. Specifically, we can
adapt the polymorphic system described in Castagna et al. (2014) and Castagna et al. (2015)
(subsequently extended in Castagna et al. (2019) to include gradual types) to use it with Elixir. The
Etylizer project (2023) serves as a practical demonstration of this adaptability, as it successfully
ports the polymorphic system of Castagna et al. (2014) and Castagna et al. (2015) to Erlang. Given
that Elixir and Erlang are sister languages compiled to the BEAM, this illustrates that this poly-
morphic theory is directly applicable as it is to Elixir. For this reason, our theoretical development
does not include polymorphic types, focusing instead on the novel aspects specific to Elixir.
That said, even if the theory does not need any addition, the eventual practical integration of
polymorphism into Elixir—which initially will only be achievable through the systematic use
of explicit type annotations without resorting to type reconstruction—will require a non-trivial
work of implementing the tallying and constraint solving algorithms described in Castagna et al.
(2019), as well as a deeper understanding of the techniques necessary for producing informative
error messages and for pretty-printing the types resulting from these algorithms.

Maps. Two recent works extend the theory of semantic subtyping by specifically targeting
Elixir's map types. The first work Castagna (2023b) introduces a system that seamlessly types
maps used as records—i.e., maps with a fixed, statically known set of keys, where accessing an
unknown key is a (type) error—and maps used as dictionaries, where the set of keys may vary
dynamically, keys can be computed by expressions, and lookups of undefined keys do not result
in an error. This work builds on the theory of record types for semantic subtyping developed in
Frisch’s PhD dissertation Frisch (2004), and is orthogonal to our contributions, making it directly
compatible with the type system presented here. The second work by Castagna and Peyrot
(2025b) extends the theory of semantic subtyping by adding row polymorphism, and motivates
its use for typing Elixir’s maps. Row polymorphism is particularly useful in Elixir because maps
are a primary data structure for encoding structured data, including records, configurations,
state representations, and structs. In many idiomatic patterns, maps are extended or partially
updated across function boundaries (e.g., by adding new fields in pipeline expressions or merging

10pen Telecom Platform, a set of Erlang libraries and design principles for building distributed systems
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configuration data), and row polymorphism enables the typing of such patterns without losing
precision. As in the previous case, the system by Castagna and Peyrot (2025b) builds on the
record type theory of Frisch and extends it with techniques borrowed from the polymorphic
type system of CDuce (2014; 2015) to handle row variables. Like Castagna (2023b), this work
is orthogonal to ours and can be easily integrated with our system without requiring changes
to its core structure. Finally, Yildirim et al. (2025) extends the latter to allow map types to be
parametric in key domain (in addition to being parametric in value domain, as is the case in row
polymorphism).

Other languages using semantic subtyping. Elixir and Erlang are among the latest languages to
embrace semantic subtyping techniques. Other languages in this category include CDuce (2003)
which lacks gradual typing and guards, but supply the latter with powerful regular expression
patterns; Ballerina (2019) which is a domain-specific language for network-aware applications
whose emphasis is on the use of read-only and write-only types and shares with Elixir the typing
of records given by Castagna (2023b); Luau (Luau 2022; Jeffrey, 2022) Roblox’s gradually typed
dialect of Lua, a dynamic scripting language for games with emphasis on performance, with a
type system that switches to semantic subtyping when the original syntactic subtyping fails (Luau
Team, 2023); Julia (2018) with a type system that is based on a combination of syntactic and
semantic subtyping and sports an advanced type system for modules. Finally, Python’s type
specification (Python Software Foundation, 2025a) has recently started incorporating concepts
from gradually typed semantic subtyping. Although this is not yet reflected in practice, there are
promising attempts such as the ty type-checker that aim to include union, intersection, and
negation types in Python (Astral Team, n.d.). While some of these languages employ gradual
typing and/or guards, none share Elixir’'s emphasis on these features or, consequently, on the
typing techniques we developed in this work. Nevertheless, we believe that portions of the work
described in the last chapters could be adapted to these languages, particularly the techniques
for safe erasure gradual typing (strong functions and dynamic propagation) and the extension of
semantic subtyping to multi-arity function spaces.

Gradual typing in semantic subtyping. The thesis by Lanvin (2021) defines a semantic sub-
typing approach to gradual typing, which forms the basis of the gradual typing aspects of our
system, since we borrow from Lanvin (2021) the definitions of subtyping, precision, and consis-
tent subtyping for gradual types. The main difference with Lanvin (2021) is that he considers that
sound gradual typing is achievable by inserting casts in the compiled code whenever necessary,
while our work shows a way to adapt gradual typing to achieve soundness while remaining in
a full erasure discipline. The relations defined by Lanvin (2021) are also implemented at Meta
for the gradual typing of the (Erlang) code of WhatsApp via eqWAlizer (2022). Lanvin (2021)
builds on and extends the work by Castagna et al. (2019) who show how to perform ML-like
type reconstruction in a gradual setting with set-theoretic types. This absence of proper type
reconstruction is one of the limitations of our work. To address it we count on adapting the results



193

of Castagna et al. (2024b) on type inference for dynamic languages. An alternative option is to
utilize the approach by Castagna et al. (2016) which employs traditional, less computationally
demanding type reconstruction techniques than those in Castagna et al. (2024b), but lacks the
capability to infer intersection types for functions.

Industrial solutions for typing dynamic languages. Industry systems have adopted gradual
typing to facilitate the progressive adoption of typing disciplines. TypeScript (Bierman et al.,
2014), built on JavaScript, is a most prominent example, offering a compile-time-only type
system featuring erased annotations, structural types, unions, intersections, and control flow
narrowing (Microsoft, 2025b). However, its subtyping relation for unions and intersections is
defined syntactically rather than semantically, resulting in “incomplete” union and intersec-
tion types that do not always align with expectations/properties of the intended set-theoretic
interpretation. Moreover, the subtyping relation was intentionally designed to be unsound in
certain—quoting (Microsoft, 2025a)—“carefully considered” cases, which contrasts with our
design philosophy. Despite these acknowledged limitations in soundness and completeness,
TypeScript represents a clear success story in terms of both adoption and tooling ecosystem. Our
work reproduces these key features while addressing soundness and completeness concerns, and
providing additional benefits grounded in a robust theoretical framework. A particularly illustra-
tive example of such benefits involves JavaScript’s heavy reliance on dictionary data structures.
As detailed in Castagna (2023b, Section 5), the syntactic approach employed by TypeScript (but
also the one of Flow, see below) produces imprecise and ambiguous typing for these structures,
necessitating various restrictions. In contrast, semantic subtyping provides more general and
precise typing for dictionary structures while eliminating the need for such restrictions. Another
key difference is that TypeScript features two types representing dynamic( ): any and unknown,
the first being permissive and unsound, while the second is not, as it forces checks at the use site.

Flow, by Chaudhuri et al. (2017) (built on JavaScript, too), has a similar surface, but with
stricter inference (a feature that we only partially integrate into our system, as we present infer-
ence as a way to suggest more strictly enforced type annotations). It also has a smaller ecosystem.
Hack (2014) (built on PHP) features a static type checker that is able to introduce runtime checks
via HHVM (HipHop Virtual Machine) type hints, providing operators ‘is’ and ‘as’ to assert and
cast types (casts are only supported for bool, int, float and string, as can be seen in Hack’s
documentation (2025)). It is a pragmatic construction that really compares to our leveraging of
existing BEAM VM checks and guard mechanisms. The difference is that we use more expressive
structural types, thus there is a greater distance, in Elixir than in Hack, between the types that are
VM-checkable and those that feature in type annotations.

Sorbet (built on Ruby) is a gradual type system with an erasure discipline, a dual design
similar to TypeScript with T.untyped (unsafe escape hatch) and T.anything (explicit check
required), and it can optionally insert runtime checks for type assertions, similarly to Hack and
to our approach. It supports union (T.any) and intersection (T.all) types, and uses the latter
for control flow narrowing in a way very similar to our system. One main difference with our
approach is that the Sorbet system is largely nominal as types are based on classes and modules
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rather than structural shapes. Another more substantial difference is that, as for TypeScript or
Flow, the subtyping relation is syntactic rather than semantic. While Sorbet—unlike TypeScript—
does not push unsoundness, and—Ilike us—it explains containment in terms of a set-theoretic
interpretation of types, it still does not fully comply with such an interpretation. For instance,
Sorbet permits the intersection of two modules that export the same method with different
signatures (i.e., types). Since the actual method depends on the order in which the two modules
are imported, then the intersection of the types of these two modules should give this method
the union of the two signatures. However, while Sorbet accepts the calls whose arguments are in
the intersection of the domains of the signatures (as expected when applying a function with a
union type), if the return types are incompatible then the call is rejected (instead of being typed
with the union of the return types). Furthermore, if the intersection of the domains is empty,
then a code specifying the intersection of the two modules is still accepted, despite the fact that
the method in common to the modules can never be called. This shows that the basic subtyping
properties of the union of two arrow types are not accounted for. It is a direct consequence of
the syntactic nature of the subtyping relation, which does not completely capture the intended
semantics of types.

In general, the major difference of our approach with industry solutions is that it is built on a
sound foundation of gradual set-theoretic types, thus avoiding the pitfall of ad-hoc rules that
are added later on: for instance, the overload call evaluation of Python (PEP 484) consists of a
six-step algorithm (see the specification Python Software Foundation Team (2025)) that performs
expansions to attempt to find matches with arguments; steps five and six were recently added
to “determine whether all possible materializations of the argument’s type are assignable to the
corresponding parameter type”. By contrast, overloaded (intersected) gradual function types are
a native object of our type algebra. However, these systems are also not bound to a specific theory
and can constantly evolve to match desired behaviors. While this enhances their flexibility, it
also hinders their portability to other languages and complicates formal reasoning about their
properties.

Positioning among gradual typing disciplines. We discussed above few major examples of in-
dustrial type systems for dynamic languages. A larger range of gradual type systems for industrial-
grade dynamic languages have explored different trade-offs between soundness, precision,
and runtime overhead. These have been thoroughly examined by Greenman, Dimoulas, and
Felleisen (2023), who categorize the implemented semantics into three main disciplines: erasure,
transient, and natural. In the erasure discipline, types are used only for static analysis and have no
influence on the runtime behaviour of programs. The other two disciplines change the runtime
behaviour of programs based on the static type information: the transient discipline inserts shape
checks in the code that enforce the correspondence between top-level value constructors and
the expected types, ensuring that the typed portion of the code cannot “go wrong”; the natural
discipline goes further by inserting wrappers or proxies that enforce for the entire program the
full type structure at runtime.
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As noted by Greenman et al. (2023), the erasure discipline is by far the most popular design
choice in industry, especially because its predictable behaviour and performance. But the current
systems using this discipline implement it at the expense of type soundness. For example, in
TypeScript type annotations are completely erased from the emitted JavaScript. However, as
already pointed out, TypeScript does not guarantee type soundness and requires modifications
to the compiler, such as additional static checks (Rastogi et al., 2015), to partially recover it. This
issue also affects the already cited Flow and Hack, developed by Meta for JavaScript and PHP,
respectively, as well as systems like Mypy (Lehtosalo et al., 2017) and the one defined by Rastogi,
Chaudhuri, and Hosmer (2012).

Our work clearly belongs to the class of erasure disciplines, and improves its state of the art
by introducing a fully erasable gradual type system that retains type soundness. We achieve
this by statically identifying and type-checking strong functions, which can safely interact with
dynamic code without compromising soundness. The presence of strong functions reduces
the gap between the erasure and transient disciplines. Strong functions are, in effect, proxies
for the shape checks of the transient discipline: instead of inserting these shape checks, as
done by transient systems, our system statically identifies the presence of these checks within
the scope of a function application. Of course, there are several inherent limitations to this
approach. Checking the presence of shape checks instead of systematically inserting them
means deducing—actually, enforcing—Iless precise types. Furthermore, a shape check is possible
only if there is a corresponding guard that implements it, which is not always the case, thus
reducing the number of functions that can be proven strong. Thus, the static detection of a strong
function working on composite specifications such as 1ist(integer) may be problematic,
since there is no primitive guard in Elixir to assert that all elements of a list have a given type.
However, these limitations seem to us acceptable trade-offs to retain both soundness and the
advantages of the erasure discipline.

The soundness property enforced by our system bears resemblance to the notion of open-
world soundness introduced for Reticulated Python by Vitousek et al. (2017), classified by Green-
man et al. (2023) as a transient system, which guarantees that well-typed programs, when
compiled from a gradually-typed surface language to an untyped target language, can safely
interoperate with untyped code. In our case, Elixir’s existing runtime behaviour already provides
sufficient guarantees (via its virtual machine checks and guard mechanisms) to ensure a similar
property when endowed with a gradual type system, but without runtime wrappers or coercions.
Typed Racket, by Tobin-Hochstadt and Felleisen (2008) (implementing a natural discipline)
takes a hybrid approach, using occurrence typing for internal precision and contracts at module
boundaries to enforce soundness.

To summarize, transient and natural disciplines, such as Typed Racket and Reticulated
Python, maintain soundness via runtime instrumentation, which introduces overhead and af-
fects integration for existing untyped code. By contrast, our system achieves soundness without
modifying the runtime, relying instead on Elixir’s built-in runtime checks and our guard-aware
static analysis. Combined with semantic subtyping and dynamic type propagation, our approach
occupies a distinct point in the design space: it avoids the unsoundness of TypeScript, Flow,
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and Hack, and the runtime cost of systems like Reticulated Python and Typed Racket, though
this comes at the cost of less precise typing in some dynamic contexts. Our safe erasure strat-
egy enables Elixir developers to adopt types incrementally, without sacrificing compatibility,
performance, or language semantics.

Future work

Message-passing

One key characteristic of Elixir is its concurrency and distribution system based on message-
passing between lightweight threads called processes. Receiving messages from other processes
is done through the receive construct, which relies on pattern matching and guards to match
messages sitting in the process inbox. Typing the concurrency constructs and the actor model
of Elixir is an obvious next step. Our type system is already capable of augmenting the code in
receive with type information from guards, with narrowing and approximations. The potentially
accepted type (cf. Section 1.1.4 c)) of the patterns and guards in receive operations can be used
to define interfaces (i.e., types) for processes and thus type higher-order communications. A
longer-term research project is to type processes with behavioral types, in the sense of Ancona
et al. (2016), for example by adapting the theory of Mailbox Types by de’Liguoro and Padovani
(2018) and Fowler et al. (2023).

Module system for behaviours

Behaviours Elixir provides first-class module support, enabling modules to be passed as argu-
ments and returned as computational results. However, at runtime modules are represented as
atoms subject to dynamic typing mechanisms. The language offers static type declarations for
modules through behaviours, which serve as interface specifications within the Elixir ecosystem.

A behaviour specification comprises three components: type declarations (concrete or ab-
stract), function callbacks defining expected signatures, and exported function definitions that
remain invariant across implementations. A module implements a behaviour when it provides
definitions for each mandatory callback, where implementing functions accept supersets of
callback domains and return subsets of callback codomains.

Currently, Elixir employs behaviours for basic static module typing-modules that adopt
behaviours but fail to implement required callbacks trigger compilation warnings. However, this
represents a minimal approach: Elixir utilizes only the callback component for partial verification,
with no runtime verification when modules are passed as values.

First-Class Behaviour Types The next phase involves integrating behaviours as first-class types
within our type system, enabling comprehensive exploitation of static typing benefits when
working with higher-order modules. This integration presents significant research challenges.
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Behaviours may specify callback types using abstract types—nominal types whose concrete
implementations are module-specific. To fully leverage behaviour-provided information, the
type system must distinguish between different type roles: concrete types shared across imple-
mentations must be exported transparently; abstract types accessible only to callback functions
must be exported opaquely; and implementation-specific types requiring public visibility must
be parameterized within behaviours.

This work necessitates extending the semantic subtyping framework to accommodate exis-
tential types for packaged modules Russo (2000) and Rossberg (2018) or bounded existential types
as implemented in Julia Zappa Nardelli et al. (2018) and Chung et al. (2019). Even approximating
abstract types with dynamic() requires careful consideration of language design implications,
particularly regarding backward compatibility constraints.

The GenServer Behaviour The GenServer behaviour illustrates these challenges through its
fundamental role in Elixir’s standard library. It provides structured client-server interactions
through synchronous and asynchronous communication patterns, encapsulating common
boilerplate for process supervision and message handling.

The following schematic presents the GenServer behaviour definition using Typespec anno-
tations, with annotations highlighting the distinct type roles:

defmodule GenServer do

# Types

atype option() :: {:debug, debug()} | {:name, name()} | ... % transparent
atype result() :: {:reply, reply(), state()} | ... % transparent
dtype state() :: Q) % opaque
dtype request() :: O) % parameter

atype reply() :: O % parameter
% ... additional types ...

# Callbacks

@callback init(init_arg :: ()) :: {:0k, state()} | :error
@optional_callback handle_call(request(), (), state()) :: result()
@optional_callback handle_cast(request(), state()) :: result()
% ... additional callbacks ...
# Functions
@spec start(module(), any(), options()) :: on_start() % higher-order
% ... additional functions ...

end

Listing 7.1: GenServer behaviour specification with type role annotations

The behaviour specification exhibits three categories of components with specific typing
implications:
* Types. The types option() and result() are fully defined and shared across implementa-

tions, necessitating transparent export. The state() type represents internal server state,
accessible exclusively to implementation-specific functions, requiring opaque export.
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The request() and reply() types describe message structures that are implementation-
specific yet publicly accessible, making them suitable for parameterization.

* Callbacks. Callback specifications exhibit mandatory and optional variants, analogous to
optional and mandatory field distinctions in map types within our type system.

* Functions. The start function requires a module as its first argument, but this module
must implement the GenServer behaviour, not merely any arbitrary module.

When behaviours are elevated to first-class module types, the GenServer behaviour would be
specified using the following syntax:

defmodule type GenServer(request, reply) do
# Types

type option() = {:debug, debug()} | {:name, name()} | ... % transparent
type result() = {:reply, reply(), state()} | ... % transparent
type state() % opaque

% ... additional types ...

# Callbacks

callback init :: init_arg() -> {:ok, state()} | :error

callback optional(handle_call) :: request(), (), state() -> result()
callback optional(handle_cast) :: request(), state() -> result()

% ... additional callbacks ...

# Functions

spec start :: GenServer(request, reply), init_arg(), options() -> on_start()
% ... additional functions ...

end

Listing 7.2: Proposed GenServer behaviour as first-class type

In this formulation, request and reply serve as parameters of the module type GenServer.
The types request() and reply() are transparently exported, while state() remains opaque.
Optional callbacks are explicitly declared using syntax reminiscent of map type optional fields.
The start function specification explicitly constrains its first argument to modules implementing
the same GenServer type, ensuring type-safe module passing rather than treating modules as
arbitrary atoms.
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8.1

CHAPTER

GRADUAL SET-THEORETIC TYPES AS API

Our approach: a theory-first system, built for reasoning

Type systems serve multiple purposes in modern programming:

Documentation: Types serve as mechanized documentation. Even a purely informal
language of types written as comments above the code helps convey programmer intent. A
type system enforces these annotations and increases confidence that the specification is
correct.

Style enforcement: Types can be used to enforce a certain style of programming. For
example, a type system can enforce that functions adhere to a specific signature or that
data structures are used consistently.

Code tooling: Types can be used to provide better tooling support, such as autocompletion,
refactoring tools, and static analysis provided directly in an IDE as part of a standardized
language server maintained by the community.

Type-driven development: Types can be used to drive the development process. This is a
common practice in functional programming languages, where types are used to guide the
design of functions and data structures.

Bug finding: A type system finds bugs, either statically or dynamically. A strict typing
discipline guarantees that certain classes of runtime errors cannot occur. A gradual typing
discipline finds type clashes that lead to certain errors. We study the continuum between
the two.

A common thread runs through these goals: a type system allows both the programmer and
the machine to reason about the code. This reasoning occurs under different rules of interaction.
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The compiler’s output, including type errors and warnings, reflects how the machine reasoned
about the code.

Programmers also reason about the code and direct the compiler towards their views. In
languages where type annotations are enforced, annotations act as a contract between the
programmer and the compiler. With a language of types, programmers express intent both
through what the code should do and through the operators the type language provides. Our
specific approach adds a practical advantage: beyond representing data structures (tuples,
maps, etc.) and base types (integers, booleans, etc.), the semantic subtyping framework lets
programmers reason with familiar set intuitions. Conceiving types as sets of values, and using
set connectives (union, intersection, negation) with simple words ("or", "and", "not") raises the
level of abstraction without introducing more complex typing notions. This ease of use has a
cost: designing a set-theoretic type system for a full-fledged language like Elixir is complex, from
the design of types as an algebra with set connectives to the integration of these types into the
language’s existing features and paradigms.

8.2 Asimple type system built on complex types

There is a striking mismatch between:

i) the complexity of constructing set-theoretic types—from their semantic interpretation to highly
recursive decision procedures (obtained by solving set inclusions) and their implementation (the
subject of Chapters 9 and 11) and

ii) the intuitive simplicity of set-theoretic types.

This tension also appears when contrasting the effort of building the “set-theoretic type
engine” with the simplicity of wiring it into an actual type checker. In practice, there is rarely a
need to stray from the declarative system of Chapters 4-5-6. Given a way to store types, perform
subtyping and related checks, and compute type operators, implementing the rules is largely an
administrative exercise of calling constructors and destructors. Even polymorphism becomes
straightforward once tallying (which solves subtyping constraints) is delegated to the engine.

Set-theoretic types offer a firm ground for intuition that a language designer can iterate on. A
case we return to is Elixir Protocols (whose typing is described in the introduction 1.1.3 and for
which an example is found in Appendices A.4): simple union types already suffice to capture their
dispatch behaviour, even though Protocols were not an initial design target (see Chapter 13).

Table 8.1 summarizes the correspondence between set-theoretic operations and our surface
syntax.

We argue that set-theoretic types can be provided as an abstract API for use by the type-
checker. What the checker needs from the engine is small and stable: (i) constructors for the
set-theoretic connectives, base types and structural types, (ii) operators for structural types and
function application, and (iii) a handful of queries: subtyping, equivalence, satisfiability/empti-
ness, and disjointness. With these in hand, standard rules—application, pattern matching, and
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Set Operation Mathematical Our Type System

Union AV B A or B
Intersection AANB A and B
Complement 9~A not A
Empty set 1) none()
Universe 9 term()

Table 8.1: Correspondence between set-theoretic operations and type system syntax.

guards—reduce to a few calls to compute refinements and to test (non-)emptiness. A synthetic
description of such an API can be seen in Figure 8.1.

# constructors

$ /0 :: (-> type)

$ /1 38 ( ( ) -> type) # e.g. ([:0k, :error])

$ ja sg ( (type) -> type)

$ fun/2 R ¢ (type), type -> type)

# connectives

$ union/2 :: (type, type -> type)

$ intersection/2 :: (type, type -> type)

$ difference/2 :: (type, type -> type)

# operators on types

$ dom/1 :: (type -> type)

$ app/2 1t (type, (type) -> type)

$ project/2 :: (type, type -> type)

# type queries

$ subtype?/2 :: (type, type -> type)

$ compatible?/2 :: (type, type -> type) # can those two types coincide?

$ empty?/1 :: (type -> ) # true if the type is the empty set

$ disjoint?/2 :: (type, type -> ) # true if they never coincide
Listing 8.1: Types API

Conclusion

This chapter distills a theory-first, API-facing view of semantic subtyping: think in sets, compose
with v, A, \, and rely on a small, stable vocabulary that tools can surface directly to programmers.

In the next chapter, Chapter 9, we leave the API surface for the type engine itself: we describe
the modular type representation (Descr), component-wise set operations, and the gradual pair
invariant that make these API operators executable inside a compiler. This architectural layer is
what the following implementation chapters refine and specialize.







CHAPTER

BOOTSTRAPPING GRADUAL SET-THEORETIC TYPES

“Alain Frisch’s dissertation is said to
include detailed accounts of many
of the lessons learned while working
on CDuce, however this work is
written in French and the authors of
this work ne comprend pas le
francais.”

Andrew M., Advanced Logical Type
Systems for Untyped Languages
(2019)

This chapter provides a high-level overview of the key implementation challenges and design
decisions for set-theoretic types. The following chapters present each topic in detail: Chapter 10
covers type representation and gradual types, Chapter 11 addresses structural types, and Chapter 12
compares alternative representations.

The CDuce language presented in Frisch (2004) established the first blueprint for implement-
ing set-theoretic types with semantic subtyping for functional languages. Despite this pioneering
work, the dissemination of semantic subtyping has been slow, with few languages adopting
the full approach until recently. Notable exceptions include Luau (2022), which implements
semantic subtyping (with some approximations for function types), and emerging systems like
Erlang’s Gradualizer and Elixir’s type system.

While semantic subtyping’s core ideas gained traction, most implementations resorted to ad
hoc techniques that failed to leverage the approach’s full power. The semantic approach offers
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compelling advantages: (1) subtyping becomes a decidable total function; (2) type systems can
directly utilize set-theoretic operations (e.g., using type difference to drive pattern matching); (3)
programmers can employ set-theoretic connectives in type annotations without restriction.

The slow adoption stems from two primary factors beyond historical barriers (the original
2004 thesis was written in French):

* Missing foundational features: Critical capabilities such as polymorphism were only intro-
duced in 2014 (Castagna et al., 2014; Castagna et al., 2015). Similarly, Castagna et al. (2019)
established the theoretical foundation for gradual typing in semantic subtyping-essential
for dynamic languages—but lacked concrete implementation guidance (see Chapter 10).

e Implementation complexity: The approach rests on solving set-containment inequali-
ties and requires substantial theoretical machinery to formalize the type algebra. Many
researchers question whether a fully set-theoretic approach is algorithmically feasible,
particularly for complex features like polymorphism (noting, for example, Reynolds’ (1984)
influential claim that "Polymorphism is not set-theoretic" of which Castagna and Xu (2011)
can be considered a formal refutation) and function types.

This chapter addresses both concerns and shows that

* implementing semantic subtyping does not require mastering its complete theoretical
foundation—practical algorithms exist that are modular and approachable;

* the implementation is not only feasible and efficient (with well-understood trade-offs), but
also a la carte: language designers can adopt components incrementally to match their
specific needs.

9.1 Descr: Modular Type Representation (an overview)

The fundamental idea for implementing set-theoretic types is to consider each type as a union
of disjoint component types (each of which being in DNF form, from Chapter 3). For example,
the type number decomposes into two disjoint components: the base types integer and float.
Our implementation represents each type as a record that tracks which type components are
present—we call this record a Descr (short for “type descriptor”).

The key insight is that, because components are mutually disjoint, set-theoretic operations
(union, intersection, difference) can be computed field by field and then combined. This modu-
larity makes the implementation both simple and extensible: to add a new base type, one simply
introduces a corresponding field in the Descr record and defines the set operations for that field.

9.1.1 Anatomy of a Descr.

Drawing on the semantic subtyping approach of CDuce (2003), a Descr is a record with one field
for each type component, where each field stores a representation of the subset of values of that
type included in the overall type. To illustrate, consider four principal components—integer,
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atom, tuple, and function—each represented differently. ! Table 9.1, at the end of this section,
summarizes the different types in the Descr that we describe.

We now describe each representation in more detail.

Integer type. Although Featherweight Elixir supports singleton integer types (e.g., 42), our
current implementation treats integer as indivisible: its only strict subtype is the empty type.
Thus, every type in Elixir contains either all integer values or none. This is in contrast to the
atom type (see next item), which supports singleton subtypes and more granular distinctions.
The indivisible integer type is therefore represented by a simple Boolean flag indicating whether
integer values are included or not.

Atom type. The case of atom is different from that of integer. In Elixir, it is common to use
atoms in tuples as flags to determine the content of the rest of the tuple. We saw an example with
the :int atom in Section 2; a more illustrative example is provided by GenServer (one of the most
widely used modules in Elixir) whose options are passed as pairs where the first element is an
atom indicating the option name and determining the type of the second element:

{:debug, debug()} or

{:name, name()} or

{:timeout or :hibernate_after, timeout()} or
{:spawn_opt, [Process.spawn_opt()]}

$ type option() =

In view of the widespread use of this pattern, our implementation has supported atom singleton
types from the outset. This means that, unlike integer, atomis not an indivisible type. However,
every nonempty subset of the atom falls into one of the following two forms:

* a finite explicit set of atoms {ay,..., a,};

¢ the complement of a finite set of atoms (i.e., a co-finite set).

Thus, we can represent any type formed by atoms by a pair in which the first element is a flag that
indicates whether the type is finite or cofinite, thatis, (:union,{ay,..., a,}) or :minus,{a,,..., a,}),
and where atom corresponds to (:minus,{}). For example, the type :foo or :bar is rep-
resented as (:union,{:foo,:bar}), while the type of ’all atoms except :foo and :bar’ (i.e.
atom() and not (:foo or :bar))isbe (:minus,{:foo, :bar}). In particular, the type atomitself
is represented as (:minus,{}), since it includes every atom (the complement of an empty set of
exclusions).

1The current Elixir implementation includes additional base types: binary(),float(),pid(),port(),reference(),
andlist(), all handled with similar techniques, and uses only decision trees to represent structural types, like tuples.
The reasons for the choice of decision trees will be explained in Chapter 11. For a detailed comparative analysis of
alternative representations we explored (DNFs, compressed DNFs, union forms) and why they were ultimately not
adopted, see Chapter 12.
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Tuple type. Any tuple type can always be put in disjunctive normal form. Furthermore, it
is always possible to eliminate intersections of tuple types (by intersecting the components),
and similarly eliminate intersections of their negations (by distributing them over disjunctions:
(t1, ) A(sy, 82) = (B A S, T2 AT182) V (11 A 18y, 12), and likewise for larger arities). Based on this
property, we may represent any tuple type as a list of descriptor tuples—a representation we call
union forms (see Section 12.3 for a detailed analysis of this approach and its limitations). Each
element of the list corresponds to one variant of a tuple (with a particular arity and component
types). For example, a type consisting of "either a pair of an integer and a boolean, or a triple of
an atom, an integer, and a term" would be stored as [{ int, bool}, {atom, int, 1 }]. In general, a
tuple component of a Descr is a list of tuple types [(#1,1,..., t1,1,), -+, (Fk,15- -+, Lk, n, )], €ach tuple
(-) representing one alternative shape included in the type.

Function type. In semantic subtyping, every subtype of function is a propositional logic
formula where literals are atomic arrow types (fi,..., t;) — f or their negations — ((fy,..., t;) — 1).
We can store such a formula using a binary decision diagram (BDD), that is, a binary tree where
each node is labeled (for a comprehensive complexity analysis of BDDs and alternative repre-
sentations, see Chapter 12). and the leaves are labeled either 0 or 1. The formula represented

(int — int) int | true
/ \_" atom ‘ (:union,{:foo, :bar})

(bool — bool) 0
/ \_‘| tuple ‘ [{int,—int},{-int,1}]
1 0 fun | as in Figure 9.1

Figure 9.1: BDD of a (int — int) A (bool —
bool). Figure 9.2: Components of a Descr.

by a BDD is the union of all paths from the root to the 1-labeled leaves, where each path corre-
sponds to the conjunction of the literals along the path, either positively (if taking a left branch
after the literal) or negatively (if taking a right branch after the literal). For example, the type
(int — int) A (bool — bool) will be represented by the BDD shown in Figure 9.1, where there is
only one path that leads to a leaflabeled 1.

The type represented by a Descr is the union of all the atomic types present in its fields. For
example, the type int v (: foo or :bar)v({1,1}~{int,int})Vv((int— int)A(bool — bool))
will be represented by its four components described in Figure 9.2, where we distribute the
negation to obtain the tuple type.

Note |

Note also that the negation of any atomic type is represented by a descriptor that saturates the other
component types: for instance, 7int v ~atom is represented by a descriptor with the integer field
setto false, the atomfield setto (:union,{}), the tuple field set to [{1,1}], and the fun field set
to the BDD for T — 1.
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Table 9.1: Representation of type components in Descr

Type Representation Rationale & Properties

integer Boolean flag Indivisible (no singleton integer types in
current implementation); either contains
all integers or none. Represented by a sim-

ple bit.
atom Finite/co-finite set: Common in pattern matching (e.g.,
(tagiay,...,an}) GenServer options). Tag indicates
finite set (:union) or its com-
plement (:negation). Example:

(:union,{:foo, :bar})

tuple List of tuple types: Any tuple type can be put in DNE Pos-
[(t1,1,- 0,0, itive intersections can be computed di-
rectly. Negations can be eliminated by
distributing over components. Each list
element represents one alternative ari-
ty/shape (see Section 12.3 for details).

function Binary Decision Dia- Function types are propositional formu-
gram (BDD) las over arrow types (fy,..., fz) — t. BDDs
provide canonical representation. Exam-

ple in Figure 9.1.

9.1.2 Component-wise Set Operations.

The Descr structure provides an efficient way to perform type operations because each atomic
field can be computed separately. In particular, since the atomic components are mutually
disjoint, operations on types can be carried out field by field. The intersection of two types, for
example, is computed by intersecting their respective integer flags, intersecting their atom
components (which involves intersection of finite/cofinite sets of atoms), intersecting their
lists of tuple types (by distributing intersections across corresponding tuple components) and
intersecting their function BDDs. The resulting fields together form the Descr of the intersected
type. Likewise, a union is performed by taking the union of each field separately (boolean OR for
the integer field, union of atom sets for the atom field, concatenation and normalization of
tuple lists for the tuple field, and BDD OR for the function field). Set difference is handled
analogously (e.g., subtracting on each field in isolation). This component-wise approach greatly
simplifies implementation and is crucial for the performance of the type-checker.

Suppose that Descr is an Elixir map with four fields: integer, atom, tuple, and function,
and that we have a function intersection/3 that takes a field key, two values, and computes
their intersection according to which component is being intersected. Then, the implementation
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of intersection for Descr is straightforward:

def intersection(typei1, type2) do
Map.merge(type1, type2, &§intersection/3)
end

Listing 9.1: Implementation of intersection for Descr

The implementation enumerates all triples (field, value1, value2) and computes
intersection(field, value1, value2) for each triple, making it the new value for the field
in the result.” The implementation of intersection/3 can be trivial, as for : integer where it
computes value1 and value2, or a bit more involved for BDDs (see the detailed discussion in
Chapter 10).

9.1.3 Extension to Gradual Types

Importantly, this modular design extends gracefully to gradual types. As described in Chapter 3,
every gradual type t can be characterized by two extremes: a minimal static approximation and a
maximal static approximation, via the equivalence.
=1V (2a1h)

In other words, any gradual type can be represented as the union of a purely static part (¢!, the
set of values that will be present at run time) and a dynamic part (or static over-approximation)
constrained by a static bound (? A t1, representing values that may occur at run time, up to the
static limit ¢1). We leverage this property by implementing each gradual type as a pair of Descr
structures: one for ¥ and one for t". In particular, Chapter 10 shows that to make operations on
these pairs modular, we can maintain the invariant that the first descriptor is always a subtype
of the second (i.e. t¥ < tM). This ensures that all values guaranteed by the static part are also
covered by the dynamic part. If we enforce this invariant when constructing gradual types, then
operations on gradual types can be performed component-wise on each of the two descriptors,
just as with static types, and the result automatically satisfies the invariant. For example, consider
the gradual type ¢t = int v (? Abool), which means "statically an integer or possibly a boolean
at runtime." We represent ¢ as a pair of descriptors (Dstat, Dgyn) where Dsga¢ describes int and
Dgyn describes int v bool. Note that Dgtat < Dgyn (since int is a subtype of int v bool). Now, any
operation on ¢ (say, intersection with another gradual type s) can be carried out by intersecting
Dstat with s’s static descriptor and D4y, with s’s dynamic descriptor, yielding a new pair that
still respects the invariant. By contrast, if we attempted to represent ¢ as (int, bool) (static int,
dynamic booleans only), the invariant would be broken and a naive component-wise operation
could yield incorrect results. In general, a purely static type (with no ?) is simply represented

2Note that we consider that the fields of all types are always defined in the D@ SCT, possibly containing the empty
type if a given component is absent. In the Elixir implementation, we remove (for performance reasons) the empty
fields from the Descr, thus intersecting cannot be done directly by the merge, which keeps the fields of the first
argument if they are not present in the second. Instead, the behaviour when intersecting two DeSCT's is to remove
the field if it is not present in either argument.
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by two identical descriptors (its static and dynamic parts coincide), which trivially satisfies the
invariant.

9.2 Implementation Details

The overview presented in this chapter establishes the core architectural principles behind our
type representation. However, the successful implementation of semantic subtyping requires
careful attention to the details of how each component type is represented and how operations
on these components are performed efficiently.

Chapter 10 provides the comprehensive treatment of these implementation details, including:

* Base type representation (Section 10.1): How fundamental types like integers, floats, and
binaries are represented using bit vectors for maximum efficiency.

* Co-finite type handling (Section 10.2): The algorithms for representing and manipulating
infinite domains like atoms using finite/co-finite set representations.

* Gradual type implementation (Section 10.3): The complete treatment of how gradual types
are realized using pair representations, including the formal justification and invariant
preservation.

These implementation details are crucial for understanding how the modular Descr archi-
tecture translates into practical, efficient algorithms. While this chapter has established the
foundational principles, Chapter 10 demonstrates how those principles are realized in concrete
data structures and algorithms. Additionally, Chapter 12 provides a comparative analysis of alter-
native representations (DNFs, compressed DNFs, union forms) that we evaluated but ultimately
chose not to adopt for structural types in the Elixir implementation.

Conclusion

This chapter established the foundational architecture for implementing semantic subtyping sys-
tems. We introduced the core Descr representation, which provides a modular, component-wise
approach to type representation that enables efficient set-theoretic operations while maintaining
extensibility.

The key insight presented here is that by representing types as records with disjoint com-
ponent fields, we can perform complex set operations (union, intersection, difference) simply
by computing these operations field-by-field and then combining the results. This modularity
proves essential for both static and gradual typing, where the same architectural principles apply
directly to gradual types through a pair representation that maintains crucial invariants.

While this overview chapter has established the theoretical foundation and high-level de-
sign principles, the success of any semantic subtyping implementation depends on the careful
attention to detail in how these components are actually realized. Chapter 10 provides the com-
prehensive treatment of these implementation details, showing how the modular architecture
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translates into efficient, practical algorithms for base types, co-finite sets, and gradual type pairs.
Chapter 11 details the decision tree approach to implement structural types, and its application
to Elixir types: functions, tuples, (proper/improper) lists and maps. Chapter 12 complements this
by presenting a detailed comparative analysis of alternative data structures (DNFs, compressed
DNFs, union forms) that we explored but ultimately did not adopt, explaining the trade-offs that
informed our final design choices.

This separation between architectural principles (this chapter), implementation details
(Chapters 10 and 11), and alternative approaches (Chapter 12) reflects our belief that successful
type system implementation requires both a clear high-level vision and meticulous attention
to the algorithms that realize that vision, as well as an understanding of the design space and
trade-offs involved.

We now turn to Chapter 10, which details the concrete data structures and algorithms that
realize this architecture.



CHAPTER

TYPE REPRESENTATION DETAILS

This chapter provides the detailed implementation of the type representation components intro-
duced in the overview of Chapter 9. While Chapter 9 established the overall Descr architecture
and its modular design principles, this chapter focuses on the base type and singleton (literal
type) components, and on the representation of gradual types. The next chapter, Chapter 11, will
focus on the structural type components.

Chapter Roadmap

* Section 10.1 (Base types) Encode the six primitive domains as a 6-bit mask; give constant-time
set operators and a minimal Elixir implementation.

¢ Section 10.2 (Finite/cofinite literals) Introduce the (mode, S) normal form for infinite literal
domains; derive closed-form rules for A, v, \ and illustrate on atoms.

* Section 10.3 (Gradual types as pairs) Use the representation theorem to view 7 as [7¢,7];
enforce the validity invariant ¥ < 11 contrast naive laws (Prop. 10.3.4) with the invariant-
preserving algebra (Fig. 10.1).

- Invariant-preserving algebra. Prove component-wise union/intersection/difference for
valid pairs (Prop. 10.3.7).

— Alternative disjoint encoding. Present (r',7"\ 7!) and its disjointness invariant; give
normalized operators and explain why we do not adopt it in practice.

- Concrete Elixir integration. Add a :dyn field to Descr to carry the dynamic component; de-
fine component-wise operators and show a direct implementation of difference (Code 10.2)

213
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10.1 Base Types

The simplest component type is indivisible base types. Elixir provides six fundamental base types
that serve as the atomic building blocks of its type system:

e binary -binary data (e.g., strings and binary sequences)

* integer -integer numbers

e float —floating-point numbers

e pid - process identifiers

e port -1/0 port identifiers

» reference - unique reference values
In a Descr, each of these base types is represented by a Boolean field that indicates whether
values of that type are included. For example, the type binary() or float() would have
the binary field set to true and the float field set to true, while all other base-type fields
(integer, pid, port, reference) would be false.

Set-theoretic operations on base-type fields correspond directly to boolean operations. For
two types f; and f,, and for a particular base type (say b) with truth values b, in #; and b, in 1,

we have:
Intersection: (1 A ) = b1 &&by,

Union: (V)= b1 || bo,
Negation: (mt)p=~~by,
Difference: (H\ l'z)b = b]&&(~~ bg),

where &&, ||, and ~~ on the right-hand side are the usual boolean AND, OR, and NOT.

Efficient bit-level representation. Because each base type corresponds to a bit, we can im-
plement these operations extremely efficiently using bit-level operations. For instance, we can
assign a fixed bit position to each of the six base types (e.g., bit 0 for binary, bit 1 for integer,
bit 2 for float, etc.). Then a set of base types can be represented as a 6-bit number where 1 in
position i indicates the presence of that base type and o indicates its absence. Under this encod-
ing, the union of two types corresponds to a bitwise OR, intersection corresponds to bitwise AND,
negation corresponds to bitwise NOT (within the 6-bit domain), and difference corresponds to
bitwise AND with the complement.

For example, using the bit ordering (binary=0, integer=1, float=2, pid=3, port=4, refer-
ence=5), the type binary() or float() is represented by the bit pattern 101000 (bits 0 and 2
set to 1). The type integer() or float() is ®#10100 (bits 1 and 2 set). The intersection
of these two, 101000 AND 010100, yields 000000 (no bits set), which correctly represents
the empty type (since there is no common element between "binary or floating" and "in-
teger or floating"). The union, 101000 OR 010100, yields 111100, representing the type
binary() or integer() or float() (bits0,1,2 set).

A minimal implementation of this approach is shown below.

1(defmodu1e BaseTypes do W
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import Bitwise

# Bit positions for each base type (e-indexed)

@binary_bit o # -> bit o
@integer_bit 1 # -> bit 1
afloat_bit 2 # -> bit 2
# ...and so on for (3), port (4), reference (5)

# Bit masks for each base type (using left shift)

@binary_mask 1 <<< gbinary_bit # obooooo1
Rinteger_mask 1 <<< @integer_bit # 0beeeo10
afloat_mask 1 <<< @float_bit # obooo160
# ...and so on for , port, reference

def intersection(typei1, type2), do: typei &§&& type2

def union(type1, type2), do: typei ||| type2

def difference(type1, type2), do: typel §§& ~~~type2

def subtype?(type1, type2), do: difference(typei, type2) == ©
end

Listing 10.1: Minimal implementation of base set-theoretic types with bit vectors

This bit-level representation makes operations on basic unions of these fundamental types
extremely fast. Moreover, the implementation is progressive and modular: initially, a given type
can be represented solely by a bit mask (which means that we are treating it as 'all or nothing’ for
each base type). If later we need to refine that type (for example, to distinguish particular atoms
or exclude certain integers), we can promote the representation by replacing the simple bit with
a more complex data structure for that base type. One such data structure is the co-finite set
representation, described next.

10.2 Finite/Cofinite Types (or Literal Types)

Base typeslike binary, integer, and float are indivisible in our implementation-a type either
includes all values of that kind or none. However, for other infinite domains such as atoms, we
need finer granularity to express types such as “all atoms except :a and :b.” This section presents
a finite/cofinite representation that handles such types efficiently.

The finite/cofinite representation uses a pair structure (tag,S) where fag €
{:union,:negation} indicates the representation mode and S is a finite set of values
from the infinite domain. The interpretation is as follow (recall that constants are both values
and types):

(:union,$)=\/ ¢ (:negation,S) = domain\ \/ ¢

ceS ceS

This representation is complete for any subset of an infinite domain: an arbitrary set of values
is either finite (or can be made finite by excluding a co-finite part) or co-finite (or can be made
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co-finite by excluding a finite part). For example, in the domain of atoms we have:

(:union,{:a,:b})=:av:b,
(:negation,{:c,:d})=atom\(:cv :d),
(:negation,@)=atom (all atoms),
(:union,@)=0 (empty set).

The key benefit of the finite/cofinite format is that set operations can be performed by simple
manipulations of the finite set S and the mode tag. Suppose that we have two co-finite types
X7 = (mode;, S1) and X, = (mode,, S>) over the same domain. Then their intersection, union,
and difference are given by the following rules:

Intersection X; A X5:

(:union,S1) A{:union,Sy>) =(:union, S NSy,
(:negation,S;) A{:negation,S;) = (:negation, S1US,),

Union X; v X5:

{zunion,S;) A{:negation,S,) = (:
{(:negation,S;) A{:union,Sy) = (:

(:union,S;) v {(:union,Sy) =(:

(:negation,S;) v{:negation,S,) = (:

(:union,S;) v {:negation,Sy) =(:
(:negation,S;) v{(:union,Sy) =(:

Difference X; \ Xo:

(:union,S;)\(:union,Sy) =:

union, Sl\Sz>,
union, Sz \ S7).

union, S;USy),

negation, S1NSy),
negation, S»\Sy),
negation, S1\Sy).

union, $;\Sy),

(:negation,S;)\({:negation,Sy) =(:union, Sy \Sy),
(:union,S;)\(:negation,S,) = (:union, S1 N S,),
(:negation,S;)\{:union,S,) = (:negation, S;USy).

In these formulas, operations like N, U, \ on the right-hand side refer to standard set oper-
ations on the finite sets S; and S,. Intuitively, the rules can be understood as follows: (1) the
intersection of two finite sets is the finite set of elements they share, whereas the intersection
of two co-finite sets is co-finite, excluding exactly those elements excluded by either operand;
(2) the union of two finite sets is finite (the union of their elements), while the union of two
co-finite sets remains co-finite (excluding only elements excluded by both operands); (3) for
difference, subtracting a finite set from a finite set yields a finite set (removing those elements),
but subtracting a co-finite set from a co-finite set yields a finite set of elements that the second
excludes but the first does not. Each mixed case yields a finite set, reflecting that a finite set
minus a co-finite set (or vice versa, in intersection or union) results in a finite set.
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The finite/cofinite representation is general and not limited to atoms; the same approach
can be applied to any base type (for instance, to represent arbitrary subsets of integer() or
binary() types) by substituting the relevant domain and using the corresponding finite sets of
integers, strings, etc.

Example (Cofinite intersection)

Consider the intersection of X; = (:union,{:a,:b}) (the type :a Vv :b) and X, =
(:negation,{:b,:c}) (all atoms except :b and :c).
Applying the intersection rule for (:union,S;) A (:negation, S,):

X1 AXp=(:union,{:a,:b}) A{:negation,{:b,:c}
=(:union,{:a, :b}\{:b, :c})
=(:union,{:a})

This correctly computes the atom type :a, the only value belonging to both X; and X».

10.3 Gradual Types: Pair Representation

Gradual types—those that mention the special unknown type ?—fit naturally into a set-theoretic
system via a pair-of-types view. We write gradual types as T and static types as ¢, s. Each gradual
type has two static approximations: 7¥ (also written 1Y), the minimal static approximation
(values that definitely belong), and 71 (also written 71), the maximal one (values that may occur
at runtime).

By the Representation Theorem (Chapter 3, 3.2.6), every gradual type satisfies 7 =~ 7¥ v (? A7),
We therefore represent 7 by the pair [TU , 71], meaning that in our representation the ? type
always appears at the top level.

Equivalently, view a gradual type as the interval [7¥,7]. For instance, int v ? corresponds to
the pair (int, term).

10.3.1 Pair Representation and the Invariant

This representation as pairs enables the use of the full syntax of gradual types, as defined in the
introduction to semantic subtyping (Def. 3.1.1):

Definition 10.3.1 (Gradual Types). Let ¢ range over constants, b over base types.

Tu=?|clbltxtlt—=1|TVT|T|O

Here, ? may appear anywhere in the type syntax, but every time a gradual type is constructed
it is immediately translated to the pair form. For example, {?,int} =[{0,int}, {1,int}]=
? A{1,int}, since any tuple with an empty component denotes the empty type. This translation
avoids searching for nested ? and lets us reuse static relations on extremal materializations, e.g.,
11 <1 iffrV <7V and 1,1 < 7,1
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This is convenient as it solves two issues that would appear if we represented gradual types
with arbitrarily nested ? types: 1) since the ? type can appear anywhere, it is not quick to
determine when a type is gradual or not, as the type could be nested deeply within it; and 2)
we have described in Chapter 4 how to design a static type system for Core Elixir, with relations
defined on static types. Those relations extend nicely to gradual types by using the static relations
on extremal materializations, for example 7 < 75 if 1Y <1V and 7," < 7,". If ? were nested
within 7, computing those materializations would require traversing the type to replace ? with O
or 1.

If we were to represent every gradual type using a pair, we must ensure that the pair indeed
encodes the extremal materializations (7¢ and ). This is not automatic. Consider 7 = int v (? A
bool). A tempting pair is [ int , bool |, but materializing gives:

e ¥ =1int (correct)
e M =intv (I Abool) =int Vv bool (not bool)

Thus, [int, int Vv bool] is the correct pair, not [ int, bool]. To rule out such mismatches, we
enforce the invariant stated below.

Definition 10.3.2 (Gradual Type as Pair). A gradual type 7 is represented as a pair |ty , t5 |
where:
* 1, is thestatic component, a static type describing values guaranteed to occur at runtime;

* t5 is the dynamic component, a static type describing dynamic values that may occur at
runtime

Example: 7 = integer() v (? Aboolean())

“Statically an integer, may be a boolean at runtime”

! < al
integer() integer() or boolean()
values that surely values that possibly
may occur may occur

Invariant: 7¥ < 7
Operations: Component-wise on both descriptors
Static type: 7¥ = 7 (identical descriptors)

Figure 10.1: Gradual type pair representation

A gradual pair [ to tg] denotes f; V (? A £5). For example, int v (? Abool) says that integers
are certainly present, and booleans may appear at runtime. This supports best-/worst-case
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reasoning: a call is safe only if the callee’s domain covers both components. For arithmetic, we
obtain concise rules:

o If both components are numeric (e.g., [int, int or float]), addition is well-typed and
yields a number.

e If the static part is numeric but the dynamic part may not be (e.g., [ int, int or bool ]),
addition is allowed; strict modes may warn or reject.

o If the static part is non-numeric and nonempty (e.g., [bool, bool]), addition is rejected.

e If the static part is empty, the dynamic part must intersect numeric types (e.g.,
[0, int or atom]); otherwise reject (e.g., [0, atom]).

A subtlety of the pair view is that component-wise comparison can be misleading. For
example, 7; = int v (? Abool) and 72 = int v (? A (bool Vv int)) are equivalent, even though
int #int v bool. The reason is that statically present values are also present dynamically.

To clarify this issue, we begin by recalling the definition of subtyping on gradual types we
gave in Chapter 3:

Definition 3.2.7 (Lifted gradual subtyping). We define the semantic gradual subtyping relation <

between gradual types as follows:

def T1US‘[2U
TISTy <
Tlﬂ S‘L’gTT

and the semantic gradual equivalence relation = ast1 =19 < (71 < 72) and (12 < 11).

Given 1 = [ty , t5 |, computing the extrema compared above means replacing the instances
of ? judiciously. For the maximal extrema, we replace the only covariant occurrence of ? with 1,
thus:

M=t v ALy =ty Vs
and, conversely, for the minimal extrema, we replace ? with O:
V=t VIOALy) =ty

Going back to the definition of subtyping of above with the computed formulas for the extrema,
we see that subtyping on pairs can be defined as follows:

Definition 10.3.3 (Naive Gradual Subtyping on Pairs).

def | 1 =81
[l’l,l'z]S[Sl,Sg]¢>
HVib<S8VS$S

Similar considerations apply to set operations on arbitrary pairs; for instance:

[, ]v]si,s2]=[nvs, (VR VisVs)]
In summary, adding also intersection and difference, the base operations of subtyping and set
operations on pairs of types come up as:
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Property 10.3.4 (Naive Gradual Set Operations on Pairs).

[t,]<s[s1, 2] = (MssDA (VR <sVSs)
[, ]V s, s2]=[tivs, (Vv R)V(isVs)]
[, ]A[s1,s2]=[tiAs1, (1VER)A(SIVS)]
[, ]\[s1,s2]=[t\(s1Vs),(nrVER)\s]

Proof. Writing [ t, tz] as f1 vV (? A 1), minimal and maximal materializations act by replacing
covariant (resp. contravariant) occurrences of ? with 1 (resp. O). For difference, let T def (v
(? A1)\ (51 V(? Asy)). Then, with contravariance of the subtrahend:

V= (HVOAL)\ (s VAS)) = [\ (51 V)TN = (VI AL)\ (51 VIOASY)) = (5 Vi)\s O

However, these formulas involve many unions and intersections. To recover simple,
component-wise rules, we maintain pairs in the valid form [TU Al ], characterized by the follow-
ing invariant:

Invariant 10.3.5. A gradual pair type | t1, 1, | is valid iff it satisfies t; < 1.
Intuitively, every value that will appear statically may also appear dynamically.

Property 10.3.6 (Extremal materializations are the valid pairs). A gradual type T admits a
valid pair [ 1, 1] as its representation iff t¥ =~ f, and " = t,.

Proof. Since t¥ < ', the pair [7Y, "] is valid. The converse follows from the definition of
materialization. O

10.3.2 Invariant-Preserving Operations

Having established the invariant 7¢ < 71 for valid pairs, we now show that set-theoretic operations
preserve this property. In other terms, component-wise set-theoretic operations on valid pairs
preserve validity.

Proposition 10.3.7 (Efficient Set Operations on Valid Pairs). Let [t , t2]| and [ s1, sz | be valid
gradual types (i.e., t1 <t and s1 < s2). Then:

[tly tz] V[Sl ,Sz] dZef[flVSh tzvsz],

[tly tz] /\[51,52] d——ef[fll\sly f2/\82],

[l’l,l'z]\[sl,SZ] d——ef[tl\SZ,l'g\Sl]

are valid gradual types.
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Proof Sketch. The key insight is that for valid pairs, the dynamic component equals the union
of both components: ; = #; V £, and s = 57 V sp. This allows us to derive the results directly
from Property 10.3.4.

For union: #; v 51 < 1, V 5, follows from the monotonicity of union and the validity of the
input pairs.

For intersection: ) A 51 < t2 A s follows from the monotonicity of intersection.

For difference: #; \ s» < £ \ 51 holds because f; < #, and removing larger sets from the right
component preserves the ordering. O

Subtyping also follows directly from the definition of subtyping for extremal materializations.

Property 10.3.8 (Subtyping on Valid Pairs). Let [, t; | and [ s, s2 | be valid gradual types.
Then:
[0, B]<[s1,5] = (1ss)A(L<s)

Lemma 10.3.9 (Closure under Constructors). If gradual types are represented as valid pairs,
then all set operations and type operators (e.g., subtyping, compatibility, emptiness) applied
component-wise yield valid pairs.

Corollary 10.3.10. Gradual typing operators can be systematically defined in terms of the
corresponding operations on static types applied component-wise.

10.3.3 Alternative Encoding: Disjoint Pairs

While the valid pair representation | AR Al ] provides elegant set-theoretic operations, an alterna-
tive approach we considered is to store the static component and exactly the additional dynamic
component. We discuss this disjoint pair representation briefly for completeness, though we did
not adopt it in practice. We represent a gradual type 7 as the disjoint pair (¥, 7"\ 7Y}, storing the
static component and exactly (but not more than) the additional dynamic component.

Definition 10.3.11 (Disjoint Pair Representation). A gradual type T can be represented as the
pair (ts, ts) where:

°* fy= 74 is the static component;

o t5 =1\ 7Y is the strictly dynamic component.

This representation enjoys a key invariant that makes it attractive for certain applications:

Invariant 10.3.12 (Disjointness Invariant). A disjoint pair type (t1, t») is valid iff it satisfies
1 A tp = 0. We may also call (t1, t,) avalid gradual type.

This invariant ensures that the static and dynamic components are disjoint, which provides
two key benefits:
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Non-redundant representation. Because the static and dynamic parts do not overlap, a gradual
type can often be printed or displayed without repeating information. For example, consider
the gradual type 7 = float() v (? A integer()) (statically a float, but might be an integer).
Under the (7%, 7") scheme, T would be represented as [ float(), float() v integer() |, which
if naively printed might appear as “float() or (dynamic() and (float() or integer())),
redundantly mentioning ‘float(). In the disjoint representation, we would store T
as (float(),integer()), which directly corresponds to the more concise description
“float() or (dynamic() and integer()).” In general, the disjoint form ensures that no static
type portion is ever duplicated in the dynamic portion.

Static-type detection. It is trivial to test whether a given gradual type contains no ?: this is
exactly the case when the second component of the pair is O. In the disjoint encoding, (, s)
represents a purely static type if and only if s = O (because that means there are no “extra”
dynamic values beyond the static ones).

Despite these advantages, the disjoint representation is more complicated to maintain across
arbitrary type operations. Ensuring the invariant T A D = O after each operation requires addi-
tional normalization steps. For example, if we denote a gradual type in disjoint form as (1, f2)
(with #; A £, = O) and another as (sy, s2) (with s; A s, = O), then the fundamental operations must
be defined with care to keep the result disjoint:

Property 10.3.13 (Set Operations for Disjoint Pairs).
(t1, 1) V(s1,82) ={t1 V51, (11 V 1) V(51 V $2) \ (11 V 51))

(11, t2) A (S1,82) =t A Ss1, (11 V 82) A(S1V S2) \ (81 A 1))
(t1, t2) \(S1,82) = (B \ (S1V 82), (F1 V 12) \ s1\ (81 \ (81 V $2)))

Proof. We derive these operations by converting to the valid representation, performing the
operation, then normalizing back to maintain disjointness:
For union: (t1, i) =~ [t1, 11 V fz] and (s1, $2) = [ s1, $1 V 52 |. The union becomes:

[tl,tlvtg]V[Sl,81V82]’:[tlvsl,(tlvtg)V(81V52)]

= Vs, (HLVER)V(SIVS)\(HVs)

The normalization step (£, V t2) v (51 V s2) \ (£1 V 51) ensures that the result satisfies the disjoint-
ness invariant. The other operations follow similarly by expanding to the valid representation,
applying the standard operations from Lemma 10.3.4, and then normalizing back to maintain
disjointness. O

Each of these definitions computes a preliminary result (as if using the (z¥,7") rules) and
then subtracts out any overlap between what would be the new static part and new dynamic
part. For instance, in the union: #; v s is the new static part, and we initially consider all values
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that either type could have ((#; Vv ) v (51 V s2)) as a candidate for the dynamic part, but we then
remove (f; V s1) from it because those values are now accounted for in the static part. Similar logic
applies to intersection and difference, where we remove the intersection #; A s; or the portion of
t; that remains after subtraction, respectively, from the would-be dynamic component.

These extra set difference operations are what make the disjoint approach more computation-
ally expensive. Essentially, every time we combine types, we must immediately “re-normalize”
the result to maintain disjointness. We derived the above formulas by converting disjoint pairs to
the (7¥, ") form, applying the simpler component-wise operations, and then converting back by
splitting off the overlap. While correct, this process means additional work on each operation.

Takeaway. Our belief is that the benefits of the disjoint representation do not outweigh its
costs. The redundancy it avoids is mostly superficial (affecting the printed form of types but
not their meaning), and a pretty-printer can always post-process a [TU ) rﬂ] representation
to eliminate obvious duplications if needed. On the other hand, the performance penalty of
constantly performing set differences can be significant, especially given that type operations
are ubiquitous in the compiler’s type inference and checking phases. Moreover, the disjoint
invariant can lead to counterintuitive intermediate forms. For example, one might expect
the type dynamic() or integer() to simplify to just dynamic() (since dynamic() conceptually
includes all values, including integers). In the disjoint scheme, that type would be represented as
(integer(),(not integer)), which if naively interpreted looks like “integer or dynamic” again;
careful simplification is required to realize that it is equivalent to just dynamic(). Similarly,
taking the union of two gradual types in disjoint form can temporarily produce a type whose
dynamic part overlaps with the static part, requiring an immediate cleanup step (as reflected in
the formulas above).

For these reasons, our implementation sticks to the simpler [‘L’U , 7l | pair representation for
gradual types. It guarantees a unique form for each gradual type (thanks to the 7¢ < 71 invariant)
and allows all operations to reuse efficient static-type algorithms in a straightforward way. The
small amount of redundancy in the representation (and in pretty-printed output) is an acceptable
trade-off for the gains in implementation simplicity and performance.

10.3.4 Concrete Elixir implementation

While the pair representation is fine, if we wanted to keep the Descr form of a record type, is
it also doable. For that recall that the Descr represents types as a union of non-overlapping
components. This perfectly corresponds to the disjoint pair representation, which encodes ©
as (7Y, M\ %), This suggests the idea to add a new field :dyn to the Descr structure, which
represents the dynamic part of the type (that which is intersected with ?), while the rest of the
Descr (thatis, the new Descr minus the :dynamic field) represents the static part of the type.
For example, type integer() v (? A float()) would be represented as:
%{:integer = true, :dyn = %{:float = true}}
We can push this idea and, instead of putting the disjoint dynamic part (71 \ 7¢) in the :dyn
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field, directly store 71 in the :dyn field (which introduces a slight repetition of the static part, but
with the benefit of being able to perform set operations directly on the components). Propo-
sition 10.3.7 ensures that both intersection and union can be performed directly on the com-
ponents, by delegating to the dynamic component the corresponding static operations (say,
intersection_static and union_static), while difference (see Code 10.2) can be done with
minimal efforts by swapping them.

def difference(left, right) do

# pop the (dyn, static) pair from each gradual type

{left_dynamic, left_static} = Map.pop(left, :dyn, left)

{right_dynamic, right_static} = Map.pop(right, :dyn, right)

# compute the new dyn. part

dynamic_part = difference_static(left_dynamic, right_static)

# insert the new dyn. part back into the new static part

Map.put(difference_static(left_static, right_dynamic), :dyn, dynamic_part)
end

Listing 10.2: Difference operation on gradual types in Elixir.

Conclusion

This chapter presented efficient representations for base types, literal types, and gradual types.
Base types use bit-vectors for constant-time operations; literal domains employ finite/cofinite
pairs that reduce set operations to finite set manipulations; gradual types rely on the invariant-
preserving pair [tV , 7" ], enabling component-wise operations that reuse static algorithms.

The unifying principle is progressive refinement: begin with the simplest abstraction (bits)
and promote components to richer structures only when precision demands it, preserving the
same component-wise algebra throughout. This approach integrates cleanly into the modular
Descr architecture via a dedicated :dyn field for gradual types.

The next chapter applies these same design principles to structural types (functions, tuples,
lists, maps).




CHAPTER

IMPLEMENTING STRUCTURAL TYPES

This chapter implements structural types. We use Binary Decision Diagrams (BDDs) as the
core Boolean backbone and introduce Ternary Decision Diagrams (TDDs) to avoid exponential
blow-ups in unions. We then specialize functions, tuples, lists, and maps in Elixir within the
modular Descr architecture.

Chapter Roadmap
e Section 11.1 (Binary Decision Diagrams): Core representation for structural types with
polynomial-time Boolean operations and Elixir examples.

¢ Section 11.2 (Ternary Decision Diagrams): Lazy decision trees that prevent exponential
blow-up across consecutive unions while preserving semantics.

¢ Section 11.3 (Application to Elixir): Production integration via the modular Descr design,
with specialized representations:

Multi-arity functions as co-finite TDDs (§11.3.1)

Tuples as open/closed structures (§11.3.2)

Lists as proper/improper structures (§11.3.3)

Maps as hybrid record-dictionary structures (§11.3.4)

11.1 Background on Binary Decision Diagrams

Frisch (2004) proposes the use of binary decision diagrams (98) as a data structure to represent
set-theoretic types. Their use is recalled and expanded in Castagna (2016). Binary decision
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diagrams were introduced by Akers (1978) and further developed by Bryant (1986). We recall here
their main ideas and algorithms.

Note

As we discuss in Chapter 12, BDDs emerged as our optimal choice after evaluating several alternative
representations, including disjunctive normal forms (DNF) and union forms. The key advantage of
BDDs lies in the symmetry of their implementation of set operations union, intersection, difference:
these all offer the same complexity (polynomial in the size of the input trees); while DNFs only offer
polynomial union and intersection, and difference is exponential (see Chapter 12).

Definition 11.1.1 (Binary Decision Diagram). A binary decision diagram (%) represents a
propositional formula on positive or negative types.
The syntax of 2 is defined inductively as follows:

B::=1|0n?B:AB
where n (nodes of the BDD) ranges over atomic types, that is, types with a top-level constructor,

e.g. functions (t1,...,t,) — t, tuples { 1,,..., t, }, maps (introduced in Section 1.1.5, the shape
of their nodes is given in Section 11.3.4), lists (in Section 11.3.3).

The interpretation of 28 in set-theoretic semantics is given by:

=1
[01=0
[(n? %, : %)) = ([n] A1%11) v (2n] A [921)

Thus, 28 encodes a union of intersections of positive and negative atomic types. For example,
% = (int — int) 2 (bool — bool) ?1:0:0 encodes the type (int — int) A (bool — bool). This is
represented graphically in Figure 11.1.

(int — int)

SN

(bool — bool) 0
SN
1 0

Figure 11.1: 98 representing (int — int) A (bool — bool)

A key insight from Frisch (2004) is that the types representing different kinds of data (tuples,
records, pairs) are pairwise disjoint. Consequently, each kind can be represented by a separate
AB.

Therefore, a type is represented by a triple of %8s, one for each kind of data: tuples, records,
and pairs. The set-theoretic operations are then performed component-wise on these 3.
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Set Operations on BDDs - Frisch (2004) Let 9, %,, and %, denote generic BDDs, where
%1 =n12Cy:D; and %, = np 2 Cy : D,. We suppose given an arbitrary order on atomic types
nj < np', and we maintain an invariant that the nodes are strictly increasing with respect to this
order. This ensures that no atomic type is duplicated along each path from the root to a leaf
(that is, among each disjunct of the DNF). The unions, intersections, and differences of BDDs are
defined as follows.

The base cases for set operations are:

IvB=%BVv1=1
OVAB=Bv0=2A
INB=BN =B
ONB=BN0=0

$B\1=0
B\0O=RB
0\%=0
I\NB =98

For BDDs with internal nodes, the operations are defined recursively based on the ordering of
literals:

n2(CyrvCy):(DyVDy) if n =n
Union: BV By = m2(CrVv%B):(D1VvAB) ifni<ny
I’l2?(%1VC2)!(931 Vv D») if n >np

n2(CiACy): (D1 ADo) if ny =np
Intersection : BINBr =11 2(CrANBy): (D1 NBy) ifni<ny
np 2 (B NCy): (%1 NDy) if n>n

ny ? (C1 \ Cz) H (D1 \Dz) if ny =np
Difference : @1 \382 =< n?2C \332) 1 (Dy \%2) if n <np
np 2 (B1\Co):($B1\Dy) ifny>ny

0 ifa=1
Negation : AB=141 if#=0
nt=C:2D ifB=n?C:D

1For the Elixir implementation, we use the order on all terms defined formally in Figure 6.4.
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Keyinsight. The principle of BDDs is to provide a natural way to represent disjunctive normal
forms (DNF), which were proved in Chapter 3 to be an effective universal form for types. Recall
that a DNF is a disjunction of conjunctions of literals, written as:

V A\ nn A\ -n

iel nepP; nen;

where n ranges over "atomic types’ (type nodes) such as function types (f,..., ;) — t, tuples
{t,...,t, }, maps and lists. These are atomic types because they have not been composed via set
operations (for example, int v float is not atomic since it applies union to the atomic types int
and float).

The interesting part is that, given some %8 = n? C: D, its interpretation is naturally that of a
DNF: suppose by induction that the interpretation of BDDs is a DNE then the interpretation of
B is: (nA[C]) VvV (mn A [D]), which is directly equivalent to a DNF by sweeping the literals n and
—in under the disjunctions of [C] and [D].

Simplifications. After any operation, we simplify the BDD by the standard rewrite
n?!PB:A8 = %,
which is in time G (|48|). A less costly simplification, which we use in practice, is the special case:

n20:0 = 0,

Typical apply(op, %:, %-) behavior and intuition for BDD operations Consider two BDDs
whose variables respect the same total order. Let n; < --- < nj be the variables that appear
in %, and m; < --- < my those that appear in %,. In the common non-interleaving situation
where either n; <--- < ngp <m; <--- < my (or the symmetric case), the standard apply algorithm
apply(op, %:,%>) simplifies substantially. In the first case, it never recurses into subgraphs of
% it traverses %) and, at leaves, combines with 98, (see Figures 11.2-11.3).

Concretely: for the union operation (V), replace every 0-leaf of 98, with 98,, with cost G'(|%; |);
for intersection (A), replace every 1-leaf of 98; with 98,; and for difference (\), implemented as
a A —b, replace every 1-leaf of 9, with —%,.

Ifinstead m; <--- <my < n; <--- < ng, the same reasoning applies with the roles swapped,
yielding time @ (]98,|). This non-interleaving case offers a simple mental model; when variables
interleave, apply must explore both BDDs.

11.1.1 Implementation of union

We assume that the ordered BDD nodes have the shape n ? L: R with test node n and branches L
and R, 0 and 1 are :bdd_bot and :bdd_top. In Elixir:

1| $type bdd = :bdd_bot or :bdd_top or {atomic(), bdd(), bdd()}
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(0]

B>

Figure 11.2: Intersection without interleaving (a; < --- < a, < b; <--- < by,): on the left BDD;
(with 1 leaves), on the right the result of A with 98, (each 1 leaf replaced by 9,).

Iz‘ @ union with %, @
—_— ’
(@) (@)
¥ ¥

Figure 11.3: Union without interleaving (a) <--- < a;, < b) <--- < by,): on the left BDD; (with 1
leaves), on the right the result of v with 28, (each 0 leaf replaced by %>).

—

where :atomic() represents the atomic types (functions, tuples, maps, lists). Then the function
for union is:

# Leaf cases

defp bdd_union(:bdd_bot, other), do: other
defp bdd_union(other, :bdd_bot), do: other
defp bdd_union(:bdd_top, _), do: :bdd_top
defp bdd_union(_, :bdd_top), do: :bdd_top

# Node cases
defp bdd_union(bdda = {lita, 11, ri}, bdd2 = {lit2, 12, r2}) do
cond do
lita < lit2 -> {lit1, bdd_union(l1, bdd2), bdd_union(ra, bdd2)}
1it1 > lit2 -> {lit2, bdd_union(bddi, 12), bdd_union(bddi, r2)}
true -> {liti1, bdd_union(l1, 12), bdd_union(ri, r2)}
end
end

Listing 11.1: Elixir implementation of BDD union
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We notice the disjunction on the order of literals. By doing this for every operation, we make sure
that along a path, the rank of literals is strictly increasing. Thus, literals are not duplicated down.

By branching on the (total) order of literals, every root-to-leaf path strictly increases in literal
rank, ensuring that no literal is tested twice along a path.

11.1.2 Complexity of BDD operations

Let %8, and %, be BDDs. Because operations recurse down the trees and stop at leaves, base
cases are constant time (except for 1~98, which first negates 98). Writing | 28| for the number of
nodes, the union algorithm of Listing 11.1 runs in worst case O (|%,| - |981); this is the standard
bound proved by induction on |28, | + |%,|.

The same worst-case bound G (|%,]| - 1%>|) holds for A and difference (with the usual
non interleaving speed ups recalled earlier). Negation swaps leaves and runs in G (| 4)).

11.2 Ternary Decision Diagrams

Binary decision diagrams can grow exponentially in size when performing consecutive union
operations. This limitation was identified by Frisch (2004), who proposed ternary decision trees
to encode lazy unions using an additional middle branch. This section presents ternary decision
diagrams (TDDs, also called lazy BDDs because they lazily encodes unions in their middle node)
as an efficient solution to this problem.

11.2.1 Definition and Semantics

Definition 11.2.1 (Ternary Decision Diagram — Frisch (2004)). A ternary decision diagram
(TDD) node is represented as = n? C: U : D, where:

* nis a type node (atomic type)

e C is the constrained branch (taken when n holds)

e U is the uncertain branch (union that can be taken regardless of n)

e D isthedual branch (taken when n does not hold)
The semantics of a TDD node is:

[T1={n]n[CDHUIUIU(@\[n])N[DD

The key insight is that the middle branch U allows unions to be kept lazy, postponing expan-
sion until needed for intersection or difference operations. For instance, given two atomic types
ny < ny, encoding n; vV ny as a BDD yields n; 21: (n2 21:0), interpreted as n; Vv (11 A np). This
is equivalent to n; V ny because the -1, constraint is redundant: any value in both n; and n,
is already captured by the first disjunct. By comparison, a TDD can represent the same type as
ny?21:(np?1:0:0):0, which directly encodes n; v n, without the disjointness expansion.
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Figure 11.4: BDD vs. TDD union example.

11.2.2 Operations

Let 71 =m2C:U;:Dyand 9, = np 2 Cy : Us : Dy be two TDDs. Frisch (2004) define the
following operations:

¢ Union:
n?CivC:UVvUy:DyVv Dy ifn;=ny,
TIVIr={m?C:UvI,: D if n; < ny,
1n22C,: (T vUy) Dy if n; > ny;

¢ Intersection:

n2(CiVvUDACoVvU):0: (D VU)ADaVvU) ifng=noy,
m?2(C1AT2): (U1 AT2): (D1 AT>) if ny < ny,
na 2 (T1ACp): (T1 AU (F71AD3) if ny > ny;

9
>

|
Il

 Difference:
n12(Cy vU)~(CoVUy) :0: (D VU)~DyvUs) ifng =ny,
TiI\NTr =< m?(CivU)~T2:0:(D;UU)~T> if n1 < ny,
N2 I1~(CovUy):0:97~(Dy Vv Uy) if ny > ny;
We derive more precise ways to perform these operations, as well as some additional special

cases that reduce the size of the resulting TDD. The union remains the same, it is for intersection
and difference that we do these computations.

More precise intersection We suppose given two TDDs 97 =n12C1:Uj:Dyand 92 =n2?2Cs:
U, : D,. Consider the semantic equality on TDDs: 97 = 95 if and only if [F7] = [F2].
Theorem 11.2.2. Ifny = ny, then writing n = n; = ny, we have

f]i/\%zI’Z?Cl/\(CgVUg)V(Ul/\Cz):(Ul/\Ug):Dll\(UZVDz)V(Ull\Dg)
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Proof. We compute the semantics of 97 A 9. To help following the computation, we denote
set union as +, set intersection as -. We also denote c¢; = [C1], u; = [Ui], d1 = [D1], ¢ = [Co],
up = (U], do = [D-].

Notice that [n] - ["n] = [nA—n] = @. Also [n] - [n] = [n] and [-n] - [~ n] = [-n#].

[T1AT]=[n2C:U:D1]A[np?2Cy:Usy: Do)
=([nl-c1+ur+[7nl-di)-([nl-co+ up + [nl - d)
=[nl-cico+[nl-crup +[nl-uco+urup + [nl-urdy + [nl-dyup + [nl - did;
= [nl (c1(c2 + u2) + ur¢2) + urup + [0l (dy (uz + d2) + ur da)
=[n2CIA(CovU) VUL ANC):U AU : Dy AU v D))V (U ADy)] O

More precise difference

Theorem 11.2.3. IfU, =0 and n, = ny, then writing n = n; we have

TiI\T=n?2(CivU) ACy: (U ADy ACo) 2 (D1 VU ADy

Proof. We compute the semantics of 97\ 9, when U, = 0. To help following the computation,
we denote set union as +, set intersection as - We also denote c¢; = [C1], uy = [U1l, d1 = [D1],
2 =1Cal, up = [Uz2] =&, da = [D2], c2 = [C2], d2 = [D2].
Notice that [n] - [7n] = [nAn] = 2. Also [n] - [n] = [n] and [~n] - [-n] = [-n].
ILJO—l \3—2]] = [[n?C1 H U1 :Dl]] \ Hn?CZ:O:Dz]]

=[n?Ci:Ur:Diln([nln[C]) u ([~ nln[D2])

=[n2Cy:Ur: Diln([n]UICl) N ([-nl U [Dal)

=([nl-c1+ur+[~nl-dy)-([7nl+[Co]) - ([n] + [D2])

=([nl 1+ +[-nl-dy)-([7nl-da+ T - dp + (1] - 0)
= [nl(c1(Cz - do +C2) + C2 1)

+uy T dy

+ [0l (da - (uy + dy) + di T3 - da)

= [nl (c1C2 + Cau1) + Uy - T3 da + [71l (da - (ug + dy))

where we conclude by factorizing on ¢, and recognizing the three parts of the TDD. O

Summary of improved TDD operations The union operation maintains laziness by attaching
%, to the middle branch when n; < ny, avoiding expansion of C; or D;. Intersection and
difference operations may expand unions by forming (C; U U;) combinations when type nodes
coincide.
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Figure 11.5: Summary of TDD operations. Leaves 0 and 1 behave as in ordinary BDDs. 97 = n; ?
C]:U] :D] and%=n2?C2:U2:D2.

Op. Definition Condition
nl?(CIVCZ):(UlVUz):(D1VD2) ny =ny

TIVI, n?C (U vIy):Dy ny<n;
ng?sz(Uzvg—l):Dg ny >np

M2CIACVU))VUIAC): (U AU) s (DyAUsvD)V(U AD2) ny=no

TiNT2 mCIATR): (Ui ANT2): (D1 AT?) ny<np
2?2 (T1ANC): (1 AU (T AD2) ny > np
m2(CyvVU)ATCy: (U ADy ACy) e (D vU)ATDy n=nyand U, =0
T~ m2(CyvU)~CovU):0: (D vU)~D2 v Us) ny=np
m2(CrvU)~T:0: (D1 VU)I~T, ny<np
2 (I1vU)I~Cr:0: (T Vv U)~Cy ny>np

11.2.3 Extracting DNF from TDDs

The connection between TDDs and the Disjunctive Normal Form (DNF) established in Chapter 3
is fundamental to understanding why TDDs provide an efficient representation for structural
types. While TDDs maintain a compact form optimized for set operations, there are situations
where we need to recover the underlying DNF representation, that is, for:
* Emptiness decision: Determining whether a type represents the empty set. This also
decides subtyping, which comes as deciding the emptiness of the differnce of two types.
» Type operators: Implementing specific type operations that require explicit intersection of
literals

DNF extraction algorithm. GivenaTDD 9 =n?C:U: D, we can extract its DNF representa-
tion through a systematic path traversal. The algorithm collects all paths from the root to leaves
that terminate at 1, where each path represents a conjunction of literals:
* When taking the left branch (constrained branch): add the type node n as a positive literal
to the intersection
* When taking the right branch (dual branch): add the type node n as a negative literal —n to
the intersection |
* When taking the middle branch (uncertain branch): no literal is added (the union is
included regardless of the type node)

defp bdd_to_dnf(bdd), do: bdd_to_dnf([1, [], []1, bdd)

defp bdd_to_dnf(acc, _pos, _neg, :bdd_bot), do: acc
defp bdd_to_dnf(acc, pos, neg, :bdd_top), do: [{pos, neg} | acc]
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defp bdd_to_dnf(acc, pos, neg, {_, _} = lit) do
[{[lit | posl, neg} | acc]
end

# Lazy node: {lit, C, U, D} = (lit /\ C) \/ U \/ (~lit /\ D)
defp bdd_to_dnf(acc, pos, neg, {lit, ¢, u, d}) do
# U is a bdd in itself, we accumulate its lines first
bdd_to_dnf(acc, pos, neg, u)
# Constrained part
|> bdd_to_dnf([lit | posl, neg, c)
# Dual part
|> bdd_to_dnf(pos, [lit | negl, d)
end

Listing 11.2: Elixir implementation of DNF extraction from TDD

Example (DNF extraction.)

Consider the TDD representing (int — int) v (bool — bool):
(int—int)?21:((bool —bool)21:0:0):0

Following the DNF extraction algorithm in Listing 11.2:

¢ Path 1: Root — left — 1: yields (int — int)

e Path 2: Root — middle — left — 1: yields (bool — bool)
The extracted DNFis: (int — int) v (bool — bool)

Complexity considerations. The DNF extraction process is linear in the number of nodes in
the TDD.

Integration with emptiness decision. The emptiness decision algorithm for record types
(Theorem 11.3.6) leverages this DNF extraction process. When determining if a structural type
is empty, we extract the DNF form and check for contradictions between positive and negative
literals, enabling precise emptiness detection without full normalization.

11.2.4 Computing Type Operators

The method to compute operators for static types follows a systematic three-step process, lever-
aging the DNF representation established in Section 11.2.3:
1. Extract DNF from tree: Convert the type representation (TDD) to its Disjunctive Normal
Form using the algorithm in Listing 11.2.
2. Remove empty clauses: Apply emptiness decision algorithms (such as Theorem 11.3.6) on
single clauses to eliminate empty ones.
3. Compute relevant operation: Apply the specific type operator (intersection, union, differ-
ence, domain, application result) on the cleaned DNF form.
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For instance, to compute the domain of a function type, we extract the DNF and then apply the
domain operator given in Definition 3.3.4.

To compute operators for gradual types, recall from §3.3.2 that we can lift operators from
static types to gradual types. If F is a monotonic operator known to be increasing for its types
(for instance, since tuple elements are covariant, then projection is increasing), then the gradual
version of F is given by computing F on the extrema of type 7 and composing them with:

E@=FaYYaA@AFa™h)
and if F is decreasing for < (this is the case for the domain operator):
EF@) =Fahv@aFaY)
In case of doubt on the monotonicity of an operator, it is always possible to use formula:

Fay=FaYHAFah) v aFEah vFaEh))

11.3 Application to Elixir

These techniques have been successfully deployed in the Elixir compiler. The type-checker uses
a hybrid approach: bit vectors for base types, co-finite sets for atoms, TDDs for function and
(since v1.19) tuples, lists and maps, . The gradual pair representation seamlessly integrates with
all of these via the Descr abstraction. In practice on large industrial codebases (e.g., multi-
million-line projects at Remote), compilation stays within our budget: type checking typically
adds under a couple of milliseconds per module, and decision-diagram operations rarely appear
as a bottleneck.

11.3.1 Multi-arity function as finite/co-finite TDDs

The current implementation of function types in Elixir uses a ternary decision tree with atomic
components ({1, ..., t,) — t where n ranges in N°. While this approach is sufficient for our needs,
it can be improved by noticing that function types of distinct arity are, in Elixir as well as in our
interpretation (they are parts of ¢ (25" x 2q)), completely disjoint. Thus, a tree which inter-
sects nodes of distinct arities is automatically empty. In the code, this means checking, in several
places, the number of arguments in atomic types within a TDD, to prune those useless types.
An alternative, which was not merged into the compiler but has been tested and successfully
implemented in a fork, is to represented each arity of functions by a distinct TDD. Set operations
are then done component-by-component, in the same modular way that the Descr does for
different component types. We could thus add new fields to the Descr, named{: fun, arity}

where arity is some positive integer. However, we want to retain one feature: to be able to

2Actually, n ranges from 0 to 255, which is the maximum arity for an Elixir/Erlang function
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represent the negation of "all functions" minus a union of functions of distinct arity. Therefore,
we take the approach of putting, in the unified field : fun of the Descr, a co-finite type which
consists of a pair{ :union, tdds} or{:negation, tdds}.The idea is the following: a function
type is either a union of functions of disjoint arities (including negation of a given arity, which stay
contained in their own TDD), or it is the "type of all functions" fun minus a couple of function

types.

Definition 11.3.1 (Fun field for multi-arity function). Let n € N and let for all k € [0, n], O
denote a TDD of atomic function types of arity k: (t1,..., ty) — t (note that for k = 0 this is — t).
The field dedicated to : fun is either

n n
i) Finite {:union, \/ ®x}  ii) Co-finite {:negation, \/ @i}

k=0 k=0
with interpretations:
n n n n
N{:union, \/ Ol = U [Dk] ﬁ{:negation, \/ Ot | = [fun]~ U [@k]
k=0 k=0 k=0 k=0

Justification of the co-finite representation. This representation relies on the disjointness of
function types of different arities. Let T = \/}_ @ and T’ = \/}_ @] where each ®; and @),
represents function types of arity k (using O for absent arities).
The key operations are:

* Union: Tv T' = V}_ (@ v @) by disjointness of arities

* Intersection: T A T' = \/]_ (@ A ®}) since functions of different arities have empty

intersection

* Difference: T\ T’ = V]_, (@) \ @}) similarly by disjointness
For co-finite representations (S = (f un\V’kl:O V), the operations reduce to the correspond-
ing operations on the finite witness sets, as established in the co-finite types section (Sec-
tion 10.2). O

11.3.2 Tuples as open/closed structures

Elixir tuples are represented using a TDD () whose nodes are of the form{: closed, elements}
and{:open, elements} . This specialized node structure distinguishes between open and closed
tuples, which is crucial for handling tuple types that may have additional elements beyond those
explicitly specified.

Definition 11.3.2 (Tuple Representation). A tuple type is represented as a TDD (J) where
each node is either:
e {:open, elements} where elements is a list of types [t1,..., t,] representing the types
of the first n elements, with the possibility of additional elements of any type beyond
position n.
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* {:closed, elements} whereelements isa list of types [t1,..., ;] representing exactly
the types of all n elements, with no additional elements allowed.

For example, the type{integer(), string()} (a closed tuple of exactly two elements) is
represented as{:closed, [integer(), string()]}, while{integer(), string(), ..} (an
open tuple with at least two elements) is represented as{:open, [integer(), string()1}.

Set operations on tuple types are performed by usual operations on ternary decision trees.

The open/closed distinction enables precise typing of operations like elem/2, where knowing
whether a tuple can have additional elements affects the soundness of type inference.

Note

Contrary to multi-arity functions, which have a distinct arity, because of open tuples we cannot
consider that we have a disjoint union of tuples of a given arity. This is why the idea of the previous
Section 11.3.1 is not used for tuples. In a language without open tuples, it would be possible to
represent tuples of a given arity as a single TDD, which would simplify some operations (for instance,
we need to check the arity of the closed tuples when intersecting them).

11.3.3 Lists as proper/improper structures

Elixir lists are represented using a TDD (9) whose nodes are pairs of types
{list_type, last_type} where list_type is the type of elements and last_type is the
type of the last element. This specialized structure captures both the type of list elements and the
type of the final tail, enabling precise typing of both proper lists (ending with [ ]) and improper
lists (ending with a non-list value).

Definition 11.3.3 (List Representation). A list type is represented as a TDD () where each
node is a pair{list_type, last_type} where:
* list_type is the type of all elements in the list
e last_type is the type of the final element, which is [ ] for proper lists, or some other type
for improper lists

For example:

e list(integer()) (proper list of integers) is represented as{integer(), []1}

e list(integer(), atom()) (improper list of integers ending with an atom) is represented
as{integer(), atom()}

e list(integer(), integer()) (improper list where the tail is also an integer) is repre-
sented as{integer(), integer()}

This representation enables precise typing of list operations:

* hd/1returns elements_type or last_type (since the list may be empty, we need to con-
sider the last type), unless the last_type is [ ], in which case it returns elements_type

e tl/1returns list(elements_type, last_type)
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Set operations on list types are performed by usual operations on ternary decision trees.
In particular, list(e,t) is the type defined by the equation X = (e,X) v t, and list(e) =
list(e,[]).

Emptiness Decision Algorithm for List Types For list types represented as pairs {felem, fast}
we can derive an emptiness decision that does not require deriving equations from sets. This
bypasses the usual construction of types with a proper set intersection, but that is because we
rely on a pair of types which are already set-theoretic. Instead, we define the necessary nodes,
here pairs of types for list types, and reason directly on the DNF to find an emptiness condition
for each clause.

The emptiness decision problem for list types is to determine whether:

V( /\ {felem> flast} A /\ “{Selem Slast} ) =0

i€l {felem, hast}EP; {Selem ) Slast} € N;

The key insight is that list types can be intersected by simply intersecting their element and last

types:

{telem; tlast} A {selem» slast} = {telem A Selem) Hast N slast}

By iterating this componentwise intersection inside each clause, the conjunction of all
positive list literals collapses to a single list literal whose components are the meets of the
corresponding parts. Concretely, for each clause index i:

/\ {telem> fast) = {Lelem,i’ Llast,i}
{telemv tlast}epi

A A
where Lejem,i = /\ lelem» Liasti = /\ Nast
{Zelem, fiast} € Pi {Zelem, tiast} € Pi

Therefore, the problem becomes:

V ( {Lelem,i» Llast,i} A /\ “{Selem» slast}) =0

iel {Selem, Stast €N

For emptiness decision, we need to determine when a list type minus several negated list
types becomes empty. Consider the following observations:

1. Negated list types whose element type is not a supertype of the positive element type
can be ignored. For example, lists of numbers (integers and floats) minus lists of integers
([1,2,3]) still contain lists with integers interspersed with at least one float ([1,1.5,2,2.5])
(so they are definitely not lists of floats).

2. Only negated list types with element types that are supertypes of the positive element type
can potentially make the type empty.

Theorem 11.3.4 (Emptiness Decision Algorithm for List Types). Let ® (Lo, Ligsr, N) be the
emptiness decision function for list types, where Lo, and L5 are the intersection of positive
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list element and last types respectively, and N is a set of negative list types. The function ® is
defined as:

@ (Letems Liasty N) = (Letem = 0) or (Liast = 0O) or q)/(LelemrLlast; N)
where @' is defined recursively as:

(D/(Lelem, Llast, Nu {{Nelem’ Nlast}}) =if Lelem = Nelem
then (Llast\ Nlast = ®) or q),(Lelemv Llast\ Nlastr N)
else ®'(Leojem Liasy N)

and @' (Lejem, Liasy, @) = false.

Proof. The algorithm works by systematically eliminating negative constraints. For each
negative list type { Nelem, Nast}:
o If Lelem < Nelem, then the negative constraint applies. The remaining lists must have
last elements not in Njag¢, S0 We compute Liag; \ Nyagt-
e If this difference is empty, then all possible lists are eliminated by this negative con-
straint, making the overall type empty.
* If Lejem £ Nelem, then the negative constraint doesn’t apply and can be ignored.
The base cases empty(Lelem) and empty(Lj,st) handle the trivial cases where no lists can be
formed. O

11.3.4 Maps as hybrid record-dictionary

Elixir maps are represented using a TDD (9) whose nodes are pairs of types{fields, domains}
where fields is the association of keys to types and domains is the association of domain types
to value types (see Section 1.1.5 for more context). This specialized structure captures both
the specific field mappings and the domain-based mappings, enabling precise typing of hybrid
record-dictionary structures.

Definition 11.3.5 (Map Representation). A map type is represented as a TDD (9~ ) where each
node is a pair{fields, domains} where:
* fields holds the association of specific keys to their value types
* domains holds the association of domain types (e.g., atom( ), integer()) to their corre-
sponding value types
This node is closed outside the declared domains: any key that is neither listed in fields nor
whose type belongs to one of the domain types in domains is absent.

Castagna (2023b) treats with precision the problem of typing Elixir records, which are a
hybrid of records and dictionaries (see Section 1.1.5 of our introduction for a motivation of this
structure). It also provides a representation for maps, not as a disjunctive normal form, but as
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a union of triples of the form {fields,domains,extra} where fields holds the association
of keys to types, domains holds the value of the domain types (for instance, integers mapping
to atoms), and extra represents some extra key/type pairs which are, technically, used for
completeness of the representation, and appear only when eliminating explicit negations of
positive maps.

In our implementation, we use a TDD form (not a union, then) which keeps explicit negations.
An example of such a node is the 2-tuple:

{{%{a: O, b: O}, %{aton: O, : O} ]
which represents the type
1[%{3: O, b: O, O => O, () => O} ]

that has two defined keys, :a and :b, and maps any present other atom key (resp. any integer
key) to an atom (resp. a float). In particular, it is closed outside these domains: any key whose
type is neither an atom nor an integer is undefined.

Emptiness Decision Algorithm for Record Types We then implement the emptiness decision
algorithm presented in Castagna (2023b). We recall it here in the form of function ®:

Quote (Follow-up to Lemma 4.7 in Castagna (2023b))

Theorem 11.3.6 (Emptiness Decision Algorithm for Record Types). Let ®(R., N) be the emptiness
decision function for record types, where R, is a (positive) record type and N is a set of (negative)
record types. The function ® is defined recursively as follows:

®(Ro, NU(R}) = if Vk € K.(deflRo)) < (defiR))x
then Y € L.(R,(¢) < R(£) or (R, A %{¥l : not(R(¥))}, N))
else ®(R°,N)

where

e If R = {fields,domains}, the operation def(R); fetches the type of field k in the domain
record domains.

* Operation R(¢) for a given key ¢ fetches the type of the value associated with ¢ in the field
record fields if it exists; otherwise, it fetches the type of the default value associated with
this key in the domain record domains (for instance, if the atom key :age is not present in
fields, then the default type for atom keys atom is fetched from domains).

* %{...,¢:not(R(¥))} is an open map with key ¢ set to type not(R(¢)).

* not(¢) is the negation of a type in the context of a possibly absent type denoted by L.
Formally, not(f) = (—t) v L and not(z v 1) = (=¢) (for details, see Castagna (2023b)).
Implementing the function above is simply a matter of extracting the DNF V/;¢;(L;, N;) from the
TDD of maps. Then, for each clause (L, N), compute the intersection R, of positive maps in L,

then @ will decide, for each clause, if it is empty or not.
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Conclusion

The modular architecture established in Chapter 9 proved essential for integrating these struc-
tural type representations. By extending the Descr abstraction with specialized fields for each
structural type, we maintained the component-wise set operations that make the implementa-
tion both efficient and extensible. This approach enables language designers to adopt structural
typing incrementally, choosing the appropriate representation for each type domain based on
their specific requirements and performance constraints.

However, BDDs were not our first choice. During the development of the Elixir type system,
we experimented with several alternative representations—Disjunctive Normal Forms (DNFs),
compressed DNFs, and union forms for specific type domains. Each approach presented different
trade-offs in terms of computational complexity and practical performance. Chapter 12 provides
a comprehensive analysis of these alternatives, explaining why TDDs ultimately emerged as the
optimal choice for our implementation.






CHAPTER

STRUCTURAL TYPE ALTERNATIVES: A
COMPARATIVE ANALYSIS

The implementation of structural types in the Elixir type system hinges on the choice of data
structure. While Chapter 11 details our final implementation using Binary Decision Diagrams
(BDDs) and their lazy variants (TDDs), this chapter reviews the alternative representations
explored during development.

Chapter Roadmap

¢ Section 12.1 (DNF) Discusses representing types directly as lists of pairs of positive and
negative atomic types, which is the DNF representation.

¢ Section 12.2 (Simplified DNF) Presents a compressed DNF representation, which is applicable
only to types where intersection can be computed directly (e.g., maps and tuples, but not
functions).

¢ Section 12.3 (Union Form) Examines union forms (lists of type tuples) suitable for represent-
ing types on which negations can be fully eliminated (e.g., tuples).

Chronological context. The transition from DNFs (v1.18) to BDDs/TDDs (v1.19) followed a
concrete performance arc observed during compiler development. Early v1.19 releases adopted
lazy BDDs for function types to rein in union-heavy blowups but still regressed in a subset of
projects from users with large codebases until we revised the equal-node formulas for intersection
and difference to preserve laziness in the middle branch. The ablation in Tables 12.3 and 12.2
summarizes these milestones quantitatively and is further discussed in Chapter 14. These data
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underpin the design guidance given here (e.g., why difference-heavy workloads force BDDs) and
make explicit where lazy representations help or hinder.

Each representation—DNE compressed DNE and union forms—strikes a different balance
between computational cost and memory use. In practice, this choice governs the cost of the
core operations v, A, \, and —. DNFs perform well for v and A, but they grow quickly under \,
which makes them ill-suited when pattern matching triggers frequent differences.

12.1 Disjunctive Normal Forms (DNFs)

BDDs provide an efficient representation when all operations (including difference and negation)
are required. However, for certain type domains—particularly maps and tuples—alternative
representations may be advantageous when difference operations are infrequent. This section
describes Disjunctive Normal Forms (DNFs), which are well-suited for union and intersection
but inefficient for difference.

A fundamental result is that every type can be expressed as a DNF: a union of conjunctions
of positive and negative atomic types. This yields a natural representation for each map type as a
list of pairs, each consisting of lists of positive and negative atomic types (that is, types with a
top-level constructor such as (3, ..., t;) — t, as opposed to a set connective such as t; A ).

$ type atomic_list() = (atomic())
$ type dnf() = [{atomic_list(), atomic_list()}]

When encoding maps as a DNE each map atomic type is a pair (tag, fields), where tag €
{:open, :closed} indicates whether the map is open (allowing additional fields) or closed (con-
taining exactly the specified fields), and fields is a mapping from keys to types. For example, the

type%{..., a: integer()} and not %{b: atom()} is represented as a single-element list:
1{[{[{:open, %{:a => ()}}1, [{:closed, %{:b => O] j
Note |

Historical note. In version 1.18 of the Elixir compiler, map and tuple types were represented using
DNFs. In version 1.19, we transitioned to (lazy) BDDs because function inference made extensive use
of type differences. Although DNF is efficient for intersection and union, difference operations have
exponential complexity, rendering DNF impractical for this use case, as analyzed below.

12.1.1 Redundancy in DNFs

Recall that .4, = Vl’.l:1 (L;, N;) represents the type Vl’.’:1 Naer; @ N Naen, 7a, which is interpreted
as the domain subset U?:l Naer; lal ANgen, 7 Lal.
Redundancy in DNFs arises primarily in two ways:
* If clauses (L;, N;) and (L), N}) satisfy L’ € L; and N; < N;, then (L;, N;) is redundant and
can be removed, keeping only (L’l., le) (the subset clause is more general, so in a union it

subsumes the other).
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 Ifaclause (L, N) satisfies LN N # @—that is, some atomic type appears both positively and
negatively—the clause is empty and can be discarded.

Avoiding these two cases during union, intersection, and difference operations is crucial to
prevent the generation of redundant clauses.

12.1.2 Union of DNFs

12.1.2a) Naive union v on DNFs

If a DNF is a finite disjunction of pairs (L, N) (with L, N finite sets of atomic types, respectively
positive and negative), then

n m
Ah=\/(L;N;) and o=/ (L'-,N})
i=1 j=1
satisfy
n m
AN My = V(Li»Ni) v V(L'-,N})- (V1)

i=1 j=1

In other words, v on DNFs is list union. An immediate problem is that repeatedly performing
unions on the same DNF causes unbounded growth.

12.1.2b) Semantics of v on DNFs

Although representing DNFs as lists of pairs is straightforward, recalling their semantics helps
reason about simplification. Recall that

n n

A =\/ (L;,N;) represents \/( N\ an A\ —'d),

i=1 i=1 aclL; aeN;

interpreted as the domain subset

n —
U( N tan N Tal).
i=1 a€lL; aeN;

Adding to this disjunction a pair (L', N’) such that L' € L; and N’ € N; does not change the
represented set, while adding a pair with L' 2 L; and N’ 2 N; renders the former redundant.

To define a more concise union operation on DNFs, we need to ensure that we do not add
redundant clauses. To do so, we filter redundant pairs through the predicate filter, so that we
consider only the clauses in filter({(L;, N;) | i = 1,...,n} U{(L;, N;) | i = 1,..., k}) where, for any set
of clauses S, we have

(L, N) e filter(S) < V(L',N)eS,(L'cIL)A(N'cN) = (L',N)=(L,N)



246 CHAPTER 12. STRUCTURAL TYPE ALTERNATIVES: A COMPARATIVE ANALYSIS

We then have
MN My > \V (L,N) (Va)
(L,N) efilter (AU M)
This corresponds to the semantic union [.41] U [.4>]. The trade-off is between removing no
semantic duplicates (formula v;), which may lead to redundancy, and paying a computational
cost to simplify the DNF (formula v,) in settings where set operations are applied repeatedly.

Size model. Let the size of a pair be || (L, N)|| £ |L| +|N|. Fora DNF .4 = V,’C:1 (Lg, Ng), define
the number of clauses and the total size of the DNF as:

.
#4227 and ||Jﬂ||éz||(Lk'Nk)”'
k=1

Let Cpax = max(max,- I (Li, Ni)ll, max; ||(L’].,N;.)||) denote the maximum pair size across both
inputs.

Proposition 12.1.1 (Complexity of DNF union without subsumption). Given .4, and 4> as
above, computing M vV > as set-union of pairs under structural equality has the following
costs, depending on the deduplication strategy.

(A) Hashed dedup. Build a hash-set from the pairs of 4\, then insert pairs of M»:
Tyasu(n,m) €O((n+m)-fmax) (expected time)

Here the ¢ nax factor accounts for hashinglequality on pairs.
(B) Naive list-difference, e.g. dnf1 ++ (dnf2 — dnf1). BEAM-style structural equality
on lists is linear in their length, thus

Tnave(n, m) € G)(fl m- gmax) time

In both cases the output size is at most n+ m, so #(M vV M>) < n+m.

Proof sketch. For (A), inserting n cubes to build the set and then 7 membership checks/inser-
tions is linear in the number of cubes modulo the per-cube cost of hashing/equality, which is
O(¢max)- For (B), list subtraction scans dnf 1 for each element of dnf 2, yielding n - m equality
comparisons, each costing O(¢pax)- O

Corollary 12.1.2 (Idempotence cost). Computing 4 v M with hashed deduplication runs
in O#M - Cmax) and returns A, so repeated unions do not increase the size. With naive list-
difference, the cost is ©((#.4 )2 Umax), Which suggests that making a special case for direct
structural equality (with #.4 -  max cost) between the two DNFs is worthwhile.
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Remark 12.1.3 (If one also performs subsumption/canonicalization). Ifthe implementation
additionally removes subsumed pairs (i.e., deletes (L, N) when there exists (L', N') with L' < L
and N' € N), a straightforward pairwise check leads to

Tsyss(n,m) € 9((’1 +m)?- ﬁmax),

which dominates the costs above.

12.1.3 Intersection of DNFs

If a DNF is a finite disjunction of pairs (L, N) (with L, N finite sets of atomic types, respectively
positive and negative), then

n m
A=\ (Li,Ny)  and = \/(L},N})
i=1 j=1
satisfy
n m
AN My =\ \/(L,-uL’j,Nl-uN}) (A1)

i=1j=1

In other words, A on DNFs is cartesian product. However, this cartesian product creates many
semantically redundant clauses.

12.1.3a) Semantics of A on DNFs
Assume each clause (L, N) is normalized (finite sets, LN N = &). For
n m , ,
M = V(Li»Ni) and Mo = \/ (L~,Nj),
i=1 j=1
write the consistency predicate
cons((L,N),(L,N)) :<= (LNN'=2) n (L'nN =2).

Then
M N My = v (Li UL’j, Nj UN}) (A2)

l<isn
l<j=m

cons((L;,Ny), (L}, N}))

Intuitively, A on DNFs is a conflict-filtered cartesian product: inconsistent pairs vanish; consistent
pairs merge by set union of their atomic types.



248 CHAPTER 12. STRUCTURAL TYPE ALTERNATIVES: A COMPARATIVE ANALYSIS

Size model. Reuse the size model from the union case: ||(L, N)|| = |L| + |N|, #.4 is the number
of clauses, || =Y (L, Ni) |, and let 1 be the maximum clause size over both inputs. Let
Kcons be the number of consistent pairs (i, j); clearly Keons < nm and #(4 A M) < Keons (before
subsumption).

Proposition 12.1.4 (Complexity of DNF intersection without subsumption). Computing
M N M5 by enumerating consistent pairs and merging them admits the following bounds.

(A) Cross-product with hashed dedup. Check consistency for every (i, j) and insert each
consistent merge into a hash-set:

Thsu(m,m) €O(nm-lmax)  (expected time).

Per-pair cost covers (i) conflict tests (L; N N;. =) and (L’]. N N; = &) and (ii) hashing/e-
quality for the merged clause; both are O(¢ nax) with standard set structures.

(B) Naive linear dedup of outputs. If one appends each consistent merge to a list and tests
membership by linear scan,

T ve (M, m) € O(nm - Cmax + Kiops Cmax)-

This is dominated by quadratic dedup when many distinct merges are produced.

In all cases the worst-case output size is #( M1 N 4>) < nm and this lower-bounds time by
Q(nm) since those clauses must be materialized.

Proof sketch. For (A), we do nm consistency checks and at most K.ops insertions. With
hashed sets, both checks and (amortized) inserts cost O(¢ax), yielding ®(nménax). For (B),
generating K.ons candidates and scanning an output that grows linearly causes Zf;"lns t=
O(K?,,) equality checks, each O(¢nqy). O

Corollary 12.1.5 (Idempotence vs. redundancy). Logically, 4 N 4 = 4 . Operationally, the
cartesian-product construction emits
{(Li, N 1 1= ks#4} U {(LiULj, N;UN;) |i# j, cons((L;, N;), (Lj, Nj)}

where every cross-merge is more specific and therefore subsumed by (L;, N;) and (Lj, N;). Thus:
with subsumption/canonicalization the result collapses back to 4 ; without it, the size can
inflate up to n? distinct clauses (of which n(n — 1) are semantically redundant).

Remark 12.1.6 (If one also performs subsumption/canonicalization). As for union, removing
subsumed clauses naively entails Tsygs(Kcons) € G)(KCZOnS . ﬁmax).
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Remark 12.1.7 (Structural subsumption vs. semantic subsumption). In an implementation,
it is also possible to interpret the intersection of atomic types p; &f NaeL @, P2 &f Nacry and
the union of negations n, def V aen G, N2 def V zen' in order to:

* check if each py~n, is empty (if yes, remove it)

e check if (p1~n1) < (p2~ny) (in which case we only keep the clause (L', N")) for all

(L,N),(L',N"

They both require computing many additional intersection and unions. The first is a heavy
process (n use of emptiness decision). The second is more heavy (n* subtyping checks) and we
never implemented it for these reasons (although a proper benchmark would be interesting, as
clauses removal can greatly reduce the cost of subtyping decision).

12.1.3b) Exponential growth in map intersection is inevitable

As shown above, for the DNF representation of maps, intersection is implemented as a filtered
cartesian product (using the cons predicate), from which we can also eliminate structural dupli-
cates (that is, (L, N) is subsumed by (L', N') iff L € L' and N € N’) or semantically empty clauses.
Unfortunately, it is straightforward to construct a map type whose size grows exponentially (as a
power of two) by iterating intersections.

To illustrate this exponential growth, consider the following sequence of map intersections:

My =%{a:integer()}
M; =%{b:atom()}or %{c: float()}
M, =%{d : boolean()} or %{e: pid ()}

My, =%{koy : tan}oxr%ikons1 : st}

where the keys k»; and k»;; are pairwise disjoint with all of the previous keys. When we compute
Moy AMy AM A--- A My, each intersection with a union of two maps creates a cartesian product.
If we use the filtered version of formula (V»), the result after z iterations contains 2" DNF clauses,
as shown in the experimental results (computed with Elixir v1.18.4):

Iteration |1|2]3|4|5[6 | 7 | 8 | 9|10 | 11 | 12| 13
DNF Clauses | 2 | 4 [ 8 |16 | 32| 64 | 128 | 256 | 512 | 1024 | 2048 | 4096 | 8192

This exponential growth is not a flaw in the implementation, but an inevitable consequence
of the semantic completeness of set-theoretic types. When we express complex disjunctive
constraints such as "a map that has either field A with type X or field B with type Y," and then
intersect this with another similar constraint, we must account for all combinations that satisfy
both constraints.
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The mathematical explanation for this growth is that each union in the DNF represents
a disjunctive choice, and when we intersect two disjunctions, we must consider all pairwise
combinations:

m
v Al') N
i=1

This creates m x n terms in the result. When each operand is itself a union of two terms, the
result doubles in size with each intersection.

This exponential growth reflects the inherent complexity of certain type relationships in a
set-theoretic type system. Some disjunctions intrinsically require an exponential number of
terms to represent all valid combinations. This is not a limitation of our implementation, but a
property of the type system’s expressiveness.

In practice, several factors mitigate this exponential growth:

n m n
Bj|=V V(AirBj))
j=1 i=1j=1

* Most real-world programs do not involve such systematic intersections
* The symbolic representation of negations avoids even worse exponential growth from
difference operations
* Type inference algorithms can often simplify complex types before they reach this patho-
logical case
This analysis clarifies why the implementation warns that "intersection is a cartesian prod-
uct": it is a fundamental algorithmic property reflecting the semantic complexity of set-theoretic
type operations.

12.1.4 DNF difference

The difference operation on DNFs is significantly more complex than union and intersection.
Given two DNFs .4 = /| (L;, N;) and 4, = V;.": ) (L’j, N }), computing .4, \ .4, requires applying
De Morgan’s law and distributing negation:

m m
MM\ Mo = MNM = M N (V (L/-,N})) =M N /\ _l(Ll-,N;-)
j=1 j=1
Each — (L’j, N’ ;.) expands to V4 L, mav Ve N @ generating a very large number of terms. The
final result intersects .4 with this expanded form, causing a large blow-up in time and space.
This growth renders DNFs impractical for type inference scenarios that rely heavily on
difference operations, such as pattern matching analysis where it is necessary to compute
"remaining types" after matching specific patterns.

12.2 Compressed DNFs

For certain type domains where intersection can be computed efficiently, a compressed DNF
representation can be used to maintain the DNF structure while computing intersections on the
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positive atomic types.

In a compressed DNE rather than maintaining separate positive atomic types L; in each
clause (L;, N;), we precompute their intersection and store the result as a single compressed
atomic type. Formally, for a DNF .# = V?zl(Li,Ni) where L; = {a;1,a;>,...,a;,}, the com-
pressed form becomes:

n ki
-/%compressed = v (ai, N;) where a; = /\ ai, j
i=1 j=1

This transformation is effective only when the intersection operation /\;f”:1 a;i,j can be computed
efficiently and yields a well-defined result.

Base types have straightforward intersections; map types follow rules for open/closed maps
(Section 12.1.3); tuple intersection is component-wise with arity constraints; list intersection
preserves structural properties. A notable exception is function types, where intersection does
not simplify to a single arrow form. The key advantage of is that pre-computing the positive
intersection can eliminate terms, if we detect those as being empty.

12.2.1 The case of maps: compressed DNFs

If a map type is represented as a DNE it is a disjunction of pairs (L, N) where L is a set of map
atomic types and N is a set of negated map atomic types. Concretely, for map types, the atomic
types are as follows:

For all a € L, a is either (:open,fields,) or (:closed, fields,); here, :open denotes an open
record type (e.g.,%{..., a: integer()} denotes maps that bind atom a to an integer type and
may have any other field), while :closed denotes a closed record type (e.g., %{a: integer()}
denotes maps that bind atom a to an integer type and no other field).

12.2.1 a) Intersection of map atomic types

Intersected atomic maps always yield another atomic map:

Open-Open Intersection. When both maps are open, the result is open and contains the union
of all fields with intersected types:

(:open,fields,) A (:open,fields,) = (: open, fields, L fields,)

where U denotes the symmetric merge operation that intersects types for common keys.

Closed-Closed Intersection. When both maps are closed, the result is closed and must contain
exactly the intersection of fields:

(:closed,fields;) A (:closed, fields,) = (: closed, fields, 1 fields,)
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where M denotes the symmetric intersection that requires all keys from both maps to be present
with intersecting types. If any key is missing from either map, the intersection is empty.

Open-Closed Intersection. When one map is open and the other is closed, the result is closed,
and all fields from the open map must be present in the closed map (except for optional fields):

(:open,fields,) A (:closed,fields,) = (: closed, fields,.  fields )

Thus, the form .4 = V?zl (Li, Ni) can be compressed to V?:I (ai, Ni), where a; is the (non-empty)

computed intersection of the atomic types in L;. Adopting this compressed form for the DNF of

maps allows for more efficient intersection. The intersection algorithm handles these cases by:
1. Computing the cartesian product of all map atomic type pairs from both DNFs

For each pair, attempting to intersect the atomic types using the rules above

If the intersection is empty (yields O), discard the result

Merging the negated atomic types from both operands

o W

Eliminating duplicates and ensuring that the result is not present in the negation list

This approach maintains symbolic negations, avoiding the expensive distribution of dif-
ference operations that would otherwise create an exponential number of map atomic types.
Keeping negations symbolic enables efficient intersection while preserving semantic integrity.

12.3 Union Forms for Tuples

As shown in Theorem 4.5.3, every tuple type ¢ can be put into a union form such that, given two
finite families of atomic tuples ¢ and @, we have:

(= v V{7
{s}ee {7, .}eo

We describe succintly the set-theoretic operations on union forms for tuples.
Normalization. Normalize (¢, 0) after every operation:

* Drop empty atomic types (any empty component makes the whole atomic type empty).
* Remove subsumed atomic types using the tuple order:
- Closed vs closed: drop { #,..., t, } if for some { uy,..., u, } we have Vi. t; < u;.
- Closed vs open: drop { f1,..., t,, } if there exists { uy,...,u,, ..} with £ < npand Vi <
l.ti < u;.
- Open vs open: drop { s1,..., Sk, .. } if there exists { uy,...,uy, ..} with / < kand Vi <
/. Si < Uj.
Union.

¢ Concatenate families: (61 U 6>, 01 U0>»), then Normalize.
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Intersection. Compute pairwise on atomic types; collect results; then Normalize.

* Closed A Closed (same arity n):
{l’l,...,l'n} A {ul,...,un} = {tl/\ul, vy tn/\un}.

If arities differ, the result is O.
* Closed A Open:

{l’l,...,l'n} A {ul,...,ug, .

O ifn<e,
b= .
{tiAnuL, ..., tpNup, trgr,..., tnt ifn=2.

* Open A Open: let L 4 max(k, ¢), and define s def (j < k2s;: 1), u def ;< p2u;: 1).

{sieensiy A dun,ue, = {sinuy, ., spaug, Lt

Difference.

* Do not implement ad hoc rules here. Reduce differences by invoking the decomposi-
tion theorem (Theorem 4.5.3) to eliminate tuple negatives and obtain a finite union of
closed/open tuple atomic types, then Normalize.

12.3.1 An invariant for the union form.

Note that difference elimination produces tuples that are pairwise disjoint; if we maintained the
tuples in a state where they are pairwise disjoint, we would not need to check for duplicates, as
the intersection formula, under this invariant, creates disjoint tuples. We would only need to
prune the empty ones.

The remaining question is how to maintain disjointness under union. This can be achieved
by observing that any union of tuples can be decomposed as a union of three pairwise disjoint
tuples:

{tl,...,tn}V{Sl,...,Sn} :{tll\sl!tzvszy---rtnvsn}
Visi~1,82,..., S0}

\ {tl\slr t2;---; tﬂ}

where we prune, among the three tuples, those that are empty because either #; A 51, £;~51, or
s1~t is empty. This provides a technique to insert a tuple ¢ = {f1,..., t;} into a set S of tuples
that are pairwise disjoint on their first component: we search for tuples {si,..., s5} € S for which
t A 1 is not empty. If there are none, we simply add ¢ to S. If there is one, we generate the three
tuples above, directly insert the first and the second (they are disjoint from the rest of S as their
first component is a subtype of s;), then recursively insert the third tuple into S. This process
terminates as each recursive call uses a strictly smaller first component.

Maintaining this invariant appears costly; we include it only to illustrate that alternative
approaches are possible. Nguyen (2008) (Section 4.2.3) studies different decompositions for
unions of pairs, and the existence of a unique maximal decomposition.
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12.3.2 Arity Constraints

An important advantage of union forms for tuples is that they naturally handle arity constraints.
Tuples of different arities are disjoint, so:

{tinuy,....thAnu,t ifn=m
{tly-'-)tn}/\{uly~-~)um}:{

ifn#m

This property enables efficient emptiness checks and automatic pruning of impossible
combinations during intersection.

12.3.3 Limitations and Trade-offs

While union forms are effective for tuples with small arities and limited unions, they suffer from
exponential growth when dealing with complex disjunctions. The intersection operation can
create O(k x m) tuple atomic types, which becomes problematic for large union types.

Additionally, difference operations on union forms exhibit the same exponential complexity
as DNFs, requiring expansion of negations. This limitation ultimately led us to adopt BDDs for
tuple types as well, particularly when pattern matching analysis required frequent difference
operations.

12.4 Comparison

To complete the comparative analysis, we examine the complexity characteristics of BDDs and
their lazy variants (TDDs), which ultimately became our chosen representations.

12.4.1 BDD Complexity

BDDs provide polynomial-time complexity for all Boolean operations. For BDDs 98, and %, of
sizes |98 | and |98, | respectively:

e Union: O(|%,|-|%-|) time and space

* Intersection: O(|%,|-|9%.|) time and space

 Difference: O(|%,]|-1%-|) time and space

* Negation: O(|98|) time and space

The key insight is that BDD operations use recursive decomposition with memoization and

canonical ordering to try to mitigate exponential blow-up (which can still happen in the worst
case).

12.4.2 Lazy BDD (TDD) Complexity

Lazy BDDs introduce a middle branch to defer union expansion, resulting in different complexity
characteristics:
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* Union: O(|%,]) time when %, is attached to the middle branch (lazy case)
* Intersection: O(|%8;|-|9%.|) time, may require union expansion

* Difference: O(|%,|-|%-|) time, may require union expansion

* Negation: O(|498|) time and space

The lazy approach prevents exponential growth during consecutive unions, but intersection
and difference may still require expanding deferred unions, which can diminish the benefit.

12.4.3 Memory Usage Patterns

The four representations exhibit distinct memory usage patterns:

Representation Growth Notes

BDDs Polynomial = Grows with Boolean operation complexity
TDDs Polynomial = Lower for unions; spikes during A/~
DNFs Exponential Difference operations cause blow-up
Union forms Quadratic Intersection operations cause blow-up

Table 12.1: Memory usage patterns by representation.

12.4.4 Practical Performance Considerations

In practice, the choice between BDDs and TDDs depends on the operation mix:
* Union-heavy workloads: TDDs provide better performance due to lazy evaluation
* Intersection-heavy workloads: DNFs may be more efficient due to immediate evaluation
» Mixed workloads: TDDs provide more predictable performance characteristics
* Pattern matching analysis: TDDs are essential due to frequent difference operations

We have discussed the inherent trade-offs among these representations. Some constructions,
notably iterated map intersections in DNE can grow exponentially in the worst case (§12.1.3).
This is not a flaw of the data structures but a semantic reality of expressive set-theoretic types.
Nevertheless, it motivates practical mitigations (such as memoization, early subsumption checks,
and shape-preserving simplifications) that we employ in the implementation. Our general
conclusion is that, for most composite types, a BDD-based representation is the simplest and
most efficient choice unless difference operations are rarely used in the system (which is not the
case if, for example, differences are used to type pattern matching).

To support the choice of representation, we provide a table of trade-offs in Table 12.4.

Empirical summary tables. For completeness, we include two compact tables that measure
compilation times for some important Elixir libraries (see Appendix A.5 for a description of the
libraries; more details on the benchmarks will be given in Chapter 14).
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* Table 12.2 contrasts v1.18 and v1.19 end-to-end times on representative projects.
 Table 12.3 reports type-checking time across implementation milestones (lazy BDD adop-
tion and equal-node fixes).

Table 12.2: Type-checking performance: Elixir v1.18 (BDD) vs v1.19 (TDD) on selected projects.
Type-check columns show type-checking time in seconds; Total columns show full compilation
time; % columns show percentage of compilation time spent type-checking.

Type-check (s) A Total (s) % type-check
v1.18 | vI1.19 v1.18 v1.19 | v1.18 | v1.19
Remote |11.116 | 19.476 | +8.360 | 707.598 | 228.801 1.6 8.5

Livebook | 0.177| 0.102 | —0.075 4.112 3.051 4.3 3.3

Project

Credo 0.059 | 0.027 | —0.032 1.305 1.095 4.5 2.4
Phoenix 0.049 | 0.029 | —0.020 0.525 0.461 9.3 6.3
Hex 0.091 | 0.065 | —0.026 1.339 1.232 6.8 5.3

Table 12.3: Ablation study: type-checking time (seconds) across BDD/TDD implementation
milestones.

Implementation milestone Livebook | Phoenix | Credo

v1.18 baseline (BDD), OTP 28.1 0.098 0.027 | 0.021

v1.19 with lazy BDDs (functions only) 0.452 0.024 | 0.031

TDD everywhere (fixed intersection) 0.220 0.023 | 0.029

Stabilized lazy BDD intersection 0.225 0.023 | 0.029

Latest: map-line emptiness short-circuit 0.154 0.022 | 0.033
Conclusion

Choosing a representation. Based on the analysis and practical experience with the Elixir
type-checker, we offer the following guidance:

* Use TDDs when difference (\) and negation (=) operations are frequent. TDDs handle all
operations in polynomial time. This is the default choice for function types and, since Elixir
1.19, for map types. Using TDDs over BDDs is preferable as soon as there exist consecutive
unions in the system. We have not found a clear argument for using BDDs over TDDs,
other than simplicity of the implementation.

» Use DNFs only when difference and negation are never used (except to compute subtyping,
which uses difference). DNFs are efficient for union and intersection but become expo-
nentially large with difference operations. This representation was used for maps in Elixir
1.18 but was abandoned due to the need to infer precise intersection types for pattern
matching, which made heavy use of difference operations.



12.4. COMPARISON

257

Table 12.4: Complexity comparison of type representations. n;, ny denote number of clauses
(DNF) or size (BDD/TDD); ¢ denotes maximum clause size.

Operation Metric DNF BDD TDD (lazy)

A time O(ninpl)  O(%1|-1%821)  O(%1|-1%:l)
output size O(nyny) O(1% |- |%:2) O(|1%:1-1%:0)

v time O((n1 +n2)0) O(%11-1%21)  O(%1) (lazy)
outputsize O(ny+n)  O(%1-1%2) O(%|+1) (lazy)

\ time exponential O(|%1|-1%.])  O(1%1-1%:l)
output size exponential O(|%:|-|1%.)  O(%!-1%2l)
time exponential O(|148)) O(|148))
outputsize exponential O(|4)) O(|4%))

Key: DNF = Disjunctive Normal Form (list of clauses); BDD = Binary Decision Diagram; TDD = Ternary
Decision Diagram (lazy union in middle branch).

* Hybrid approach: Different components in a Descr can use different representations. For
example, functions may use TDDs, while tuples use union forms. An interesting feature
would be to allow parameterization of this representation within a type-checker; that way,
different codebases might take advantage of those different trade-offs.






CHAPTER

IMPLEMENTING THE TYPE SYSTEM

Throughout this thesis, we have shown how to type Elixir using an idealized version of the
language called Core Elixir. We described the type system and its soundness, and detailed
how to implement the type engine that powers the manipulation of set-theoretic types. In
Chapter 9 we described the techniques required to implement the fype engine for semantic
subtyping: representation of set-theoretic types, set operations (intersection, union, difference),
type relations (mainly subtyping—here we also use consistent subtyping and compatibility) and
type operators. But we did not go through the specificities of how to use this engine to type-check
Elixir programs using the typing rules of Chapters 4, 5 and 6. These typing rules are declarative;
in the context of semantic subtyping, their algorithmic counterpart consists of the corresponding
engine operator.

In this chapter, we fill some gaps between those formal type systems and their implementa-
tion in the Elixir compiler.

In §13.1 we relate Core Elixir to Featherweight Elixir (FW-Elixir), a strict subset of the full
Elixir language with some non-trivial differences from Core Elixir, such as a richer guard syntax
that includes negation. We then discuss the implementation of the typing rules of the declarative
(although, quasi-algorithmic) type system that was outlined in Part I.

In §13.2 we discuss the implementation of the typing rules for function type application.

Chapter Roadmap

¢ Section 13.1 (Bridging): Relates Core Elixir to FW-Elixir and compiles guards.
* Section 13.2 (Application): Implements static and gradual function application.

259
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clx|A(pg—e)le(e)|{e}|n.elcaseepg—ele+e

Expressions e :=
Patterns p == clx|{p}
Guards g = a?t|la=ala'=ala<algandglgorg
Guardatoms a = cl|x|nzalsizeal{a}
Test types 7 u= blclfun, | {T}I{T}Irvr|T
Base types b = int]|bool|fun|tuple
Types t == blclt—=t|{e}1{,. . Ylevele]?
Interfaces I 2= el{ti—t}i=1.n
Figure 13.1: Core Elixir
Annotations A = $T|e¢
Expressions E := L|x|AfnPwhenG->Eend|E(Ey,.,E,)|E+E
| caseEPwhenG->E|{Ey,.,E,;}|elem(E,E)
Singletons L == nl|kl{L}
Patterns P == Lix|{Py,.,P,}
Guards G == D|C|notG|GandG|GorG|G==G|G!=G
| G<G|G<=G|G>G|G>=G
Selectors D == L|x|elem(D,D)|tuple_size(D)|{D}
Checks C == is_integer(D)|is_atom(D)|is_tuple(D)
| is_function(D)|is_function(D,n)
Basetypes B := integer()|atom()|function()|tuple()

Types T == BILIT-TI{T}I{T,..}|TorT|TandT|notT
|  none()|term()|dynamic()

(where x ranges over variables, n ranges over integers, and k ranges over atoms)
Figure 13.2: Featherweight Elixir

13.1 Bridging Core Elixir and Featherweight Elixir

Figure 13.1 presents the full syntax of Core Elixir, which encompasses all the language features
discussed in the main body of the thesis. This includes expressions, patterns, guards, guard
atoms, test types, base types, and types.

To bridge the gap between Core Elixir and a more concrete Elixir syntax, we introduce
Featherweight Elixir (FW-Elixir). FW-Elixir is a strict subset of Elixir that covers all the language
features discussed in this thesis, including tuples, anonymous and multi-arity functions, case-
expressions with patterns and guards, and more. Figure 13.2 presents the formal syntax for
FW-Elixir.

All the examples provided throughout the thesis are valid syntax for both Elixir and FW-Elixir:
all FW-Elixir syntax is also valid syntax. Furthermore, FW-Elixir extends beyond the examples
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written in Core Elixir, as it allows for negated guards, which are absent from Core Elixir. For
instance, consider the following alternative definition of the negate function:

1 | def negate(x) when not(is_function(x) or is_tuple(x) or is_integer(x)) do
2 not x
3| end

This definition is equivalent to that one:

1[def negate(x) when is_boolean(x), do: not x ]

assuming integer() and boolean() are the only basic types used in FW-Elixir. The type
boolean() is the complement of integer() or function() or tuple() (where the type
function() denotes the type of all functions) and all values of type integer() are captured
by the first clause of negate. Both version are valid FW-Elixir syntax, but while the former can be
rendered in Core Elixir, the latter cannot.

Guard Compilation While there is a clear correspondence between the expression syntax of
FW-Elixir and Core Elixir, the relationship between their guard systems requires more careful
treatment as we show next.

The definitions of the expressions in Figure 13.1 and 13.2, there is a clear 1-1 correspon-
dence between them. For instance, the second_strong function we defined in the introduction
(line 144) corresponds to the following Core Elixir expression:

A{{ﬂ'int}_’int}(x). casex({l,int} - m x)

It is therefore easy to transpose the typing and reduction rules defined for Core Elixir expressions
to the expressions of FW-Elixir. The correspondence for guards and patterns of the two languages
is instead more nuanced. In some cases this correspondence is clear: for example, it is clear that
the second clause of the test function in the introduction (line 155) can be expressed in Core
Elixir as a branch of a case-expression with pattern x and guard:

(x?bool) or (mgx=m1x)

However, the correspondence between guards in the two languages is more subtle. While
Core Elixir type tests are more general than those that can be performed by FW-Elixir guards, the
latter appear more expressive since they include negation, which is absent from Core Elixir. For
instance, in FW-Elixir one can define:

1 |def first(x) when not(tuple_size(x)==0), do: elem(x,0)

This cannot be directly expressed in Core Elixir with negation, although the equivalent guard
tuple_size(x)!=0 can be used.

We adapt Core Elixir guard and pattern analysis to FW-Elixir by compiling FW-Elixir guards
into Core Elixir: push negations to leaves via De Morgan rules and re-encode relations not
present in Core Elixir using the available ones. For example, not(tuple_size(x)==0)



262

TG(D):TD(D)?true
Ts(C) =Tc(C)
T(G1 and Go) = Tg(G1) and Tg(G2)
Tg(G1 or G) =Tg(Gy) or Tg(Gy)
Tgmot (€)) =NG(G)

Ts(G1 ==Gp) =Tg(G1) = T(G2)
Ts(Gy ! = Gp) =Tg(Gy) ! = Tg(Gy)
TG(GI < Gz) = TG(GI) <TG(Gz)
Tg(Gy > G2) =T(G2) <T(G1)

T6(G1 <= Gp) =Tg(G1) <Tg(G2)
or Tg(Gy) =Tgs(Gy)
Tg(Gy >= G2) = T(G2) < Tg(G1)

or Tg(Gy) =Tg(G2)

NG(D) =Tp(D) ? false
Ng(C) =Nc(O)
Ng(G; and Gy) = Ng(G1) or Ng(Gy)
Ng(G; or G2) =Ng(G1) and Ng (Gp)
Ng (ot G) = Tg(G)

CHAPTER 13. IMPLEMENTING THE TYPE SYSTEM

Tp(elem(Dy,Dy)) = Tpy D, To(O2)
TD(tuple_size( D)) =size Tp(D)
Tp({D1,..Dn H={ToD1),..ToDn) }

Tc(is_integer(D))=Tp(D)? int
Tc(is_atom(D))=Tp(D) ?atom
Tc(is_tuple(D))=Tp(D)? tuple
Tc(is_function(D))=Tp(D)? fun
Tc(is_function(D,n)) =TpD)? fun,

Nc(is_integer(D))=Tp(D)? (~int)
Nc(s_atom(D))=Tp(D)? (~atom)
Nc(is_tuple(D))=Tp(D)? (~tuple)
Nc(is_function(D))=Tp(D) ? (=fun)

Ng(G1 ==Gy) =Tg(Gy) ! = T5(Gy) Nc(is_function( D,n))=TpD)? (=funy)
Ng(Gy ! = Gp) =Tg(Gy) = T(G2)
Ng (G < G2) =Tg(G2) <Tg(Gy)
or TG(GI) = TG(GZ)
Ng(G1 > G2) =Tg(G1) <Tg(Gy)
or Tg(Gy) =Tg(Gy)
Ng(G1 <= Gp) =Tg(G2) <Tg(Gy)
Ng(Gy >= Gp) =Tg(G1) <Tg(Gy)

Figure 13.3: Guard compilation

compiles to size(x)!=0, and not(is_function(x) or is_tuple(x)) compiles to
(x?-fun) and (x?-tuple). Likewise, x >= y compiles to (y < x) or (x = y).

The compilation preserves guard success: a FW-Elixir value succeeds on a guard if and only if
the corresponding Core Elixir value succeeds on the compiled guard.

Guard compilation, defined in Figure 13.3, is given by defining two mutually recursive func-
tions from the set )i of Elixir concrete guards of FW-Elixir to the set 4¢qre of Core Elixir guards
(syntax in Figure 6.1). Precisely, the Tg : Ggiixir — ¥core function compiles a concrete guard into a
core guard, and the Ng : Ggiixir — Ycore does so as well, but also pushes down a logical negation
into the guard, which means that, say, a type-check of int becomes a type-check of =int, and
that conjunctions and disjunctions are swapped using De Morgan rules. There is no N; defined
on selectors D: Ng is just an auxiliary function for T, which does not call it on D productions (a
selector D is directly translated into checking whether it has the singleton type true). Notice that
the compilation defines the semantic of relations present only in FW-Elixir, such as ‘>=’, which is
compiled as the union of ‘<’ and ‘=", In particular the negation of G; < Gy—i.e., Ng(G; < G2)—is
compiled as (the compilation of) (G2<G;) or (G; = Gz) which is correct since all (FW-)Elixir
values are totally ordered (cf. Figure 6.4).



13.2. COMPUTING FUNCTION TYPE APPLICATION 263

FW-Elixir Core Elixir (compiled)
not(is_function(x) or is_tuple(x)) (x?-fun) and (x? 7tuple)
not(tuple_size(x) == o) sizex !=0

X >=y y<xorx=y

Table 13.1: Examples of FW-Elixir guards and their compiled Core Elixir counterparts.

Lemma 13.1.1 (Compilation preserves guard success). For every FW-Elixir guard g € Gyjixir
and every environment/value interpretation, a value succeeds on g if and only if it succeeds on
Ts(g).

Proof. By mutual induction on Ts(g) and Ng(g), assuming the same semantics for the guards
in both Elixir and FW-Elixir (with the added obvious reduction for the not-guard). O

Examples (FW-Elixir vs Core Elixir). Table 13.1 summarizes a few illustrative translations.

13.2 Computing function type application

Having established the correspondence between FW-Elixir and Core Elixir through guard com-
pilation, we now turn to the implementation of the typing rules themselves. The type system
presented in Chapters 4, 5 and 6 is declarative. Its implementation is not straightforward, as it
relies on details of the representation of set-theoretic types in semantic subtyping. This implies
that some rules are implemented with additional conditions, or by using type operators more
refined than those given by the theoretical system.

This is particularly the case for the rules used to type function applications, specialized to
account for Elixir’s strict evaluation semantics. We first describe how the application rule (app) is
implemented and then examine the consequences on (app-).

13.2.1 Gradual function application

In the static declarative system presented in Chapter 4 and 5, we use a declarative rule for typing
function application:
I'ke:ti— b Fl—se’:tl
T'~e(e): b

In the algorithmic system with static types, checking that a function can be applied to an ar-
gument requires the domain operator dom (-) over function types (Def. 3.3.4), and we use the
application result operator o (Def. 3.3.5) to compute .

The gradual rule for application is the same, but we need to lift the static operators to do so.
Lanvin (2021) does this for both, defining the gradual domain as:

(app)

dom () = dom (M) v (? A dom (1Y)
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and the gradual result operator o as:
too=1loolv(2A(rloa!))

With the addition of the interpretation of arrows, to U in the domain, which now makes it
possible to distinguish e.g. types O — 1, O — int, O — O.

Remark (Interesting interpretations)

Let us verify thatindeed O = O <O —-1butO -1 £0 — O.

D5 %Dy
n®_>®]]:ng[(®u{0})x5%0 )

= (O1 %20
= gf (D xDq)

UX@Q)

On the other hand,

—9 D5 %Dy
n®~1u=9f((®u{0})x% ? )

= (012
_ e@f (§@UX@Q)

= .@f (D5 x Dq)

D X@Q)

and we see that [O — O] = Pr (D *xDq) C Pr (Do xDa) = [O—1].

If these arrows were identified, as it is in previous versions of semantic subtyping, the most
precise result of applying a function of type O — ¢ would be O. With U, we can infer ¢. Lanvin
(2021) thus adds a special case to Def. 3.3.5 when the argument is O:

Definition 13.2.1 (Result operator (Lanvin 2021)). For every type t < O — 1 and every type s
such that s < don(t), we define the result type of t applied to s, noted to s as:

tos=\/ \V AN ti ifs#0

ielt QCP; Si—tEP\Q

S%—Vsi—vrieri
=\/ /\ t otherwise
i€l si—t;€P;

where

t= AL A simtin N\ =)

iel* \ (si,t;)€P; (s}, tDEN;

Computing gradual application (via subtyping) We recall the statement (notation as in Lanvin
(2021)), which we will show to be incorrect:
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Proposition 13.2.2 (Proposition A.23 in Lanvin (2021)). Forallt,7’',0 € T gradual SUCch that
7<0—1ando <dom(1),

()T<oc—ToC0 (i) ift<oc—1 thentoo <71’

Counterexample. Let
T =2?A(int—int) A(bool—bool) and o = ? Aint

yielding
=0, 1"=(int— int) A (bool —bool), o'=0, oM =1int

Then 7 < O — 1 obviously. Notice that, in the definition of domain 3.3.4, computing the
domain of O means that I = &, so the domain is an intersection over an empty set, which is
by convention equal to 1. This is consistent with the fact that the domain is contravariant, so
it is maximal for the smallest type (O). Semantically, this means that any argument can be
applied to a function of type O, since this function raises anyway (call-by-value semantics).
Therefore, we have

dom (7) =dom (M) v (? Adom (1Y) = (int vV bool) v ?

So we have o = ? A int < dom (7). Therefore, we compute oo = (tl oo™ v (2 A (zT o a¥)).

e First, 7V oo™ here o = int <dom (7Y) = dom (O) = 1, hence by Def. 3.3.5, ool =0.

* Second, tMoo!: since 0¥ = O < dom(r1) = int v bool, the amended Def. 13.2.1 gives O.
Thus, ¥ oo = Q and o o! = O, so T oo = O. This violates the condition of the proposition,
asitisnottrue that "t <o — (t00)", that s, it is not true that ? A (int — int) A (bool — bool)
is a subtype of (? A int) — O, because it is not true (by Definition of subtyping on gradual
types 3.2.7) that their maximal extrema are subtypes, which is that (int — int) A (bool —
bool) £ (O — 0). Indeed, we have computed [O — O] = &7 (2 x Zq) in Remark 13.2.1. On
the other hand, we have

D5 xDa
[int — int] :?}’f((llint}]U{U}) xTnt ° )

D5 xDq
[bool — bool] = Q}’f (([[bool]] U {0}) x boolggQ )

To find a concrete element that belongs to both [int — int] and [bool — bool] but not to
[O — O], consider the pair (O, Q) € 25 x Dq.

This pair belongs to [int — int] because U € [int] U {0} and Q € m% (since Q ¢ [int]).
Similarly, it belongs to [bool — bool] because U € [bool] U {U} and Q € m%.
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However, (0, Q) ¢ [O — O] = 2¢ (2 x 2q) because U ¢ 2 (by definition, U is a special element
not in the base domain). We have thus found a concrete 7 and o such that 7 £ 0 — (70 0),
which directly contradicts Proposition 13.2.2.

T#£0—(to0) (theanalysisshows 7! £ o — (ro0)M O

Source of the discrepancy. The proof of A.23 in Lanvin (2021), found in appendix, relies on its
static version, Proposition 6.13, which we recall here:

Proposition 13.2.3 (Proposition 6.13 in Lanvin (2021)). Forallt,t',s € Tsqyic such that t <
O —1 ands<dom(t),

(iJt<s—tos (i) ift<s—t thentos<tos

In particular, it invokes Proposition 6.13 on ¢ = (int — int) A (bool — bool) and s = O. This
proposition appears right after defining the result operator with an O argument as special case,
that gives o s = O. But it is not true that (int — int) A (bool — bool) = O — O (it would be true if
O — O =0 — 1, that is, without having the U element). This issue only comes up with the empty
argument.

Our fix. Lanvin (2021) defines the gradual result operator o:
to0=1%0Mv A (Tﬂ oa“))

and justifies this definition by arguing that "the type of the result of an application is covariant in
the type of the function but contravariant in the type of the argument: for a function of type 7
and an argument of type o, the smallest possible result is obtained when 7 is the smallest and o
is the largest, and conversely."

We note that the contravariance claim for the argument is generally incorrect: given the
function (int — int) A (bool — bool), whose domain is int v bool, when applied to int, it yields
int, and when applied to the supertype int v bool, it yields int v boo'l: the result is covariant in
the argument. In general, for gradual application, provided that it is type-safe (which is verified
by condition o < dom (1)) to apply 7' to o, the type " o o1 is a supertype of 1 o o¥. We thus
replace the definition of the gradual result operator o by:

TOU=TUOUUV(?A(TnOUﬂ))

Note that the corrected proposition still requires o # O as a side condition: when o = O,
the check 7 < 0 — (T 00) reduces to 7" < O — (T 0 0)!, which fails for any standard function type
due to U (the pair (G, Q) belongs to [[Tﬂ]] but not to [O — ¢] for ¢ # 1). This is not a deficiency
of the formula but a fundamental consequence of distinguishing O — ¢ from O — 1 via O. In
practice, when o = O, the typing is handled by the rule (app») using compatibility and the
extended gradual domain (§13.2), which bypasses this proposition entirely.
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13.2.2 Sanity checking of dynamic function application (Rule (app-))

Consider the application of a function of type bool — bool to an argument of type ? A int. Intu-
itively, we want this application to be rejected: the function works only with Boolean arguments
while the type ? A int indicates that the argument can only evaluate to integer values.

The argument type ? A int is not uncommon, since the presence of the dynamic type may
result from dynamic propagation for enhanced flexibility (to allow using such an argument
where a strict subtype of int is expected). However, in this case the flexibility is excessive: since
? Aint can materialize to O, we could naively apply rule (app») and deduce the type ? for the
application, instead of rejecting it.

The logic of this deduction is that if the argument materializes to O (i.e., the argument is a
diverging expression), then the application is sound-which is correct, since the application will
never return. However, accepting an application as sound solely because its argument—and thus
the entire application-might diverge is nonsensical: if the argument actually diverges, then we
do not care what the type-checker deduced.

Therefore, in practice we implement the rule (app-») to reject applications when the only
solution is to materialize the argument type to O. We achieve this by introducing a compatibility
relation, which is a restricted version of the consistent subtyping relation, and using it in our
implementation of (app-) instead of the usual consistent subtyping relation. This yields a stricter
and still sound typing of gradual function applications.

Recall that consistent subtyping, denoted by =, is a relation between two types #; and t, such
thatif #; = #,, then there exist 7], f; where 1) < 1, f < t;, and £] < £;.

When we add the restriction that ¢, cannot be empty, we obtain the compatibility relation,
denoted by #; =, f». Formally:

Definition 13.2.4 (Compatibility).
HCeto iffif 1Y <O then (h" A" 20) elsetit < M) or (1 =O A 1, = O) (13.2.1)

Compatibility clearly implies consistent subtyping: if #; is compatible with #,, then either the
first case of the conditional holds (in which case #; ! is empty, so 1Y < .M, or the second case
holds, which directly corresponds to consistent subtyping. The final disjunct in the definition
(13.2.1) ensures that the empty type is compatible with itself, which is necessary for subtyping to
imply compatibility.

In practice, this means that (app-,) accepts a materialization of the argument type to O only
if the function explicitly expects arguments of type O. While defining functions with empty
domains is of limited interest in Elixir, this may be crucial in other dynamic languages.

For instance, ty—a type-checker for Python developed by Astral Astral Team (n.d.)—uses a
function assert_never( ) that expects an argument of type O to check exhaustiveness of nested
if/elif commands: the checked expression is passed in the last else-branch to assert_never()
to statically verify that its type narrowed to the empty type (this is a standard function in the
Python type system specification — see the specification Python Software Foundation (2025b)).



268 CHAPTER 13. IMPLEMENTING THE TYPE SYSTEM

Even though this pattern is less common in Elixir, we have nevertheless implemented the
compatibility relation for the Elixir compiler as given in (13.2.1).

As in the case for the (app) rule, the implementation of the (app-) rule checks the compati-
bility (rather than subtyping) between the argument type and the domain of the function type as
defined in Lanvin’s gradual extension.

However, there is a subtlety in using the gradual domain for the (app-) rule. Recall that the
rule (app») allows both the function and the argument type to materialize, and that we use the
compatibility relation to check whether the argument type is in the domain of the function type,
while preventing the argument from materializing to O. For this check, we need the domain of
the function type on the right-hand side of compatibility.

Lanvin's gradual domain formula dom (7) = dom (z1) v (? A dom (1Y) works correctly when
71 < fun, since the static domain operator (Def. 3.3.4) requires its argument to be a function
type. For instance, the gradual domain of ? A (int — int) is dom(int — int) v (? Adom (0)) =
intv (? A1) =1int v ?, correctly reflecting that integers are certainly accepted while other values
may also work dynamically.

However, when 1" £ fun, the static domain dom (z") is undefined. This is the case for 7 = ?,
where ?" = 1: a function of type ? may accept any argument at runtime, so we expect dom(?) =?,
but Lanvin’s formula cannot be applied.

To handle this, we extend the gradual domain by projecting ¢! onto its function part before
computing the domain:

Definition 13.2.5 (Extended gradual domain).
dom (#) = dom (" A fun) v (? Adom (¢'))

where dom (+) is the static domain operator (Def. 3.3.4), and the precondition is tY < fun (so
that dom (¢%) is defined). When t" < fun, this reduces to Lanvin’s formula. When t" £ fun, the
A fun projection extracts the function part of ¢! before computing its domain, while the second
component ? A dom (£%) provides the dynamic flexibility. For example:

e dom(?) =dom(L A fun) v (? Adom(0)) =dom(©O - 1)v(?AL)=0Ov?="2.

. aafn((int — int) V(? Aint)) =dom(((int — int) Vint) A fun) vV (? Adom(int — int)) =
dom(int — int) v (? Aint) = int, since the non-function part ? A int is correctly discarded
by the A fun projection.

Now the condition for rule (app-) is that the argument type #; must be compatible with
the gradual domain of the function type ¢, thatis =, dom (). Safety is preserved since the
application is typed by a supertype of ? (the type deduced by the (app-) rule), which is always
safe.
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Conclusion

We connected Core Elixir to a concrete fragment (FW-Elixir) and showed how guard negation can
be compiled away, aligning surface syntax with our core analysis. We then implemented function
application, first in the static setting and then in the gradual one, introducing the compatibility
check and the gradual domain to precisely handle function application in a gradual setting.
Finally, we outlined how these operators are realized in the Elixir compiler.

What comes next We now turn to Chapter 14: an empirical study of the system in the wild. We
measure compilation and type-checking overheads on major Elixir codebases, summarize the
rollout across releases, and report developer feedback and issues uncovered in practice.






CHAPTER

EVALUATION

“Elixir is, officially, a gradually typed
language.”

José Valim (Valim, 2024a)

Elixir Integration Status.

All the features presented in this thesis have been progressively implemented in Elixir by José
Valim and myself since version 1.17 (included). Version 1.17, released in June 2024, incorporated
gradual set-theoretic types for atoms, maps, and few basic indivisible types; version 1.18 covered
more types and type-checked function calls performing type inference for patterns and return
types. The current v1.19 implementation covers all language constructs and includes basic,
atom, tuple, list, map, and function types, as well as the typing of protocols (akin to Haskell type
classes). In v1.19 type inference for functions is refined to take partially into account the type
of the operators the functions use. Its completion is planned for the next v1.20 release. The
current implementation of the type system does not require any modification to the syntax of
Elixir. The first modifications of the syntax are planned for the v1.21 with the explicit annotations
for structs (which are named maps with a predefined set of keys, used as data containers) and,
subsequently, the $-prefixed function type annotations demonstrated in our examples. The next
steps of the integration of the type system into Elixir are detailed in a regularly updated roadmap
in the Elixir documentation (Elixir Core Team, 2024). Each release follows an approximately
six-month development cycle. The type system integration is performed with parsimony and
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minimal disruption to existing workflows. Currently, the type checker produces only warnings
rather than hard errors, ensuring that the type system does not interfere with established Elixir
development practices.

Timeline. The performance trajectory from v1.18 to v1.19 mirrors the data-structure evolution
described in Chapter 12: DNFs sufficed until function inference introduced pervasive differences;
initial BDD/TDD adoption curbed worst-case unions but regressed on intersections of equal
nodes; fixing the equal-node formulas restored laziness in the union branch and eliminated
the regressions. We ground this account in two summary tables introduced in Chapter 12: PT1
(Table 12.2) contrasts v1.18 vs v1.19 on representative projects, while PT2 (Table 12.3) ablates
compiler milestones. We refer to these when interpreting the results below.

We used release candidate version 1.18-rc0 in September 2024 to perform a first assessment of
the overhead introduced by our typechecker on five substantial and extensively tested codebases:
Remote is one of the largest Elixir codebases with over a million lines of code (this is a conservative
estimation, only the exact number of modules is known); Credo, Livebook, and Phoenix are
among the most popular Elixir packages; and Hex is the package manager for the Elixir ecosystem.
We describe those codebases in more detail in Appendix A.5.

Codebase LoC Files | Modules Type C.Zhecklng gt Cqmpllatlon %
Time Time

Remote >1,000,000 | >10,000 18,059 11.116s 707.598s | 1.6

Livebook 61093 254 299 0.177 s 4.112s | 4.3

Credo 29181 252 264 0.059 s 1.305s | 4.5

Phoenix 21389 71 88 0.049 s 0.525s | 9.3

Hex 15632 196 241 0.091s 1.339s | 6.8

The “type-checking time” includes type-checking, checking for deprecated APIs, and verifying
function definitions. These overheads are comparable to previously existing ad hoc checks
embedded within the Elixir compiler, which have since been replaced by our type system. Note
that type-checking essentially consists of checking subtyping relations and that the complexity of
subtype checking for arrow types is not greater than that for tuple types or map types (included
in v1.18). Thus, although the v1.18 implementation of gradual set-theoretic types did not include
arrow types, it already provided a precise assessment of the performance of the monomorphic
system presented here, demonstrating that our implementation scales effectively, handling large
codebases with minimal performance impact.

These results were confirmed by repeating the evaluation 8 months later with version 1.19,
which adds function types, performs function type inference, includes protocol checking, and
performs a more complete analysis of map types. We computed the same metrics but on the
codebases as they had evolved (since in some cases with closed source code we were given
access only to the latest version). Both the general compilation time and the type-checking time
were significantly reduced due to improvements in both the general Elixir compiler and in the
implementation of the type system, despite the additional type checks implemented in it.
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Methodology and setup

We report wall-clock times for a clean compile of each project. For each configuration, we
executed 5 consecutive clean builds and report the median. Caches were cleared between runs;
network access was disabled. All measurements were taken on the same workstation (Darwin
24.6.0, OTP 28.1 unless noted, Elixir versions as indicated), with no competing workloads. The
end-to-end “type-checking time” aggregates the static analyses performed during compilation
(type checking, deprecation checks, verification of function definitions) as reported by the
compiler.

Threats to validity

Project evolution between v1.18 and v1.19 introduces confounders (LoC, modules, and depen-
dencies changed). We mitigate this by (i) reporting both type-checking and total compilation
times, (ii) performing an ablation across compiler milestones (PT2) to attribute improvements
to the data-structure fixes (lazy BDD equal-node formulas), and (iii) pinning OTP where noted.
Results are stable across runs; absolute values may vary on different hardware.

The table below repeats the same metrics (LoC, files, modules, type-checking time, total
compilation time, and the percentage share) for the same set of projects, recompiled with Elixir
v1.19 using the same methodology. It updates the earlier v1.18-rc0O snapshot to reflect both
compiler and type-system improvements on the codebases as they evolved, enabling a direct
comparison with Table 12.2.

Codebase LoC Files | Modules Type Qhechng Lozl Cqmpllatlon %
Time Time

Remote >1,000,000 | >10,000 24292 19.476 s 228.801s | 8.5

Livebook 61,170 256 258 0.102 s 3.051s (3.3

Credo 28,493 251 314 0.027 s 1.095s | 2.4

Phoenix 22,497 74 110 0.029 s 0.461s | 6.3

Hex 15,476 196 207 0.065 s 1.232s | 5.3

The codebase for Remote is the only one that has grown significantly since the previous evalu-
ation, with a 35% increase in the number of modules. The type-checking time for Remote has
increased by 75% compared to the previous evaluation, and now it takes nearly 20 seconds to
type-check 24 thousands modules. This, combined with the substantial improvement of the
compiler (which reduced the total compilation time by 68% despite the increased number of
modules), explains the much higher percentage of type-checking time relative to total compi-
lation time. Remarkably, the new typing features introduced in v1.19 found a type error in the
Remote codebase undetected by the previous versions. Specifically, the type-checker detected a
call of the String.Chars protocol that may be called with a tuple argument in an error branch of
some logger. Since the String.Chars protocol does not provide an implementation for tuples,
this would result in a runtime failure if the error branch is ever executed. This error was unde-
tected by tests because the calling of an error branch is extremely uncommon, which explains
why it slipped through: classic needle in a haystack.
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The initial implementation of our type system in Elixir 1.17, has been distributed since June
2024. Both versions 1.17 and 1.18 have already garnered positive feedback from developers (at
the moment of writing we do not have any feedback on the 1.19 other than our own tests yet,
since it is just a few days old). Particularly appreciated was the fact that the type system does
not require any syntactic change to Elixir, and it was able to uncover previously hidden errors
without introducing significant overhead and without requiring Elixir developers to explicitly
add type annotations. For existing codebases with reasonable test coverage, most type system
reports came from uncovering dead code—code which won’t ever be executed—but also few
actual type mismatch bugs. The type system has already found issues in major projects like
Phoenix, Livebook, Postgrex, and Flame, particularly identifying unused function clauses and
unreachable code paths. Some bugs had persisted undetected in production code for over two
years. For instance, our type system found a critical bug in the Phoenix framework—which is used
by over 14,600 public websites—where String.to_atom/1 was being called with incompatible
types, and since then it has been fixed (José Valim, 2024). In the Postgrex library, the type system
identified 15 lines of dead code that were removed across multiple functions (Valim, 2024c);
the guard analysis implemented in version 1.18 uncovered 2 different dead code paths in the
Flame library used to provide modular scaling for CPU-intensive Elixir programs (Valim, 2024b);
a type mismatch in the Live-view library allowed the removal of 6 lines of dead code (LiveView,
2024). Although these few examples may seem negligible, it is important to note that Elixir
projects generally have good test coverage, and that these are bugs found in production code
that has already been merged and passed through testing, code reviews, sometimes even Quality
Assurance (QA) processes—code that has been running in production for months or even years.
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CONCLUSION

This PhD project started with a very pragmatic goal: to type Elixir. Our solution is based on set-
theoretic types, and required not only additions to the theory—to account for multi-arity function
types, tuple types, and the rich pattern-matching idioms of Elixir—but also novel techniques
for gradual typing that preserve Elixir’s runtime semantics. We insist there on the word addition:
throughout our progress, the semantic subtyping framework has remained the same, and only
the types have been extended to serve for new data-types; proving thus the robustness of the
framework. This robustness is not merely theoretical: it has enabled us to build a practical type
system that is now integrated into the official Elixir compiler and is being used by developers in
production codebases.

Contributions. Our work extends the semantic subtyping framework along several dimensions:

* Multi-arity function and tuple types: We adapted the semantic subtyping framework to
account for Elixir/Erlang’s notion of function arity, introducing explicit arity in function
type syntax and extending subtyping rules accordingly. This required non-trivial modi-
fications to the set-theoretic interpretation of function spaces, reframing subtyping as a
set-containment problem for multi-arity functions (as well as for open/closed tuple types).

* Guard analysis and pattern matching: We developed a sophisticated typing technique
to analyze guards (boolean expressions in pattern matches and function definitions),
interpreting guard conditions as type constraints that refine static types within each branch.
This enables exhaustiveness and redundancy checking for pattern-match clauses, as well
as precise type narrowing that captures Elixir’s flow-sensitive programming idioms.

* Dynamic type integration: We incorporated the dynamic() type to represent untyped parts
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of code, following gradual typing principles. This allows untyped Elixir code to interoperate
safely with typed code through runtime checks, ensuring that gradually adding types does
not break program behaviour (the gradual guarantee).

* Strong function types: Our most novel contribution came from a very practical observa-
tion: that very similar functions, in Elixir, had in fact different semantics in a gradual setting
according to whether or not their arguments were guarded. Following this observation
led us to developing the notion of strong functions, which act as type-level proxies that
account for runtime type checks (guards or pattern matches) in the static function type.
Strong arrows allow the type system to be sound (no false assurances about the absence of
type errors) while also being precise, without needing to alter the compiled code. In the
terminology of Garcia et al. (2021), this achieves safe erasure in gradual typing: we do not
change program semantics to accommodate types, yet we retain strong type guarantees.
This is another tool in the toolbox of gradual semantic subtyping, which we may not have
yet fully exploited.

Implementation and Evaluation. We have strived to give a sufficient account of the techniques
used to implement a set-theoretic type system. However, in such a complex work, there will
always be a large part of specific design, choices and trade-offs. We chose to represent some of
those: which data-structures should be used to represent types, what typing discipline works
best, which type relations should be relied on, etc. Our implementation experience, documented
in Part II of this thesis, demonstrates that the type system scales effectively: type-checking
overhead remains under 10% even for codebases exceeding one million lines of code, as shown
in Chapter 14. The modular design of our type engine, with its stable API (Chapter 8), has
enabled incremental integration into the Elixir compiler, ensuring minimal disruption to existing
development workflows.

The type system has been progressively integrated into Elixir since version 1.17, with function
types, protocol checking, and comprehensive map analysis added in subsequent releases. As of
version 1.19, the implementation covers all core language constructs and provides type inference
for patterns and return types. The system currently produces warnings rather than hard errors,
allowing developers to adopt types gradually without breaking existing code. This pragmatic
approach has been essential for community acceptance. Future releases will introduce explicit
type annotations on top of functions and polymorphism, which will start having a greater impact
on the language as developers gain more control over type specifications and the type system
becomes more expressive. For now, most of the time spent type-checking is spent on inferring
function types (and checking their complex return types), and more annotations will save up
some time in that regard.

Significance and Impact. The significance of this work extends beyond Elixir. Because Elixir’s
semantics are largely a superset of Erlang’s, our type system effectively types Erlang as well,
covering all Erlang idioms in addition to Elixir’s extensions. The semantic subtyping framework
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we extended has proven robust enough to handle the diverse and dynamic idioms of a production
language, demonstrating that set-theoretic types are not merely a theoretical curiosity but a
practical foundation for gradual typing in dynamic languages.

Our work also contributes to the broader gradual typing literature by confronting its notions
to an industrial setting, one in which we have to achieve sound gradual typing without modifying
runtime semantics. The strong function technique we developed provides a way to leverage
existing runtime checks for static type guarantees and integrate those into the type language,
which may be applicable to other gradually typed languages.

Future Directions. While we have achieved our primary goal of typing Elixir, numerous avenues
remain for future work. The module system represents a high priority: Elixir's module system,
with its hot code swapping capabilities and dynamic loading, presents unique challenges for
static typing that we have not yet addressed. Other directions include typing meta-programming,
improving error messages, integrating with editor tooling for better developer experience, and
developing techniques for easing the transition of large codebases (such as automated suggestion
of type annotations or coding patterns to gradually introduce types).

Performance optimizations remain an ongoing concern. While our current implementation
achieves acceptable overhead, further improvements could be made through more sophisticated
caching strategies, parallelization of type checking, or refinement of our data structures for
specific use cases. The exploration of alternative representations (as documented in Chapter 12)
suggests that different trade-offs may be beneficial for different code patterns.

Concluding Remarks. In conclusion, this thesis demonstrates that semantic subtyping pro-
vides a robust foundation for gradual typing in dynamic languages, and that Elixir can be success-
fully typed without sacrificing its dynamic spirit or requiring changes to its runtime semantics.
The combination of theoretical rigor and practical implementation has produced a type system
that is both mathematically sound and pragmatically useful. As the type system continues to
evolve within the Elixir compiler, we hope that this work will inspire further research into set-
theoretic types and gradual typing, and that it will contribute to making Elixir codebases more
reliable and maintainable for the growing community of developers who rely on this language
for building robust, concurrent systems.
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APPENDIX

ELIXIR AT A GLANCE

Elixir is a dynamic, functional programming language built on the Erlang VM, designed for
building scalable and maintainable applications'. Its syntax is deliberately approachable,
drawing inspiration from Ruby?, yet it embraces the concurrency and fault-tolerance of Erlang.
Here is a self-contained overview of Elixir’s syntax and core concepts.

A.1 Approachable Syntax & Metaprogramming

Elixir uses a keyword-based syntax, where blocks of code are delimitedbydo ... end (instead
of braces). Definitions use keywords defmodule, def, def. Modules are named in CamelCase,
functions and variables in snake_case. Function definitions support inline clauses with do:
for one-liners. The return value of a function is the last expression evaluated (no explicit return).
Comments use #. Elixir also introduces a pipeline operator (| >), which threads an expression’s
result as the first argument of the next function call, enabling a linear flow of transformations. By
convention, predicate functions often end with ? and bang-functions (those that raise on errors)
with !.

# Defining a module with public and private functions

defmodule MathUtils do
amoduledoc "Math utilities module (example of a module docstring)"
amy_const 160  # module attribute (constant)

# Public with multiline body:

Thttps://elixir-lang.org/
2https://underjord.io/unpacking-elixir-syntax.html
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def add(a, b) do

new_val = a + b

new_val + amy_const # implicit return of last expression
end

# Function with guard clause (executed only if guard condition true)
def zero?(x) when x == o, do: true
def zero?(_x), do: false # underscore ignores argument

# Private with default argument and one-line definition:
defp increment(x, step \\ 1), do: x + step
end

Elixir features metaprogramming through macros which are inspired by Lisp, operating on
the Abstract Syntax Tree (AST) of the code at compile time. Thus, the language can easily be
extended with new constructs. At their core, macros are special functions that return quoted AST
nodes to be inserted into the program during compilation®. Macros use quote and unquote to
construct and inject AST fragments, and enable Domain-Specific Languages (DSLs) in Elixir’s
ecosystem. For instance, the Phoenix web framework’s router and the Ecto library’s schema
definitions are implemented as macros that inject functions and logic, giving those APIs a
declarative feel. To illustrate, here is macro unless (as it exists in Elixir’s standard library):

defmodule MyMacros do
defmacro unless(condition, do: block) do

quote do
if not unquote(condition) do # inject the negated condition
unquote(block) # inject the block of code to execute
end
end
end

end

require MyMacros
# Using the custom unless macro (executes the block as 2 > 5 is false)
MyMacros.unless 2 > 5, do: IO.puts("2 is not greater than 5")

Here defmacro defines a macro that generates an 1f expression at compile time.

A.2 Function Programming Paradigm: immutability and concurrency

Elixir is a purely functional language: it emphasizes immutability and pure functions. All data
structures in Elixir are immutable : once created, they cannot be modified in place. Instead,
functions create new data from old data. For example, updating a list or map produces a new list
or map, leaving the original unchanged.

S3https://elixirschool.com/en/lessons/advanced/metaprogramming
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All variables are effectively single-assignment; what looks like reassigning a variable actually
binds a new value to a new variable (the old value persists if another reference exists). .

Concurrency in Elixir is based on the Actor model (from Erlang). The runtime (the BEAM
VM) supports millions of lightweight processes (green threads) that communicate via message
passing and share no mutable state. With immutability, multiple processes can operate on the
same data without fear of unexpected modifications, avoiding the need for locks on shared data
. Elixir processes are isolated and fail independently; if one crashes, it does not take down others.
Instead, supervisor processes can restart them (a philosophy of “let it crash” for fault tolerance).
This makes building highly concurrent, fault-tolerant systems straightforward. Spawning a new
process and sending a message to it looks like:

parent = self() # current process PID
spawn(fn ->
send(parent, {:greeting, "Hello from a new process"})
end)
# The parent process waits for a message:
receive do
{:greeting, msg} -> I0.puts(msg)
end
Here spawn(fn -> ... end) starts a new process running the given anonymous function.

We asynchronously send a message (an immutable tuple) to the parent, which receives and
pattern-matches on the message. Because processes do not share memory and communicate
by copying data, common race conditions (related to shared mutable state) are eliminated by
design. This concurrency model, combined with immutability, allows Elixir to scale vertically
(many cores) and horizontally (distributed nodes) with relative ease. Under the hood, the
BEAM schedules processes across cores, and it is possible to have millions of processes running
concurrently.

A.3 Pattern Matching

Pattern matching allows to concisely destructure and match on the shape of data. In Elixir, the
single match operator = means “match the pattern on the left with the value on the right.” For
example, writing {a, b} = {:0k, 42} will succeed if the right side is a 2-tuple, bindinga =
:okand b = 42;butif the shapes do not align, a runtime MatchError is thrown. Patterns can
include literal values (which must equal for the match to succeed), and the wildcard _ to ignore
parts of data. Pattern matching is used everywhere: in variable binding, in case expressions,
and even in function definitions. Elixir integrates pattern matching directly into function heads:
it is possible to define multiple function clauses, each with different parameter patterns, and
Elixir will dispatch to the first one that matches the arguments. This leads to a declarative style

where the function’s clauses act as an implicit conditional based on data shape. For example:
p
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# Pattern matching in a case expression:

case File.read("example.txt") do
{:0k, contents} -> I0.puts("File size: #{byte_size(contents)} bytes")
{:error, :enoent} -> IO.puts("File not found")
{:error, reason} -> IO.puts("File error: #{reason}")

end

# Pattern matching in clauses (recursive sum):
defmodule Math do

def sum_list([]), do: o

def sum_list([head | taill), do: head + sum_list(tail)
end
I0.puts Math.sum_list([1,2,3]) # Output: 6

In the case above, each branch matches a different tuple shape from File.read/1
(which returns either {:0k, binary} or {:error, reason}). The pattern-matched vari-
ables (contents, reason) are bound for use in the corresponding branch. In the function
sum_list/1, we provide two clauses: one for the empty list (base case) and one that matches a
non-empty list, simultaneously unpacking it into head and tail. This recursive definition is
succinct and clear due to pattern matching on the list structure ([head | taill). Elixir also
supports guards, which are boolean expressions after the when keyword, to further refine pattern
matches (e.g., numeric comparisons, type checks).

A.4 Protocols (Ad Hoc Polymorphism)

Elixir’s protocols provide a mechanism for polymorphism (similar to type classes in Haskell)
by allowing behaviour to be defined based on a data type without modifying that data type’s
original code. A protocol is a contract that defines a set of functions that can have different
implementations depending on the type of the argument. At runtime, Elixir will dispatch a
protocol function call to the correct implementation based on the type of the value provided
as its first argument®. This enables ad hoc polymorphism. For example, Elixir has a built-in
protocol String.Chars which requires a to_string/1 function to be defined for each type
implementing the String.Chars protocol. It is implemented for types like integers, floats, so
that calling to_string(value) produces a sensible string representation® . Calling to_string
on a type that has no implementation will raise a Protocol.UndefinedError. Developers
can both define their own protocols and provide implementations for them on any data type
(even built-in ones or custom structs). Defining a protocol is done with defprotocol, and
implementations with defimpl. Here is an example protocol and a couple of implementations:

1(# Define a protocol that provides a pretty-print conversion W

4https://hexdocs.pm/elixir/protocols.html
Shttps://elixirschool.com/en/lessons/advanced/protocols
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defprotocol Pretty do
@doc "Converts the given value to a pretty
def to_string(val)

end

# Implement Pretty for and types
defimpl Pretty, for: Integer do

def to_string(val), do: "Int(#{val})"
end

defimpl Pretty, for: Atom do
def to_string(val), do: ":" <> Atom.to_string(val)
end

I0.puts Pretty.to_string(s) # Prints "Int(s)"
10.puts Pretty.to_string(:ok) # Prints ":ok"

291

This form of polymorphism is open (anyone can add a new implementation for a new type at

any time) and dynamic (the selection happens at runtime based on the value’s type).

A.5 Ecosystem and Tooling

Part of Elixir’s appeal is its robust tooling and thriving ecosystem. Some of the main tools and

libraries that are part of the ecosystem are:

e Mix — Elixir’s built-in build and project management tool. Mix handles project scaffolding,

compilation, running tests, managing dependencies, and more®. For example, mix new
my_app creates a new project with a ready-to-go structure, mix compile compiles it,
mix test runs tests, etc. Mix also provides an easy way to define custom tasks and is the
interface to running Elixir code (viamix run) in projects. It is comparable to tools like
Maven (Java) or Bundler/Rake (Ruby) but tailored to Elixir’s needs.

Hex — the package manager for Elixir. Hex is a central repository (hex.pm) where the
community publishes libraries (packages are called “deps” in Elixir). Mix uses Hex to fetch
and manage dependencies; declaring a dependency in your mix. exs file and running mix
deps.get will pull it from Hex.

Phoenix — the main web development framework for Elixir. Phoenix (first released
in 2014) uses Elixir’s strengths like concurrency and functional syntax to build scalable
real-time web applications. It follows the Model-View-Controller pattern’ and includes
features like LiveView, to build interactive real-time Uls without writing JavaScript. With
the BEAM VM'’s ability to handle massive concurrency, Phoenix can serve large numbers
of simultaneous connections, and it is a centerpiece of the Elixir ecosystem.

6https://hexdocs.pm/mix/Mix.html
https://en.wikipedia.org/wiki/Phoenix_(web_framework)
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* Ecto — the main database library for Elixir, providing a composable query DSL and map-

ping between databases and Elixir data structures, similar to an ORM, but in a functional
style. Ecto is often used with Phoenix for handling database interactions (migrations,
validations, etc.), and it leverages Elixir’s syntax (using macros to define schemas and
relationships in a declarative way).

ExUnit — Elixir’s built-in unit testing framework. It provides everything needed for testing,
including a test runner (mix test), test case definitions via macros (ExUnit.Case), and
features like concurrent test execution (async: true).

Other Tools & Libraries: Nerves, for example, is a framework for building embedded
IoT systems with Elixir, leveraging the fault-tolerance of the BEAM on hardware. The
community has produced libraries for many need: recently, for machine learning (e.g.
Axon) and the coding notebook project Livebook, and Credo for static code analysis and
linting.



APPENDIX

TECHNICAL DETAILS

B.1 Set-theoretic interpretation of gradual types

The gradual interpretation domain %, defined by Lanvin (2021). We replaced the original blame
labels (blame ¢) by named errors w,.

Definition B.1.1 (Interpretation domain %¢). The interpretation domain 9y is the set of finite
terms d produced inductively by the following grammar

d = Cg | (d, d)g | {(5,6),.,(8,6)}g

S:={0,...,0} S non empty
0:=d|0

6:=d|Q|wp

g==1|?

where c ranges over the set € of constants, p ranges over runtime error names, and where
Q and O are such that Q ¢ D¢ and O ¢ 9. We also write @? =9, U{QURB and @? =
@ﬁn(@g U {0 \ {@}. We will also commonly use R to range over the setg’ﬁn(@? X @g) so that
Ré& ranges over the finite relations in 94 with tag g. We may also use ¢ to range over bothd and
0, that is, over elements of@é2 u{O}.

Definition B.1.2 (Set-theoretic interpretation of types in 9¢). We define a binary predicate{ : T
whereé € @g U{O} and T € T graqual, by induction on the pair (¢, T) ordered lexicographically.
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The predicate is defined as follows:

Wp: T =1rue
d:?=(tag(d)=?
c€:b=ce€(b)

(d1,d2)8: 11 x T2 =(d8 :71) and (d§ :73)
{(81,61)s-., (S, 0)}8 171 — T = Vi€ {L.n}. if (R0 € S;. 08 : 71) then (65 : 75)
d:t1VviTa=(d:11) or(d:1y)
d: -1 = (tag(d) = g) and not(dgz 7)

O:1=true

6:71 = false otherwise
Where the involutory operation: {!,2} — {!,2} reverses a tag: ! = 2 and ? = . We define the tagged
set-theoretic interpretation of gradual types [.] g : I gradual — P (Dyg) as [tlg = {deDg|d:1}.
Finally, we define the full set-theoretic interpretation [t] as the union of both tagged interpre-

tations:
[rl={de2|d :ttuildeD|d : 1}

The set-theoretic interpretation of gradual types is quite similar to the interpretation of static
types (Definition 3.1.3). The major difference is the propagation of tags, which amounts to
reversing the tag on the element being checked according to the variance of the type at hand.
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